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Abstract 



o 

(N 

^, 

•^r , In this paper we introduce the notion of generaUzed Lie algebroid and we develop 

a new formalism necessary to obtain a new solution for the Weistein's Problem [53] . 
Many applications emphasize the importance and the utility of this new framework 
determined by the introduction of generalized Lie algebroids. 

We introduce and develop the exterior differential calculus for generalized Lie 
algebroids and, in this general framework, we establish the structure equations of 
Maurer-Cartan type. In particular, we obtain a new point of view over the exterior 
'^ ' differential calculus for Lie algebroids. 

d . Using the (generalized) Lie algebroids theory, we build the Lie algebroid gene- 

ralized tangent bundle and, using that, we obtain a new method by determining 
the (linear) connections for fiber bundles, in general, and for vector bundles, in 
particular. 

Using the linear connections theory we develop the study of the geometry of 
vector bundles. Moreover, using the connections theory, we develop the geometry 
Tij" , of total space of the generalized tangent bundle for a vector bundle. 

'^ ' We present a geometric description of metrizability for the total space of the Lie 

algebroid generalized tangent bundle, where we extend the notions of generalized 
C^ ' Lagrange space, Lagrange space and Finsler space. Using the Lie algebroid gene- 

^^ , ralized tangent bundle of a generalized Lie algebroid, we introduce and develop a 

mechanical systems theory and we present a Lagrangian formalism for these me- 
chanical systems. In particular, using the Lie algebroid generalized tangent bundle 
of a Lie algebroid, we obtain a new solution for the Weinstein's Problem. 

A geometric description of metrizability for the total space of the Lie algebroid 
^ ' generalized tangent bundle for dual vector bundle is presented. We extend the 

5t 1 notions of generalized Hamilton space, Hamilton space and Cartan space. Using 

the Lie algebroid generalized tangent bundle of dual of a generalized Lie algebroid, 
we introduce and develop the dual mechanical systems theory and we present a 
Hamiltonian formalism for dual mechanical systems. 

Finally, we introduce and develop the concept of (horizontal) Legendre equiva- 
lence between a vector bundle and its dual vector bundle. 

We remark that, if the morphisms used are identities morphisms, then we obtain 
similar results to the classical results, but which are not classical results though. 

2000 Mathematics Subject Classification: 00A69, 58A15, 53B05, 53B40, 
58B34, 71B01, 53C05, 53C15, 53C60, 58E15, 70G45, 70H20, 70S05. 

Keywords: vector bundle, (generalized) Lie algebroid, exterior differential calcu- 
lus, (linear) connection, torsion, curvature, metrizability, parallel transport, dis- 
tinguished linear connection, generalized Lagrange (Hamilton) space, Lagrange 
(Hamilton) space, Finsler (Cartan) space, (dual) mechanical system, semispray, 
spray, Lagrangian formalism, Hamiltonian formalism, Legendre transformation. 



Contents 

1 Introduction Ij 



Preliminaries 

2.1 The category of Lie algebroids 

2.2 The pull-back Lie algebroid of a Lie algebroid 



3 Generalized Lie algebroids, exterior differential calculus and (linear) 
connections [13 

3.1 The category of generahzed Lie algebroids 

3.1.1 Structure functions for generalized Lie algebroids 

3.1.2 The pull-back Lie algebroid of a generalized Lie algebroid . . . 

3.1.3 Interior Differential Systems 

3.2 Exterior differential calculus for generalized Lie algebroids 

3.2.1 Exterior Differential Systems 

3.3 The generalized tangent bundle 

3.3.1 The generalized tangent bundle of dual vector bundle 

3.4 (Linear) (p, r/)-connections 

3.4.1 (Linear) (p, r/)-connections for dual of vector bundles 



13 

20 
22 
25 
26 

41 
42 

52 
55 
6C 



The geometry of base of the Lie algebroid generalized tangent bundle 

for a vector bundle |66 

4.1 Torsion and curvature. Formulas of Ricci type 66 

4.2 Torsion and curvature forms. Identities of Cartan and Bianchi type ... 75 

4.3 (Pseudo)metrizable vector bundles 79 

4.4 Lifts of differentiable curves 83 

4.4.1 The lift of a differentiable curve at the total space of a vector bundle [83 

4.4.2 The lift of a differentiable curve at the total space of dual vector 
bundle 85 

4.5 Parallel transport 88 

4.6 Formulas of Gauss- Weingarten type [92 



The geometry of total space of the Lie algebroid generalized tangent 
bundle for a vector bundle 

5.1 Adapted (p, r/)-basis and adapted dual (p, r/)-basis 

5.2 Remarkable Mod-endomorphisms 

5.2.1 Projectors 

5.2.2 The almost product structure 

5.2.3 The almost tangent structure 

5.2.4 The almost complex structure 

5.2.5 The (p, 7/)-tension endomorphism 

5.3 The (p, ry, /i)-torsion and the (p, 7], /i)-curvature of a (p, 7/)-connection . . 

5.4 Tensor d-fields. Distinguished linear (p, r/) -connections 

5.5 The lift of accelerations for a differentiable curve 

5.6 The (p, 7], /i)-torsion and the (p, r], /i)-curvature of a distinguished linear 
(p, ?7)-connection 

5.7 Formulas of Ricci type. Identities of Cartan and Bianchi type 

5.8 The (p, ry)-(pseudo)metrizability 



94 
96 
97 
98 
99 



IOC 



101 



101 



104 



108 



lie 



113 



117 



5.9 Generalized Lagrange (p, ??)-spaces, Lagrange (p, ??)-spaces 

and Finsler (p, ?7)-spaces 

5.10 Einstein equations 

5.11 Mechanical systems 

5.11.1 (p, r/)-semisprays and (p, ry)-sprays for mechanical (p, ry)-systems . 

5.11.2 The Lagrangian formalism for Lagrange mechanical (p, r/)-systems 



121 



124 



124 



125 



134 



The geometry of total space of the generahzed tangent bundle for dual 



vector bundle Il38 

6.1 Adapted (p, r/)-basis and adapted dual (p, r/)-basis 138 

6.2 Remarkable endomorphisms 14C 

6.2.1 Projectors 141 

6.2.2 The almost product structure 143 

6.2.3 The almost tangent structure 144 

6.2.4 The almost complex structure 145 

6.2.5 The (p, 7/)-tension endomorphism 146 

6.3 The (p, r], /i)-torsion and the (p, 7], /i)-curvature of a (p, 7/)-connection . . 146 

6.4 Tensor d-fields. Distinguished linear (p, r/) -connections Il49 

6.5 The lift of accelerations for a differentiable curve Il54 

6.6 The (p, r], /i)-torsion and the (p, r], /i)-curvature of a distinguished linear 

(p, T/)-connection 156 

6.7 Formulas of Ricci type. Identities of Cartan and Bianchi type 161 

6.8 The (p, r/)-(pseudo)metrizability Il66 

6.9 Generalized Hamilton (p, r/)-spaces, Hamilton (p, r/)-spaces and Cartan 

(p, ??)-spaces 171 

6.10 Einstein equations 174 

6.11 Dual mechanical systems 175 

6.11.1 (p, r/)-semisprays and (p, r/)-sprays for dual mechanical (p, r/)-systems 176 

6.11.2 The Hamiltonian formalism for Hamilton mechanical (p. 77)-svstems ll85 



192 



The (horizontal) Legendre (p, ry, /i) -equivalence Il89 

7.1 The duality between mechanical systems 

7.2 The duality between Lie algebroids structures 

7.3 The duality betwen adapted (p, 7/)-basis 

7.4 The duality between distinguished linear (p, ry)-connections 



193 



197 



201 



Acknowledgment 1203 

References 203 



1 Introduction 

The motivation for our researches was the 

Weinstein's Problem: 

Develop a Lagrangian formalism directly on the given Lie algebroid similar 
to Klein's formalism for ordinary Lagrangian Mechanics [25] . 

This problem was formulated by A. Weinstein in [53], where the author gave the 
theory of Lagrangians on Lie algebroids and obtained the Euler-Lagrange equations 
using the dual of a Lie algebroid and the Legendre transformation defined by a regular 
Lagrangian. 

In [28], P. Liberman showed that such a formalism is not possible if one consider 
the tangent bundle of a Lie algebroid as space for developing the theory. Using the 
prolongation of a Lie algebroid over a smooth map introduced by P.J. Higgins and 
K. Mackenzie in [15], E. Martinez solved the Weinstein's Problem in [53] (see also 
[13], [27]). 

Finding an other space for developing the theory, we discovered the generalized Lie 
algebroids which are presented in Subsection 3.3. 

Since any Lie algebroid can be regarded as a generalized Lie algebroid, we proposed 
to obtain a new solution for the Weinstein's Problem using the new notion of generalized 
Lie algebroid. 

To solve this problem it was necessary to introduce and develop a new formalism. 
In order to develop our researches, new and interesting notions and results appeared, 
which determined the apparition of new theories which are naturally integrated in our 
paper. 

So, in Subsection 3.2 we introduce and develop the exterior differential calculus 
for generalized Lie algebroids and, using that, we establish the structure equations of 
Maurer-Cartan type for generalized Lie algebroids. In particular, we obtain a new point 
of view over the exterior differential calculus for Lie algebroids. 

Inspired by the general framework of Yang-Mills theory, presented synthetically in 
the following diagram: 



{E,{,)^) {TM, 



,]tm, {IdTM,IdM),g) 



Mm 

M ^M 

where: 

1. {E,iT,M) is a vector bundle, 

2. (, )^ is an inner product for the module of sections P {E, tt, M) , 

3. {{LdTM,IdM) , [i]tm) ^^ ^^^ usual Lie algebroid structure for the tangent vector 
bundle {TM,tm,M) and 

4. 5 G r {{T*M,tIj,M) O {T*M,tIj,M)) such that {M,g) is a Riemannian mani- 
fold. 



we build the Lie algebroid generalized tangent bundle in Subsection 3.3. 

Using this in Subsection 3.4, we introduce and develop a (linear) connections theory 
for fiber bundles, in general, and for vector bundles, in particular. 

We can define the covariant derivatives with respect to sections of the generalized 
Lie algebroid 

((F,z.,iV),[,]^,,(p,r?)). 

In particular, if we use the generalized Lie algebroid structure 

for the tangent bundle (TM, tm, M) in our theory, then the linear connections obtained 
are similar with the classical linear connections for the vector bundle (E, vr, M), but not 
classical linear connections. 

It is known that in Yang-Mills theory the set 

of covariant derivatives for the vector bundle {E, vr, M) such that 
^ {{u, v)e) = {Dx (u) , v)j^ + {u, Dx {v))e , 

for any X £ X (M) and u,v (zT (E, it, M) , is very important, because the Yang-Mills 
theory is a variational theory which use (cf. [6]) the Yang-Mills functional 






Dx ^ -J 



1 . M_n„i,2 



2 M 



Vr, 



where M^^ is the curvature. 

Using the linear connections theory, we succeed to extend at maximum the set 
Cov^^ TT M) °^ Yang-Mills theory, because using all generalized Lie algebroid structures 
for the tangent bundle (TM,tm,M), we obtain all possible linear connections for the 
vector bundle {E,Tr,M). 

We emphasize the importance and the utility of linear connections theory for vector 
bundles in Chapter IV of our paper, where we present many applications. In particular, 
we obtain similar results to the classical results, but which are not classical results 
though. 

After that we study the geometry of total space of the Lie algebroid generalized 
tangent bundle for a vector bundle in Section 5 of our paper, where we emphasize the 
importance and the utility of connections theory presented in Subsection 3.4. 

The geometry of Lagrange spaces, introduced and studied in [24] and [35], was ex- 
tensively examined in the last two decades by geometers and physicists from Romania, 
Japan, Hungary, Canada, Germany, Italy, Russia and USA. Many international con- 
ferences devoted to debate this subject, proceedings and monographs where published 
[3], [4], [41], [42]. A large area of applicability of this geometry is suggested by the 
connections to Biology, Mechanics and Physics and also by its general setting as a 
generalization of Finsler and Riemann geometries. 

As the (generalized) Lagrange space has been certified as an excellent model for some 
important problems in Relativity, Gauge Theory and Electromagnetism, in Subsections 



5.8 and 5.9 we continue and we present a geometric description of metrizability for the 
total space of the Lie algebroid generahzed tangent bundle for a vector bundle. We 
extend the notions of generalized Lagrange space, Lagrange space and Finsler space 
and we define the Einstein equations in this general framework. 

Subsection 5.11 is devoted to introduce and study of a new class of mechanical 
systems called by us mechanical {p,r]) -systems, generalized Lagrange mechanical {p,ri)- 
systems, Lagrange mechanical [p^rj)- systems and Finsler mechanical {p,rj)-systems. 

For these mechanical systems we develop a theory of semisprays and sprays. We 
develop a Lagrangian formalism for Lagrange mechanical systems. 

We determine and we study the (p, r/)-semispray associated to a regular Lagrangian L 
and external force Fg which are applied on the total space of a generalized Lie algebroid 
and we derive the equations of Euler-Lagrange type. 

In particular, using the Lie algebroid generalized tangent bundle of a Lie algebroid, 
we obtain a new solution for the Weinstein's Problem different by the Martinez's solu- 
tion [53]. 

Moreover, if the Lie algebroid used is 

{{TM, TM, M) , [, ]tm > (IdTM, Mm)) , 

then we obtain similar results to those presented by I. Bucataru and R. Miron in [7]. 

It is known that in 1918, immediately after the birth of general relativity, Weyl 
proposed the first unified theory of gravitation and electromagnetism, by generalizing 
the Riemannian space. 

We are interested in finding the answer to the following question: 

• Could we to extend the study of the Riemannian geometry from the usual Lie 
algebroid 

{{TM, TM, M),[,]tj^, {LdTM, Mm)) , 

to an arbitrary (generalized) Lie algebroid and can we obtain a general framework 
necessary to unify the theory of gravitation with the theory of electromagnetism? 

The future will show how far our theory can be used in this direction. 

Our researches continue in Section 6, where we study the geometry of total space 
of the Lie algebroid generalized tangent bundle of a dual vector bundle and so, we 
emphasize the importance and the utility of the generalized connections theory presented 
in paragraph 3.4.1. 

We present the adapted (p, r/)-basis and adapted dual {p, ry)-basis and remarkable 

endomorphisms of {T{{p,ri)TE,{p,rj)T* ,E),+,-) module (projectors, almost product 

E 
structure, almost tangent structure, almost complex structure, {p, r/)-tension endomor- 

phism) and we present the {p, ?7)-torsion and the {p, ry)-curvature of a {p, r/)-connection 
(p, rj) r. We introduce and studied distinguished linear (p, r/)-connections and we build 
the {g, /i)-lift of accelerations for a differentiable curve. Using the distinguished li- 
near (p, r/)-connections theory, we introduced and study the (p, ry)-torsion, the (p, rj)- 
curvature and we present the formulas of Ricci type and the identities of Cartan and 
Bianchi type. 

The concept of Hamilton space, introduced in [36], [40], was intensively studied in 
[19], [20], [21], and it has been successful, as a geometric theory of the Hamiltonian func- 
tion. The modern formulation of the geometry of Cartan spaces was given by R. Miron 



([36], [38]) although some results where obtained by E. Cartan [9] and A. Kawaguchi 
[23] . Since the fundamental entity in Mechanics and Physics is the (generalized) Hamil- 
ton space, in Subsections 4.8 and 4.9 we continue to present a geometric description of 
metrizability for the total space of the Lie algebroid generalized tangent bundle of dual 
vector bundle. We extend the notions of generalized Hamilton space, Hamilton space 
and Cartan space and we define the Einstein equations in this general framework. 

Subsection 4.11 is devoted to the introduction and the study of a new class of 
mechanical systems, called by us dual mechanical [p^rj)- systems, generalized Hamilton 
mechanical {p,7]) -systems, Hamilton mechanical {p,r]) -systems and Cartan mechanical 
{p,r])- systems. For dual mechanical systems we develop a theory of semisprays and 
sprays. For Hamilton mechanical systems we develop a Hamiltonian formalism. We 
determine and study the (p, 77)-semispray associated to a regular Hamiltonian H and 

external force Fg, which are applied on the total space of the dual of a generalized 
Lie algebroid and we derive the equations of Hamilton-Jacobi type. One remarks that, 
if the morphisms used are identities, then similar results can be obtained by classical 
results, but not classical ones. 

The classical Legendre's duality makes possible a natural connection between La- 
grange and Hamilton spaces. It reveals new concepts and geometrical objects of Hamil- 
ton spaces that are dual to those which are similar in Lagrange spaces. The geometrical 
theory of Hamilton (Cartan) spaces was investigated from the Legendre duality point 
of view in the papers [36], [38], [20], [21]. 

In our paper, we propose a new point of view over the Legendre duality. We intro- 
duce and develop the notion of (horizontal) Legendre {p,r]^h)- equivalence between an 
arbitrary vector bundle and its dual. For this new theory it was necessary to build the 
(/9, r])-tangent application of the Legendre bundle morphism associated to a Lagrangian 
or a Hamiltonian. 

We consider that this new theory can be used in the develop of the Poisson Geometry 
and Symplectic Geometry. 

2 Preliminaries 

In general, if C is a category, then we denoted by \C\ the class of objects and we denoted 
by C the class of arrows (morphisms). For any A,B^ \C\, we denote by C{A,B) the 
morphisms set of A source and B target. 

Let Vect, Liealg, Mod, Man, B and B"^ be the category of real vector spaces, Lie 
algebras, modules, manifolds, fiber bundles and vector bundles respectively. 

2.1 The category of Lie algebroids 

Let N € |Man| and [,]j'j^ be the usual Lie bracket such that 

(F {TN, TN, N) , +, •, [, ]y^) G |LieAlg| . 
Definition 2.1.1 If {F,v,N) G |B'^[ such that there exists 

(p, Mn) G B- ((F, u, N) , {TN, TN, Nj) 



and an operation 

r{F,iy,N)xT{F,u,N) % r{F,iy,N) 
{u,v) I — y [u,v]p 

with the fohowing properties: 
LAi. the equality holds good 

[^> f ■v]p = f [u, v]p, + r {p, Mn) (u) f ■ V, 
for aU u, t; € r (F, v, N) and / G 7" {N) , 
LA2. the 4-tuple 

(r(F,z.,iv),+,.,[,]^) 

is a Lie F (A^)-algebra, 
LA3. the Mod-niorphisni F {p,IdN) is a LieAlg-morphism of 

(r(F,z/,iv),+,.,[,]^) 

source and 

{r{TN,TN,N),+,-,l]TN) 

target, 
then we will say that the triple 
(2.1.1) {{F,u,N),[,]^,{p,IdN)) 

is a Lie algehroid. 
The couple 

is called Lie algehroid structure. 

Definition 2.1.2 We define the morphisms set of 

{{F,u,N),l]p,{pJdN)) 

source and 

{{F\y\N'),[,]^,,{p',IdN')) 

target as being the set 

{{v,^,)eW{{F,u,N),{F',u\N'))} 
such that the Mod-morphism F (99,(^0) is a LieAlg-niorphisni of 

(F(F,z/,iV),+,.,[,]^) 

source and 

(F(F',z.',iV'),+,.,[,]^,) 



target. 

Remark 2.1.1 Note that we can discuss about the category of Lie algebroids. This 
category is denoted by LA. 
If 

{{F,u,N),[,]^,{p,IdN)) 

is a Lie algebroid, then we assume that {F, i/, N) is a vector bundle with type fibre the 
real vector space (R^, +, •) and structure group a Lie subgroup of (GL {p, M) , •) . 

We take (j<*,z") as canonical local coordinates on {F,iy,N), where i€l,n, a G l,p. 

Consider 



a change of coordinates on (F, u, N). Then the coordinates 2" change to 2" by the rule: 
(2.1.2) z°'=A2z°. 

The coefficients p^ change to /C^- by the rule: 



where 



I A" 1 1 

I all 



A" 



-1 



Locally, we obtain 

(2-1-4) [t^,tp]F'= LlpW 

The real local functions 

^I/3> a,/3,j e l,p 

will be called structure functions of the Lie algebroid 

{{F,u,N),[,]^,{p,LdN)). 
It is easy to prove that 

2.2 The pull-back Lie algebroid of a Lie algebroid 

We consider the following diagram: 

(F,[,]^,(/>,/djv)) 
(2.2.1) iu 

E '^ > N 

where {E, vr, M) is a fiber bundle and ((F, v, N) , [, ]^ , (p, Ldj\f)) is a Lie algebroid. 

We assume that {E, tt, M) has the type fibre a manifold of dimension r and structure 
group a Lie group (G, •) . 

Proposition 2.2.1 Using the tangent 'B^ -morphism (TtTjTt) of {TE,te,E) source and 
{TN,Ti\f,N) target, we obtain that 



and 

(2.2.3) ^ = 0, V/€J-(iV). 

Let AJ^F be a representative of vector fibred (n + p)-structure for the vector bundle 
{F, ly, N) and let AJ-e be a representative of fibred (n + r)-structure for the fiber bundle 
(£', TTjiV). Let {tt*F,tt*i', E) be the pull-back vector bundle through tt. 

If {U,^jj) € ATe and {V,sv) G ^J-'f such that U CiV ^ 4>, then we define the 
application 

Tr*u-\7r-^ {UnV)) '-^111^^ vr-i (C/ny) xMP 

(u,Z{u)^ ^ (^'*y,l(«)^(^))- 

Proposition 2.2.2 The set 

is a vector fibred [m + r) + p-atlas for the vector bundle (vr*F, 7r*i^, E) . 

If 

z = z'^ta G r [F, u, N) , 



then, using the vector fibred (m + r) + p-structure AJ-'tt*f 

Z = (z" o /i) Tc, € r {tt*F, 71*1^, E) 

such that 

Z{ux) = z{x), 

for any Ux G vr^-*^ {UfW) . 

The set <^Tq, aGl,p>isa base for the module of sections 

{T{tt*F,t:*u,E),+,-). 
Let ( p , IdE I be the B'^-morphism of 



we obtain the section 



{7r*F,7T*u,E) 

source and 

{TE,TE,E) 

target, where 

n*F 

7r*F -^ TE 
(2.2.4) _ /~ - 5 



Z-T^{ux) ^ l^z^.p^vr^jM 
We consider the operation 

T{Tr*F,iT*iy,E)xT{iT*F,TT*iy,E) """-^ ) T {Tr*F,TT*iy, E) 

10 



defined by 

(2-2.5) [faj% 

for any f ^ T (E) . 

Lemma 2.2.1 The following equality holds good 






UJV =f 



TT*F 



u,v 



Tr*F 



+ T(^7,IdE]{U]f-V, 



for any U,V £T {it*F, Tr*iy, E) and for any f ^ J- (E) 
Proof. We observe that for any a,l3 £ l,p, we obtain 



Ta, fTp 



TT*F 



f 



Ta,Ti3 



TT*F 



h*F 



+ r p ,idE]T^{f), yfeT{E). 



Using this equahty and the definition of the operation [, ]^.^ it results the conclusion 
of the lemma. q.e.d. 

Lemma 2.2.2 The T (E)- algebra 

{r{7T*F,7:*l^,E),+,;[,l,p) 

is a Lie J^ (E) -algebra. 

Proof Using the definition of the operation [, ]^*^ it results that 



U,V 



VM 



for any U,V (zT {tt*F, TT*iy, E) . Therefore, we obtain 



(1) 
Since 



U,U 



n*F 



0, yU er{Tr*F,Tr*u,E). 



{T{F,U,N),+,;{,]^) 

is a Lie J-" (A^)-algebra, we obtain the equality: 



2-^ \ '^01^ae~^ Pa~aZr 



cyclic{a,f),'y) 

Using (2.2.2), we obtain the equality: 



E 

cyclic{a,l3,^) 



((L^^o7r)(LLo7r)+pL°vr 



0. 



9{lU°-) 



0. 



11 



and multiplying with Ts, we obtain 



cj/ciic(a,/3,7) 



which is equivalent with 



cj/ciic(a,/3,7) 



T T 



7r*F 



+ Z'" ° ^^^^5 ) = 0. 



Since this equality implies 



cyclic{a,l3,'y) 



7'Q,(L|^07r) Te 



n*F 



0, 



it results that the following Jacobi identity is satisfied 



E 

cyclic{a,f5,'y) 



r„ 



Ti3,Ty 



n*F. 



TT*F 



In general, for any U,V,Z (^T {it*F, 7r*z/, E), we obtain the Jacobi identity: 



u. 


v.z 




+ 


z. 


ij.v 




+ 


V. 


ZM 








■e*f\ 


7r*F 






tv*f\ 


TT*F 






tt*f\ 



TT*F 



Using the affirmations (1) and (2) it results the conclusion of the lemma. 
Lemma 2.2.3 The Mod-morphism 



is a Ijiealg-morphism of 



source and 



T("p,IdE 



{r{TT*F,7,*l^,E),+,;[,l,p) 
iT{TE,TE,E),+,;[,]TF) 



target. 

Proof. As the Mod-morphism T{ffIdN) is a Liealg-morphism of 

(r(F,z.,iv),+,.,[,]^) 

source and 



iI{TN,TN,N),+ 



' 5 h \TN) 



target, then we obtain 



r 7 „fc _ „J rW _ J !fe|) 

^al3P"/ - Pa a^« Pp Q^j 



Using relations (2.2.2), we obtain: 



^Ib°^]\P%°^] =Pa°^^ 



d{p)M 



P'P 



o vr- 






q.e.d. 



12 



Multiplying with -^, we obtain the equality 



d. 



Lip o ^j (p^ o ^j ^ = p> ^ 
which is equivalent with the equality 

Ta,Tp 






r [ p ,IdE 



T Tp , Me] fa, r rp , Me ) Ta 



TAT 



for any base sections Ta,Tp. 

In general, we obtain the equality 



Tip, Me 



U,V 



Tr7,ME)u,T(''7,ME]V 



TN 



for any f/,y er(/i*F,/iV,M). q.e.d. 

Using Lemmas 2.2.1, 2.2.2 and 2.2.3, we obtain the following 
Theorem 2.2.1 The couple 

is a Lie algebroid structure for the vector bundle {■k*F,'k*u,E) . 

This Lie algebroid will be called the pull-hack Lie algebroid of the Lie algebroid 

{{F,u,N),[,]^,{p,LdN)). 

3 Generalized Lie algebroids, exterior differential calculus 
and (linear) connections 

3.1 The category of generalized Lie algebroids 

We assume that A^ € |Man| and let [, J^tv ^"6 the usual Lie bracket such that 

(r {TN, TN, N) , +, ■, [, ]y^) G |LieAlg| . 
Let h G Man (M, N) be a surjective application. 
Definition 3.1.1 If {F,v,N) G |B'^[ such that there exists 

{p,7^) eW {{F,u,N) ,{TM,TM,M)) 
and an operation 

V{F,u,N)>iT{F,u,N) "^ T{F,v,N) 
{u,v) I — > [u,v]p^f, 

with the following properties: 
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GLAi. the equality holds good 

[^' / • v]F,h = f [^' v]F,h + r (T/l o p, /l o 77) {u) f ■ V, 

for all u,v eT (F, ly, N) and / G 7" (iV) . 
GLA2. the 4-tuple 

(r(F,z.,iv),+,.,[,]^,) 

is a Lie J-" (A^)-algebra, 
GLA^. the Mod-morphism T (Th o p,h o rj) is a, LieAlg-morphism of 

source and 

(r(TiV,rjv,iV),+,-,[,]TJv) 
target, 

then we will say that the triple 

(3.1.1) ((F,z.,iV),[,]^_^,(p,r?)) 

is a generalized Lie algebroid. 
The couple 

[AfmAPiV) 



will be called generalized Lie algebroid structure. 
Definition 3.1.2 We define the morphisms set of 

source and 

[{F',u',N'),[,]^,,^,,{p',v')) 

target as being the set 

such that the Mod-morphism T {ip, ipo) is a LieAlg-morphism of 

(r(F,z.,iv),+,.,[,]^^,) 

source and 

target. 

Remark 3.1.1 Note that we discuss about the category of generalized Lie algebroids. 
This category will be denoted by GLA. 

In the following we will build some examples of generalized Lie algebroids. 
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We assume that {{F, v, N) ,[,]p , (p, Mn)) is a Lie algebroid and let h G Man {N, N) 
be a surjective application. 

Let AJ-'f be a representative of vector fibred (n + p)-structure for the vector bundle 
{F, I/, N) and let AJ-tn be a representative of vector fibred (n + n)-structure for the 
vector bundle {TN,tn,N). 

If iU,^u) € ATtn and {V, sy) € ATp such that U fl /i"^ (V) / (/), then we define 
the application 

T]^\unh-Hv))) ^-Ei^!i:m {unh-Hv))xi 



(x,n(x)) I — > \^K,ijj^^u{Kyj . 



Proposition 3.1.1 The set 

{u,^ij)<^ArTN, (v,sv)(^ArF ^^ ^ ' 

is a vector fibred n + n-atlas for the vector bundle {TN, tn, N) . 

If 

X = X'£^eT{TN,TN,N) 

then, using the vector fibred n + n-structure \^AFtn'\ , we obtain the section 

x = X'oh^er{TN,TN,N), 

such that 

X{k) = X{h{>c)), 

for any >i: £ U (1 h^^ {V) . 

The set {^, i £ T~n} is a base for the T (7V)-module (L {TN, tn, N) ,+,•)• 
We consider the operation 

r {F, u,N)xr {F, u, N) — ^^^^ r {f, u, n) 

defined by 

[ta,ft/3]p^h =f[Lll3°h)h + ploh-^^tf}, 

for any / G J" {N) . 

Lemma 3.1.1 The following equality holds good 

[^' f'^]F,h = f [^' ^]F,h + r (T/l o p, h) (z) f ■ V, 

for any z,v €T {F, u, N) and for any f £ J^ (N) . 
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Proof. We obtain easily that 

[ta, ft(5]F,h = [*"' */3]f,/i + r (T/l o p, h) (t„) / • tp 

for any V/G J^(Af). 

Using this equahty and the definition of the operation [, Ip'^ it results the conclusion 
of the lemma. q.e.d. 

Lemma 3.1.2 The T {N)- algebra 

(r(F,z.,iV),+,.,[,]^,) 

is a Lie J^ (N)-algebra. 

Proof. Using the definition of the operation [,]pfi it results that 

for any u,v (zT {F,iy,N) . Therefore, we obtain 

(1) [u,u\p^^ = o,yuer{F,i^,N). 

Since (F (F, v, N) , +, •, [, ]p) is a Lie T (A^)-algebra, it results that 



cyclic{a,f),j) 



dLi 



Z^ ( -^^7-^ae + P'a^;^ 



0. 



Therefore, 



E 

cyclic{a,(5,'y) 



[{^,oh){Lloh)+pioh'-%!^ 



0. 



diL$-,oh)_ 



ts ]=0 



Multiplying with ts, we obtain the equality 

E ((L'f,^°h]{Li,oh)ts + ploh 

cycUc{a,j3,^) \ 
which is equivalent with the following equality: 



E [[L%oh] [t^M.H + p\ o h'-%^ts ] = 0. 



cyclic{a,l3,f) 

Therefore, we obtain the Jacobi identity 



cyclic{a,l3,'y) 



0. 



FM 



For any u,v,w (zT {F, v, N), we obtain the Jacobi identity 



U,[v,w]F,h ^ ,+ vAw,u]p. + W,[u,v]p,, 



F,h 



F,h 



F,h 



Using (1) and (2) it results the conclusion of lemma. 



q.e.d. 
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Lemma 3.1.3 The ISAod-morphism T (Tho p^h) is a 'Liealg-morphism of 

(T{F,u,N),+,;l]F,h) 
source and 

iT{TN,TN,N),+,;[,]TN) 

target. 

Proof. As the Mod-niorphisni T {p, Id^) is a LieAlg-morphisms of 

{T{F,U,N),+,;1]f) 

source and 

ir{TN,TN,N),+,;[,]^^) 

target, then we obtain 

t7 ~k _ „? ^P% J dpi 

Therefore, we obtain 

{Li,oh){p^oh)=pioh'4;^-^^oh'j^. 

Moreover, we obtain 

[^afS ° ^) [P^ °fl)l^-Pa° ^^^^^ - Pp ° /^^iT^- 

After some calculations, we obtain that 

r {Th o p, h) [ta,ti3\p^^ = [T {Th o p, h) ta, T {Th o p, h) ti3\j,j^ . 

We obtain easily that 

r {Th o p, h) [n, v]p^j^ = [r {Th o p, h) u, T {Th o p, h) v]j,j^ , 
for any u, f € F {F, u, N) . q.e.d. 

Using Lemmas 3.1.1, 3.1.2 and 3.1.3 we obtain the following 
Theorem 3.1.1 (example of generalized Lie algebroid) The couple 

[,]p^f^,{p,IdN)^ 
is a generalized Lie algebroid structure for the vector bundle {F, v, N) . 
Definition 3.1.3 The generalized Lie algebroid 

\F,u,N),[,]p,,{p,IdN) 



given by the previous theorem, will be called the generalized Lie algebroid associated to 
the Lie algebroid 

{{F,u,N),[,]p,{p,IdN)) 
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and to the surjective application 

h G Man {N, N) . 
In particular, if /i = Idj^, then the generahzed Lie algebroid 

will be called the generalized Lie algebroid associated to the Lie algebroid 

i{F,u,N),[,]^,{p,IdM)). 

Note that any Lie algebroid can be regarded as a generalized Lie algebroid. 

Theorem 3.1.2 (example of generalized Lie algebroid) Let M G |Manj„| and g,h ^ 

LsOMan (M) . 

Let [, ]j,j^ be the usual Lie bracket such that 

(r {TM, TM, M) , +, •, [, ]^^) G |LieAlg| . 
Using the tangent W -niorphisnn (Tg,g) and the operation 

' T A / h 

r{TM,TM,M)xr{TM,TM,M) — ^ r{TM,TM,M) 

{U,V) I > [u,v]TM,h 

where 

[^' v]TM,h = T (T{ho gy^ , {h o gy^j ([F {T {h o g) , h o g) u,T (T {h o g) , h o g) v]j,j^) , 
for any u,v (z T{TM,tm,M), then we obtain that 

(TM, TM, M) , [n, v\j,j^y^ , {Tg, g) 



is a generalized Lie algebroid. 

Proof: As the operation [, ] ^j^^ ^ is biadditive, then we obtain that 



^r {TM, TM, M) , +, •, [, ]^^^^j G I Alg| . 

Using the definition of the operation [, ]tm/i ^® obtain that 

T{T{hog) ,hog) [[u, f ]rM,/i) =[^iTihog),hog)u,T(T{hog),hog) v 

for any u,v eT {TM, tm, M) . 

1) Therefore, T {T {ho g) ,ho g) is a Alg-morphisni of 

{t{TM,tm,M),+,;[,]^j^^^ 

source and 

{T{TM,tm,M),+,-,[,]tj^) 

target. 
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TM 



For any u,v gT (TM, tm, M) and f G T (M) we obtain that 

[^' f^]TM,h = r f T (/l o gy^ , {h o gy^j ([r {T {h o g) ,h o g) U,T {T {h o g) ,h o g) fv]j.j^) 
= T (T{ho gy^ , {h o gy^j {f ■[T{T{hog),hog)u,T(T{hog),ho g) V^j^) 
+T {t {ho gy\{ho gy^yV {T {ho g) ,ho g)u){f) -T {T {ho g) ,ho g)v 
= f -r (t {ho gyy{ho gy^yr {T {ho g) ,ho g)u,r {T {ho g) ,ho g)vyj^ 
+ {T{T{hog),hog)u){f)-V 

2) Therefore, we obtain that 

[^' f'"]TM,h = f -[u, v]TM,h + {^{T{hog),hog) u) (/) • v 

for any u,v GT {TM, tm, M) and / € J" (M) . 
We remark that 

r(r(/io5)-i,(/i0 5)-i)(o) = o. 

As 

(r {TM, TM, M) , +, •, [, ]^j^) G iLieAlgl 

and 

["'[^'^iTM.hlrM.h =r{Tihog)-\(hog)-^)[r{T(hog),hog)u,riTihog),hog)lv,z]j,j,j,^y^^j 

=r{Tihog)-\{hog)-')[r{T{hog),hog)u,lT{T{hog),hog)v,r{Tihog),hog)z]j.r,i]^^j 

for any u,v, z G F {TM, tmi M) , it results that 



[«' ^]tma = 



for any u GT {TM, tm, M) and 



^5 b'^JTM,fe 



TAf,/i 



+ 



Z, [U,v\j,]y^ j^ 



TM,h 



+ 



V, [Z, U\rpj^^ , 



TM,h 



0, 



for any u,v,z gT {TM, tm, M) . 
3) Therefore, we have that 



F {TM, TM, M) , +, •, [, ]^M, G iLieAlg 



Using the affirmations 1), 2) and 3) it results the conclusion of the theorem. 

Remark 3.1.2 For any Man-isomorphisms g and h we obtain new and interesting 
generalized Lie algebroid structures for the tangent vector bundle {TM, tm , M) . 

For any base {ta, a G l,m} of the module of sections {T {TM,tm,M) ,+,■) we 
obtain the structure functions 






■ 96^8 ■ de^ \ ~-y 
at P at a I a' 



dx^ 



dx^ 



, a, /3,7 G l,m 



where 



, i,a G l,m 
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are real local functions such that 



and 

s 

are real local functions such that 



6'-, i,7 G l,m 



T[T{hog)-\{hog)-^)(^-l-^=~e]t,. 



In particular, using arbitrary basis for the module of sections and arbitrary isometries 
(symmetries, translations, rotations,...) we obtain a lot of generalized Lie algebroid 
structures for the tangent vector bundle (TS,r2,S) and we can study its geometry 
using our theory which is develop in the next. 

3.1.1 Structure functions for generalized Lie algebroids 

Let 



{F,u,N)^\p^^,{p,ri) 
be a generalized Lie algebroid given by the diagram: 



(3.1.1.1) \u 



M ^ > N 



We assume that (-F, v, N) is a vector bundle with type fibre the real vector space 

, +, .) and structure group a Lie subgroup of (GL (p, M) , .) . 

We take (x*,y*) as canonical local coordinates on {TM,tm,M) , where i G l,rn.. 

Consider 

a change of coordinates on {TM,tm,M). Then the coordinates y* change to y* by the 
rule: 

(3.1.1.2) y'=^y'- 

We take (x*,z") as canonical local coordinates on {F^u,N), where zGl,n, a G l,p. 
Consider 



a change of coordinates on (F, u, N). Then the coordinates z" change to z" by the rule: 
(3.1.3) z°'=A°z". 



We assume that {9, fi) = (Th o p,ho rj). 
If z'^tct G r [F, V, N) is arbitrary, then 

T{Thop,hor]){zH^)f{hor^{>c)) = 
20 



for any f e F (N) and k e N. 

The coefficients /9^ respectively ^^ cliange to /O^- respectively 6*^- by the rule: 



(3.1.1.5) 






Pi'=K 




respectively 








(3.1.1.6) 








where 






IIA5II = 


K 


-1 


Locally, we set 






(3.1.1.7) 






r 1 put -^ -V 


We easily 


obtain 


that 









The real local functions 



Llfi = -Ll, Va,/3,7 G l,p. 



will be called the structure functions of the generalized Lie algebroid 

((F,z.,iV),[,]^,,(p,r,)). 
Theorem 3.1.1.1 The following equalities hold good: 

(3.1.1.8) ploh^=(el§Lyh,yfeT{N). 
and 

(3.1.1.9) f,y Afk A (. ,^Kl^ (, A 9 {Pa ° h) 
[L^, o h) (p, o h) = {p^ o h) ^^^ - (p, o h) -^—- 

Proof. Using the relation (3.1.1.4), we obtain the equality (3.1.1.8) . Since 

T{Tho p,hori) [ta,tp\p{f) 

= [r {{Th, h) o (p, r/)) t„ r {{Th, h) o (p, ,?)) tp\p (/) 

= r (T/i, h) ([r (p, r/) t,, r (p, r/) t^^l^M) (/) , v/ g J- (iV) , 



it results that 



(ii. = <.) (A <"•) 1# = ((p> ") %^ - (p;. o ") ^) !#. 

for any / G F {N) . q.e.d. 
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3.1.2 The pull-back Lie algebroid of a generalized Lie algebroid 

Let 

be a generalized Lie algebroid given by the diagram (3.1.1.1). 

Let AJ-'f be a representative of vector fibred (n + p)-structure for the vector bundle 
{F, I/, N) and let AJ-tm be a representative of vector fibred (m + ?TT-)-structure for the 
vector bundle {TM,tm,M). 

Let {h*F, h*!^, M) be the pull-back vector bundle through h. 

If {U,^jj) G ATtm and {V, sy) G ATp such that V fl h~^ (F) 7^ (/>, then we define 
the application 

h*v-^{\Jr\h-^{V))) 'i^^^liiri {lJ^h-^{V)) yW 
(x,z(/i(x))) I — > (x,t-i^(^-,z(/i(x))j . 

Proposition 3.1.2.1 The set 

AFf''= U {{Uf^h-^V),sunh-Hv))] 

(7n/i-i{v)^</> 

is a vector fibred m + p- atlas for the vector bundle {h*F,h*i',M) . 

If 

z = z'^ta G r {F, u, N) , 

then, using the vector fibred m + p-structure lAJ-p] , we obtain the section 

Z = (z" o /i) r« € r {h*F, h*v, M) 

such that 

Z (x) = z{h {x)) , 

for any x € [/ n h^"^ {V) . 

The set \Ta, a€l,p}isa base for the module of sections 

{T{h*F,h*u,M),+,-). 

p , Mm ) be the B"^-morphism of 

{h*F,h*u,M) 



source and 
target, where 



iTM,TM,M) 



h*F 

h*F -^ TM 



(3.1.2.1) g 

Z-T^{x) ^ {Z--ploh)—^{x) 
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We consider the operation 

r {h*F, h*u, M)xT {h*F, h*u, M) ^'^"'^ ) r {h*F, h*u, M) 
defined by 

[fTa,T(s]f^,p = - [T/s, fTa]f^,p , 

for any / G 7" (M) . 

Lemma 3.1.2.1 The following equality holds good 

[u, fv]f,,p = f [u, v]f^,p + r (^^7, idM) (u) f ■ V, 

for any U,V GT {h*F, h*u, M) and for any f e F (M) . 

Proof. We observe that for any a,/3 € l,p, we obtain 

[To., fTp\^.p = f [Ta, Tp]^,^ + r (V , Mm) (Ta) / • T^, V/ G J" (N) . 

Using this equahty and the definition of the operation [, J/jtp' it results the conclusion 
of the lemma. q.e.d. 

Lemma 3.1.2.1 The F {M)- algebra 

{T{h*F,h*U,M),+,;[\,p) 

is a Lie F {M)- algebra. 

Proof. Using the definition of the operation [, J/j.p' it results that 

for any [/, y G F {h*F, h*v, M) . Therefore, we obtain 

(1) [U, U]^,p = 0, Vf/ G r {h*F, h*v, M) . 

Since (F (F, v, M) ,+,-,[, ]p) is a Lie F (M)-algebra, we obtain the equality: 



cyc/ic(Q,/3,7) 



'M^o,e^^a-Q^, 



Using (3.1.1.9), we obtain the equality: 



diLf^^oh 



E (Lko/^ L^o/, +p>/,^_— ^ =0. 



cydic{a,(3,'y) \ ^ ^ '-'-^ 
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and multiplying with Ts, we obtain 



cj/cZ«c(a,/9,7) 

which is equivalent with 



E I {L%oh)[Li,oh]Ts+p'^oh 






dLf,^ o h 



Ts \ =0. 



cyclic(a,l3,'y) 

Since this equality implies 



E (L^y o h) [r,,T,],.^ + pL o h^^L_Ts = 0. 



3x* 



E 

cyclic(a,l3,'y) 



Ta,(L^^^oh) Te 



h*F 



it results that it is satisfied the Jacobi identity 

cyclic(a,l3,'y) 



0. 



In general, for any U,V,Z(^T {h*F, h*v, M), we obtain the Jacobi identity: 
(2) [U, [V, Z]^,p]^^^ + [Z, [U, F];,.^],*^ + [V, [Z, U],,,p]^,p = 0. 

Using affirmations (1) and (2), we get the conclusion of the lemma. 
Lemma 3.1.2.3 The 'M.od-morphism 



is a JjieaAg-morphisfn of 



source and 



r( p,IdM 



{I{TM,tm,M),+,-,1]tm) 



target. 

Proof. Using relations (3.1.1.9), we obtain: 



Ll,°h)[p'^oh)^^ 



(Pa-h) 



d 



Pp 



q.e.d. 



d 



dx^ dx^ ^ ^ 



d{pioh) d 
dxi dx^ 



Therefore, 



h'F 



h'F 



h'F 



r (^ /? , IdMJ [Ta.Tp]^^^ ^ F ( P ' ^'^^ )Ta,T [ p , Mm ) Tg 

for any base sections Ta.,Tp. 

In general, we obtain the equality 



TM 



h*F 



h*F 



h*F 



r( p jdM][u,v]^,^= r( p jdM]u,T[ p ,idM]u 
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TM 



ioT any U,V eT{h*F,h*iy,M). q.e.d. 

Using Lemmas 3.1.2.1, 3.1.2.2 and 3.1.2.3, we obtain the following 



Theorem 3.1.2.1 The couple 



[']/i*F' ( P -i^^M 



is a Lie algebroid structure for the vector bundle {h*F, h*u, M) . 

This Lie algebroid will be called the pull-hack Lie algebroid of the generalized Lie 
algebroid 

'iF,,,,N),[,]p,,{p,7])' 



3.1.3 Interior Differential Systems 

We consider a generalized Lie algebroid ( {F, u, N) ,[,]pf^, {p, i]) j given by the dia- 
grams: 

F -^ TM -^^ TN 

M -^ N -^ M -^ N 

Let ( {h*F, h*u, M) , [, J^,^ , i p , Idu ) ) be the pull-back Lie algebroid. 
Definition 3.1.3.1 Any vector subbundle {E, ir, M) of the vector bundle {h*F, h*v, M) 
will be called interior differential system (IDS) of the generalized Lie algebroid f (F, v, N) ,[,]pi^, {p, ff) 

In particular, if /i = Idjsj = ?7, then any vector subbundle {E,tt,N) of the vec- 
tor bundle {F, v, N) will be called interior differential system of the Lie algebroid 
{{F,v,N),l]p,{pJdN)). 

Remark 3.1.3.1 If [E, tt, M) is an IDS of the generalized Lie algebroid ( (F, v^ N) ,[,]p}^, {p, i]) j , 

then (r {E, n, M) , -F, •) is a J" (M)-submodule of the J" (M)-module (L {h*F, h*u, M) ,+,■). 
In addition, if 

v{e^,tt^,m] ^= |f]er(/i*V,/iV,M) :f](5) = 0, V5Gr(F,^,M) 



then(r(£;^,7r-L,M) ,+,) is J'(M)-submoduleof the J'(M)-module f F f /i*F, /iV, M ) ,+ 

h*F, h*v,M 

which will be called the annihilator vector subbundle for the IDS {E, vr, M) . 

Proposition 3.1.3.1 Let {E,tt,M) be an IDS of the generalized Lie algebroid 
(^{F,u,N),[,]p^,^,{p,rj)y 

If dimjri^M)^ {E,TT,M) =r <p = dimjr^M)^ {h*F, h*u, M), then dimjr(^M)^ {E^, vr^, M) 
p — r. 

Therefore, ifT{E,TT,M) = {Si,...,Sr), then it exists 9''+'^ ,..., e^ eT (h*F,h*u,M\ 
linearly independent such that F (i?-*- , Tr-*- , M) = (|0''+^, ..., 0^) . 
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Conversely, if T {E^ , tt^ , M) = {e''+^, ...,eP), then it exists Si, ..., Sr €T{E,tt,M) 
linearly independent such that T (E, vr, M) = {Si, ..., Sr) ■ 

Definition 3.1.3.2 The IDS (£;,7r, M) of the generalized Lie algebroid ({F,iy,N) , [,]^^/, , (p,r/) 
will be called involutive if 

[S, T]^.p G r {E, vr, M) , V5, T G r {E, vr, M) . 

Proposition 3.1.3.2 Let {E,tt,M) be an IDS of the generalized Lie algebroid 

((F,z.,iV),[,]^^,,(/>,77)). 

If {Si, ■■■,Sr} is a base for the IF {M)-submodule iV {E,tt,M) ,+,■) then {E,tt,M) 
is involutive if and only if 

[Sa, Sb]h*p G r {E, TT, M) ,ya,be t;7. 



3.2 Exterior differential calculus for generalized Lie algebroids 

We propose an exterior differential calculus in the general framework of generalized Lie 
algebroids. As any Lie algebroid can be regarded as a generalized Lie algebroid, in 
particular, we obtain a new point of view over the exterior differential calculus for Lie 
algebroids. 
Let 

be a generalized Lie algebroid given by the diagram (3.1.1.1) . 

Definition 3.2.1 For any g G N we denote by {T,q, o) the permutations group of the 
set {l,2,...,q}. 

Definition 3.2.2 We denoted by A'' (F, i',N) the set of g-linear applications 

T{F,u,NY -^ T{N) 

{zi,...,Zq) I > Uj{zi,...,Zq) 

such that 

uj (z^(i), ..., 2;^(g)) = sgn {a) -(^{zi, ..., Zq) 

for any zi, ..., Zq ^T (F, v, N) and for any a G T,q. 

The elements of A'^ {F, u, N) will be called differential forms of degree q or differential 
q- forms. 

Remark 3.2.1 If t^; G M{F,v,N), then uj {zi, ...,z,...,z, ...Zq) = 0. Therefore, if w G 
M{F,u,N), then 

U) yZl, ..., Z'l, ..., Zj , ...Zq) — LO \Zi, ..., Zj , ..., Zi, ...Zq) . 

Theorem 3.2.1 If q£ N, then (A^ (F, z>, N) , +, •) is a F {N)-module. 



26 



Definition 3.2.3 If w G A"? {F, v, N) and 6* G A'' (F, v, N), then the {q + r)-form ojAO 
defined by 

a{l)<...<a{q) 
a{q+l)<...<cr{q+r) 

= -j-y E sgn{a)uj{z^^i),...,z^^g))e{z^(g+i),...,z^^g+r)), 

for any zi, ..., z^+r G T (F, z^, iV) , wih be called the exterior product of the forms uj and 9. 
Using the previous definition, we obtain 

Theorem 3.2.2 The following affirmations hold good: 

1. If UJ £ A" (F, ly, N) and 9 £ K" (F, u, N), then 

(3.2.1) ioA9={-iy''9Aoj. 

2. For any w G A« (F, v,N), 9 e A"" (F, i^, N) and ij e A" (F, ly, N) we obtain 

(3.2.2) {ujA9)Ari = ujA{9Ari). 

3. For any w, G A"? (F, z/, iV) and r/ G A'* (F, z^, A^) i(;e obtain 

(3.2.3) (a; + 6')A77 = tjA7? + 6'A77. 

4. For any w G A'^ (F, ;/, A^) and 0, 77 G A* (F, z/, A^) i(;e obtain 

(3.2.4) wA(6' + ?7)=tjA6l + a;A7?. 

5. For any / G F (A^), a; G A^ (F, z/, A^) and 6* G A'' (F, z^, A^) u;e o6tam 

(3.2.5) if ■uj)A9 = f ■{ujA9)=ujA{f -9). 
Theorem 3.2.3 // 



A (F, iy,N)= e A* (F, u, N) , 

q>0 



then 



{A{F,u,N),+,;A) 

is a F {N)-algehra. This algebra will be called the exterior differential algebra of the 
vector bundle (F, u, N) . 

Remark 3.2.2 If |t", a G l,p} is the coframe associated to the frame {ta, a G l,j»} 
of the vector bundle (F, v, N) in the vector local (n + p)-chart U , then 



t"! A...Ar^(zft,,...,Zg"t,) = idet 



Z. ... Zi 



for any g G l,p. 
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Remark 3.2.3 If {t", a G l,p} is the coframe associated to the frame [ta, a G l,p} 
of the vector bundle {F, zv, N) in the vector local (n +p)-chart U, then, for any q (z l,p 
we define Cp exterior differential forms of the type 

t°i A... At"? 

such that 1 < ai < ... < aq < p. 
The set 

{t"i A ... A t°^ 1 < Qi < ... < a, < p} 

is a base for the J-" (A^)-module 

{AHF,u,N),+,-). 
Therefore, if a; G A* {F, v, N), then 

00 = UJai...agt"^ A... At"". 

In particular, if oj is an exterior differential p-form oj, then we can written 

u) = a-t'^ A ... AtP, 
where a £ J- (N) . 
Definition 3.2.4 If 

W = Wai...a,i"^ A ... A t°' G A« (F, z/, iV) 
such that 

for any 1 < ai < ... < a^ < p, then we will say that the q-form oj is differentiable of 
C^ -class. 

Definition 3.2.5 For any z G r(F, z/, iV), the J^ (iV)-multilinear application 

A(F,z/,iV) ^^^ K{F,u,N) , 

defined by 

L,{f) = T{Thop,hor^)z{f), yfGF{N) 

and 

L^u) {zi, ..., Zq) = r {Th o p,hor])z{uj ((zi, ..., Zg))) 

for any w G A'^ {F,iy,N) and zi,...,Zq G F (F, z/, A^) , will be called the covariant Lie 
derivative with respect to the section z. 

Theorem 3.2.4 // z G F (F, z/, A^) , a; G A"? (F, z/, A^) and G A^ (F, zy, A^), t/ien 

(3.2.6) Lz{uj Ae)=L^uj AO + ojAL^e. 
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Proof. Let zi,...,Zq^r G r(F, z/, iV) be arbitrary. Since 

Lz (^ A 9) {zi, ..., Zq+r) = r {Th o p,hori)z{{uj A 9) {zi, ..., Z^+r)) 
-X; (wA6l) (^(^zi,...,[z,Zi]p,/^,...,Zg+rjj 

/ 

= r {Th o p,h o rj) z 



\o 



^ sgn{a)-uj{z^(^i),...,z^(^q)) 

a{l)<...<a{q) 
\cr{q+l)<...<(7{q+r) 

■0{Za{q+l),-,Za{q+r))) " E (^ A 0) [^[^Zi, ...,[z, Zi]p,^ , ..., Zg+rj j 

= E ^^"(O-) •r(r/lop, /lO?7)z(tj(z^(l),...,Z^(^))) 

CT(l)<...<a(g) 
cr{q+l)<...<a{q+r) 

•6'(^CT(g+l),---,^<7(g+r)) + E S^"- (c^) ' '^ (^<7(1), •••, ^<7(g)) 

a(l)<...<<T(g) 
CT((J+l)<...<cr((J+r) 

•r(r/iop, /i 077)^(6* (z^(,+i),...,z^(,+^))) - E s5"^(o-) 

(T(l)<...<a(g) 
a{q+l)<...<a{q+r) 

'E'^ ( ^cr(l)i •••> |_^> ^o-wJf/i ' •••' ^o-(g+r) ) ' ^ (^cr(q+l) ) •••! ^o-(g+r)) 
1=1 ' ^ 

E ^^^(o-) E ^{za(i)^--^Mq)) 

CT{l)<...<a{q) i=q+l 

a{q+l)<...<cr{q+r) 

= E S5'"-(cr)-^2w(^<7(l),-", [^,^<7(j)]^;j,---,^a{g+r)) 

a(l)<...<<7(g) ^ ' ^ 

CT((J+l)<...<cr((J+r) 

•6'(^;<T(g+l),---,^a(g+r)) + E Sfi"^ (o") E ^ (^<7(1) , •••, ^<7(g)) 

ct(1)<...<o-((j) i=q+l 

a{q+l)<...<a(q+r) 

'Lz9 ( ^CT(g+l)) •••) [z, ^a{i)\p^f^ ) •••) ^a{q+r)] 
= {LzOJ A9 + UJ A Lz6) (Zi, ..., Zqj^r) 

it results the conclusion of the theorem. q.e.d. 

Definition 3.2.6 For any z G T {F,v,N), the J-" (iV)-multilinear application 

A (F, V, N) ^^ A (F, zy, iV) 
A9 (F, jy, TV) 9 a; ^ i^w G A^-^ (F, z/, iV) , 

where 

i-zUJ {Z2, ..., Zg) = UJ {Z, Z2, ..., Zq) , 

for any Z2,...,Zg G r(F, zy,A^), will be called the interior product associated to the 
section z. 

For any / G T{N), we define izf = 0. 
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Remark 3.2.4 If z eV {F,iy,N) , u £ A^ (F, u, N) and U is an open subset of N such 
that z^u = or u^u = 0, then {izUj),^ = 0. 

Theorem 3.2.5 If z gT {F, u, N), then for any u £ A^ {F, u, N) and 6* G A^ (F, v, N) 
we obtain 

(3.2.7) iz ((J A 6*) = i^w A 6* + (-l)"^ w A i^O. 

Proof. Let zi, ..., z^+r G T (F, v, N) be arbitrary. We observe that 

izi (uj A 6) {z2, ..., 2g+r) = (a; A 6*) (zi, ^2, ..., 2^+^) 

CT(l)<...<a(g) 
o-((j+l)<...<o-(<?+r) 

l=o-(l)<o-(2)<...<(T(g) 
o-((j+l)<...<o-{(j+r) 

+ E ^^"-(O-) •^(^<T(l),---,^a(g)) -^(^1,^^(9+2), •••,2a(g+r)) 

(T(l)<...<a{<ir) 

l=(T(g+l)<o-((j+2)<...<o-(g+r) 

= E •S5" (O") • ^ziW {Za(2), ■■■, Za(q)) ' (^a(g+l), •••, Ml+r)) 

a{2)<...<u(q) 

C7(q+l)<...<c7(q+r) 

+ E sgn{a)-u:{z„(i),...,z„(^q)) ■iz^e{z„(^q+2),-,z„{q+r)) ■ 

ct{1)<.. .<a{q) 
a(q+2)<...<a{q+r) 

In the second sum, we have the permutation 

1 ... q q+ 1 q + 2 ... q + r 



' cr(l) ... o-(g) 1 a {q + 2) ... a {q + r) 
We observe that a = t o t' , where 

1 2 ... q+1 q + 2 ... q + r 



^ ' 1 fT(l) ... a{q) a {q + 2) ... a {q + r) 

and 

j_ I 1 2 ... q q+1 q + 2 ... q + r 



^ '23... q+l 1 q + 2 ... q + r 
Since r (2) < ... < r (g + 1) and r' has q inversions, it results that 

sgn{a) = (-1)'^ ■ sgn{T). 

Therefore, 

i^j (w A 9) (Z2, •••, 2;<?+r) = few A 6*) (Z2, •••, Zq+r) 

+ (-1)^ E Sgn (r) • W (z^(2), ..., Z^(<;)) • i^i6l (^;r(g+2), •••, Z^{q+r)) 

T(2)<...<r(g) 
T(g+2)<...<T{g+r) 
= {iz^UJ A 6*) (Z2, •••, Zq+r) + (-1)^ (^ A Iz^O) {Z2, ..., Zg+r) • 



q.e.d. 
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Theorem 3.2.6 For any z,v ^T {F, v, N) we obtain 

(3.2.8) L^oi^ -z^oL^ = i[^^^]^^. 
Proof. Let (x) € A'^ (F, v, N) be arbitrary. Since 

iz (L^Uj) {Z2, ...Zq) = L^U {Z, Z2, .-.Zq) 

= r {Th O p,hori)v{u {z, Z2, ..., Zq)) - U {[v, z\p^^ , Z2, ..., Zq 

-E^ yyz,Z2,...,[v,Zi]p,^,...,Zqjj 

= r{Tho p,hori)v{izUj{z2,...,Zq)) - J^'^z^J U2, •••, [v,Zi]p^, ...,Zq 

1=2 ^ 

-Hv,z]p {Z2, ■■■, Zq) = \^L^ (izUj) - ilv,z]p,^j (^2, ■■■,Zq) , 

for any Z2, ---TZq G T (F, u, N) it result the conclusion of the theorem. q.e.d. 

Definition 3.2.7 If / G 7" (iV) and z G F (F, u, N) , then we define 

d^f{z)=r{Thop,hor]){z)f. 
Theorem 3.2.7 The F (N) -multilinear application 

A« {F,u,N) -^ A^+i {F,iy,N) 
u I — > dixj 

defined by 

Q . 

d^Uj{zo,Zi,...,Zq) = Yl {-ly T {Th O p, h O 7]) Zi {UJ {{zq, Zl, ..., Zi, ..., Zq))) 
i=0 

+ E {-'^Y'^^ ^ [{[Zi, Zj]p, f^ , Zq, Zi, ..., Zi, ..., Zj , ..., Zq)) , 
i<j W ' / / 

for any zq,zi, ...,Zq G F {F, u, N) , is unique with the following property: 

(3.2.9) Lz = d^ oiz + izo d^, Vz G r {F, v, N) . 

This F (A^)-niultilinear application d^ will be called the exterior differentiation operator 
for the exterior differential algebra of the generalized Lie algebroid {{F, u, N), [, ]F,h, (p, v))- 
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Proof. We verify the property (3.2.9) Since 

{izo ° d^) W (^1, •••, Zq) = duj (Zo, Zl, ..., Zg) 

Q 
= J2 {-If 'i^ {Th O p,h O 7]) Zi {UJ {Zo, Zl, ..., Zi, ..., Zq)) 

+ H {-'i^y^^ ^ [[Zi,Zj]p^,Zo,Zl,...,Zi,...,Zj,...,Zq) 
0<i<j ^ ' ' 

= r {Th o p,hor])zo {uj (zi, ..., Zq)) 

1 
+ Y. (-1)* r {Th o p,hor])zi (cj (zq, zi, ..., Zi, ..., Zq)) 
1=1 

+ E (-1)*'^ ([zO,Zi]p^,Zl,...,Zi,...,Zq) 
1=1 ^ ' ^ 

+ E (-1)'^^'^ ([^i,^i]Fh'^0,^l,---,^J,---,^i,---,2g) 

= r {Th o p,hor])zo {uj (zi, ..., Zq)) 

-J2^ Zi,...,[zo,Zi]^^,...,Zg 

1=1 ^ 

-E (-1)* r(T/iop,/ior/)zj(i^„tj((zi,...,ii,...,Zg))) 
1=1 

— 2_^ V J-j *Zo'*-' ( M^i) ^jj^/i ; ^Ij •••) ^i) •••; ^jr; •••) ^g 

l<i<jr' \ \ ' 

= (L^ij - (i-^ o i^g) w (zi, ..., z<j) , 

for any zq, zi, ...,Zq £ T {F, u, N) it results that the property (3.2.9) is satisfied. 
In the following, we verify the uniqueness of the operator d . 

Let d'^ be an another exterior differentiation operator satisfying the property (3.2.9) . 
Let 5 = {g G N : d^uj = d'^uj, Vw G A"? {F, u, N)} be. 
Let 2 G r {F, ly, N) be arbitrary. 
We observe that (3.2.9) is equivalent with 

(1) i, o {d^ - d'P) + {d^ - d'P) o i^ = 0. 
Since izf = 0, for any / G ^ {N) , it results that 

{{dP-d'P)f){z) = Q, yfeT{N). 

Therefore, we obtain that 

(2) G 5. 
In the following, we prove that 

(3) q^S^q+l£S 

Let UJ G A^"^^ {F, u, N) be arbitrary. Since izUJ G A'^ {F, u, N), using the equality (1), 
it results that 

iz o {d^ - d'^) uj = 0. 

We obtain that, {{d^ — d'^) uj) {zq, zi, ..., Zq) = 0, for any zi, ..., Zq £T {F, u, N) . There- 
fore d^uj = d'^uj, namely q + I £ S. 

Using the Peano's Axiom and the affirmations (2) and (3) it results that S" = N. 
Therefore, the uniqueness is verified. q.e.d. 
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Note that if u = ujai...a^t°'^ A ... A 1°"" G M {F, u, N), then 

d UJ {tao,tai,---,tag) = J2 (-^Y ^ai °'"''r"" 

i=0 OX'^ 






Therefore, we obtain 



di^a; = (f:(-ir^i-^''"«'-'^-"' 



i=0 5x^ 



(3.2.10) 

+ V ('-IV"'"-' L" • LJ ^ ^ 1 fao A /■"! A A f"9 



Kj 



Remark 3.2.4 If d is the exterior differentiation operator for the generahzed Lie 
algebroid 

\F,i,,N),[,]p,,ip,7])" 



u; € A'' {F, v,N) and U is an open subset of N such that ujp = 0, then (d w),^, = 0. 

Theorem 3.2.8 The exterior differentiation operator d^ given by the previous theorem 
has the following properties: 

1. For any w G A* (F, z/, N) and 9 e A^ {F, u, N) we obtain 

(3.2.11) d^{ojA9) =d^0JAe + {-lfujAd^9. 

2. For any z G F (F, i/, N) we obtain 

(3.2.12) L-^od^ = d^ oL^. 

3. d^ od^ = 0. 

Proo/. 

1. Let 5= {gGN:d^(6^A^) = d^u AO + {-1^ uj A d^O, Vw G A^ (F, z^,iV)} be. Since 

d^(/Ae)(z,^)=(i^(/.^)(z,t-) 

= r {Th o p,hor])z ifuj (v)) - T {Th o p,hor])v {fu (z)) - fu [[z, v]pjfj 

= r {Th o p,ho rj) z (/) ■ uj {v) + f -T {Th o p,ho rj) z{uj {v)) 

-r {Th o p, h o T]) V {f) ■ UJ {z) - f ■ T {Th o p, h o T]) V {uj {z)) - fu [[z, v\pyj 

= d^f {z) • a; (t;) - d^ f {v) ■ oo {z) + f ■ d^u {z, v) 

= {d^f Aoj) {z,v) + {-if f ■ d^u;{z,v) 

= (d^f A uj) {z, v) + (-1)° (/ A d^uj) {z, v), yz,v£T {F, u, N) , 

it results that 

(1.1) G 5. 
In the fohowing we prove that 

(1.2) q^S^q+l£S. 
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Without restricting the generahty, we consider that 9 £ A'^ (F, u, N) . Since 

d^ (W A 9) (Zo, Zi, ..., Zq+r) = izo O d^ {uJ A 9) (Zi, ..., Zqj^r) 
= L^o {UJ A 9) (Zi, ..., Zq+r) -d^ O i^„ {UJ A 9) (Zl, ..., Zq+r) 
= {L^^UJ A9 + UJ A Lz^9) (Zl, ..., Zq+r) 

- [d^ o{i^^^ujA9 + {-iyujAi^g9)] [zi, ...,Zq+r) 

= {LzqUj A9 + UJ a Lzq9 - {d^ o i^^^u) A 9) (zi, ..., Zg+r) 

- ((-1)'^-' i,,UJ A d^9 + {-If d^OJ A i,,9) (Zi, ..., Zq+r) 



-(-1) '^CVAd^ oi^^9{zi,...,Zq+r) 

= ((-L^o^ -d^ O i^yw) A 9) (Zi, ..., Zq+r) 

+UJ A {Lzo9 -d^ O i-,^fi) (zi, ...,_Zq+r) 

+ ((-1) 



Izo^ 



d^ oizt,9) (zi, 

A d^9 - (-1)'' d^U A i,,9) (Zl, ..., Zq+r) 



((i^O od^)uj) A9+ (-1)'^+^ d^CO A i,,,9\ (Zi, ..., Zq+r) 

+ ''0jA{{i,^od^)9)+{-l)''i,,,0JAd^9] {zi,...,Zq+r) 
"i^O {d^LO A 9) + {-If i^, {U A d^9)] (Zl, ..., Zq+r) 

d^bj A9 + {-l)'^ UJ A d^ 9] (zi,...,Zg+r), 

for any zq, zi, ..., Zg+r € F (F, z^, A^), it results (1.2) . 

Using the Peano's Axiom and the affirmations (1.1) and (1.2) it results that S = N. 
Therefore, it results the conclusion of affirmation 1. 

2. Let z G r {F, u, N) be arbitrary. 

Let 5 = {g G N : {L, o d^) oj = {d^ o L,) uj, Vw € A« (F, u, N)} be. 

Let f (z F {N) be arbitrary. Since 

{d^ o L^) / {v) = ^^, o {d^ oLz) f = {iv o d'^) o LJ 
= {L^ oLz) f - {{d^ o i^) o L^) / 



(L^ oL^)f- L^zMp.hf + (^^ ° H^Mf,J -d^ °Lz {iyf) 

{ivf) 



{L^ oL^)f- L^z^F.hf + (^^ °' 



J-0 



{Ly oL^)f- L^z,v]pJ + d o ' 



f + d^oi 



F,h 
Z,V 



f-L,od^ 



J 



(L, o i,) (d^f) - L[, 

{i^ o L^) (d^f) + L^z,v]pJ - hz,v]pj 

i, o (L, od^)f= (L, od^) f{v),yveT {F, u, N) 



it results that 



(2.1) 



Og5. 



In the following we prove that 



(2.2) 



q£ S ^ q+l £ S. 
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Let uj ^ M (F, jy, N) be arbitrary. Since 



{d^ O Lz)uj{zo,Zl,...,Zq) = izo O {d^ O L^) UJ {Zl, ...,Zq) 

= {izo °d^) oL-^uj{zi,...,Zq) 

{Lzo o Lz)uj - {{d^ o i^J o Lz) w] (zi, ..., Zg) 



+ 

ip. 
+ 



(L^„ oL;,)uj - Li 



UJ 



(Zl,...,Zg) 



d^ ° ^zMfh^ -d^ oLz (i^ow) (zi, ..., Zq) 



(L^(, oL^)w-Lr 



(J 



iF ^- , , , T r. AF 



{zi,...,Zq) 

d^ ° Hz,zo]p^^^ -Lzo d^' (i^gUj) (zi, ..., Zq) 
{Lz o i^J (d^w) - L[^^^(,]^^^a; + d^ o i[^,^o]^,^w (^i, ..., Zq) 
(i^o o L^) (d^cj) + L[^^^j,]^^^a; - L[^_^g]^_^a; (zi, ..., Zg) 
= i^o ° {Lzod^)uj{zi,...,Zq) 

= [Lz od^)uj{zo,Zl,...,Zq), \/Z0,Zl,...,Zq € T{F,u,N), 

it results (2.2) . 

Using the Peano's Axiom and the afhrmations (2.1) and (2.2) it results that S = N. 
Therefore, it results the conclusion of affirmation 2. 

3. It is remarked that 



Iz o 



[d^ O d^) = {iz o d^) O d^ = Lz o d^ - {d^ O i,) O d^ 
= Lz o d^ — d^ o Lz + d^ o (^d^ o i^) = (^d^ o d^) o iz, 

for any z G T (F, u, N) . 

Let a; G A'^ {F, u, N) be arbitrary. Since 

{d^ o d^) UJ (zi, ...,Zg+2) = iz^+2 ° ■■■ ° izi ° {d^ od^)uj = ... 

= iz,+2 ° {d^ ° d^) o iz^^^ (cj (zi, ..., Zg)) 

= iz,+2 ° (rf^ ° d^) (0) = 0, Vzi, ..., Zg+2 € r (F, i^, N) , 

it results the conclusion of affirmation 3. 



q.e.d. 



Theorem 3.2.9 // {{F,v,N),[,]p^h,{p,rj)) is a generalized Lie algebroid and d^ 
is the exterior differentiation operator for the exterior differential J-{N)-algehra 
(A(F, i/,iV), +, •, a), then we obtain the structure equations of Maurer-Cartan type 



d^t- 



-h$^t^At\ ael,p 



(Ci) 
and 

(C2) d^x' = e^f^, I G t;^, 

where |t",a G l,p} is the coframe of the vector bundle {F,v,N) . 

This equations will be called the structure equations of Maurer-Cartan type associated 
to the generalized Lie algebroid i {F, u, N) ,[,]pfi,{p,ri)) ■ 
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Proof. Let a £ l,p he arbitrary. Since 
it results that 



d^t"(t/3,t^) = -L" , V/3,7Gl,p 



^ ' /3<7 

Since L^ = —L'^g and t^ A f^ = — f^ A t'^, for nay /3,7 € l,p, it results that 

(2) E L^p,tP A t^ = iL^,t/^ A t^ 

/3<7 ^ 

Using the equalities (1) and (2) it results the structure equation (Ci). 
Let I £ l,n be arbitrarily. Since 

it results the structure equation (C2). q.e.d. 

Corollary 3.2.1 If ( (/i*-F, h*u, M) , [, ]/j.^ A p , IdM ) ) is the pull-back Lie algebroid 

associated to the generalized Lie algebroid I [F, u, N) , [, ]p/j , {p, t]) I and d is the ex- 
terior differentiation operator for the exterior differential J^ [M)- algebra 
{A{h*F,h*iy,M) ,-\-,-, a), then we obtain the following structure equations of Maurer- 
Cartan type 

iC[) d^'^T^ = -^ (L^^ oh)T(^AT\ aeT^ 

and 

iC'2) d''*^x' = (pj, o /i) T°, ie T~m. 

This equations will be called the structure equations of Maurer-Cartan type associated 
to the pull-back Lie algebroid 

{h*FX^,M)^]^,p,{^J,IdM 

Theorem 3.2.10 (of Cartan type) Let {E,7r,M) be an IDS of the generalized Lie 
algebroid I [F, u, N) , [,]pfi , {p,'r]) ) • V {Q^^^, ■■-, 0^} is a base for the T {M)-submodule 
(r (E^ , vr , M) ,+,•), then the IDS {E,7r,M) is involutive if and only if it exists 

n'^ G A^ {h*F, h*u, M) , a,p(^ r + l,p 

such that 

d'^*^e" = T.p^-^^^p A e^ G I (r (e^,7^^,m)) . 

Proof: Let {5*1, ..., Sr} be a base for the T (M)-submodule (F {E, vr, M) , +, •) 
Let {Sr+i, ..., Sp} G r {h*F, h*iy, M) such that 
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is a base for the T (M)-module 

(r(/i*F,/iV,M),+, 



Let e\ ..., 9'' G r I h*F, h*u, M 1 such that 

{e^...,e^e'^+^...,ep} 

is a base for the J-" (M)-module 






r h*F,h*iy,M] ,+ 



For any a,b £ 1, r and a, /3 G r + l,p, we have the equahties: 
We remark that the set of the 2-fornis 

|e" A e^ e'' a g'^, e" a g'^, a, 6 e t;7 a a, /? g r + i,p\ 

is a base for the J-" (M)-module 

(A2(rF,/iV,M),+,-). 
Therefore, we have 
(1) /*^G" = Sfe<eA^,G' A G^ + Sb,^i?,°^G'' A G^ + S/3<-,C^^G'^ A G^ 



where, A'^^,B? and C? , a,b,c € l,r A a, /3,7 € r + l,p are real local functions such 
that A-^ = -A% and C^^ = -C^^. 

Using the formula 
(2) 
(i'^*^G" [S,, S,) = r (^7, ^^m) ^b (G" (5e))-r ^^7, /^m) 5c (G" (5fe))-G" ([5fe, 5^^.^) 

we obtain that 

(3) A'^, = -G" ([^6, 5e]^.^) , V (6, c G T;7 A a G f + i;^) • 

We admit that (i?, vr, M) is an involutive IDS of the generalized Lie algebroid 



(F,z.,iV),[,]^^^,(p,7?)^ 
As 

[Sb, Sc]y,,F e r {E, TT, M) , V6, c G T;7 

it results that 

Therefore, 

A^c = 0, V (6, c G T;r A a G r+l,p) 
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and we obtain 

As 

n^ "= Bt^& + ^C^^e^ G A^ {h*F, h*v, M) , Va, /3 G V+l-^ 

it results the first implication. 

Conversely, we admit that it exists 

9.1 G A^ {h*F, h*u, M), a, ^ G r + l,p 

such that 

(4) d'^'^e" = ^^^^^Y^^ff^ A e^^, Vq G r + l,p. 

Using the affirmations (1) , (2) and (4) we obtain that 

A^c = 0, \f{b,c£T~rAaG r+l,p) . 

Using the affirmation (3), we obtain 

e°([56,5e];,.^) = 0, V(6,cGT;7AaGfn;^). 

Therefore, 

[Sb, Sc]h-*p G r {E, TT, M) , V6, c G T;7. 

Using the Proposition 3.1.3.2, we obtain the second implication. q.e.d. 



Let I {F' , u' , N') , [, ]p, y , (p', rj') I be an another generalized Lie algebroid. 



Definition 3.2.8 For any morphism ((^,(^q) of ( (F, z^, A'^) , [, ]^^ , (p, r/) J source and 
(F', z^', A^') , [, ]p, ^, , (p', 77') j target we define the application 



71 ,,/ ATl\ ('^•'^0)* 



A"? (F', u', N') " i A"? (F, z/, A^) 

where 

((99, (^0)* ^') (^1, •••, ^9) = ^' (r (95, v9o) (^1) , •••, r (99, ipo) {zq}) 

for any zi, ...,Zq G T (F, z/, A^) . 
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Remark 3.2.5 It is remarked that the B"^-morphism (Th o p,h o r]) is a GLA-morphism of 
source and 



((TAT, TN, N) , [, ]^^ja^ , (Mtn, Mn)) 



target. 

Moreover, for any z € l,n, we obtain 

{Th op, ho 7])* {d>e) = d^x\ 

where d is the exterior differentiation operator associated to the exterior differential Lie 
J" (A^)-algebra 

(A(riV,riv,iV),+,-,A). 

Theorem 3.2.11 // ((^, (^g) ^^ ^ morphism of 

(^{F,i^,N),[,]p^^,ip,r]) 

source and 

[{F',u',N'),[,]^,^,,,{p',rj')) 

target, then the following affirmations are satisfied: 

1. For any J € A« (F', v\ N') and 6' € A'' (F', i^' , N') we obtain 

(3.2.13) (v9, (^o)* (^' A e') = {^, (^o)* ^' A {^, ^oT &'■ 

2. For any z ^T {F, u, N) and J G A* {F\ u', N') we obtain 

(3.2.14) i^ {{if, (foY uj') = {(f, (f^y (V(^)w') . 

3. If N = N' and 

{Th o p,horj) = {Th' o p' , h' o r]') o {ip, c^q) , 
then we obtain 

(3.2.15) {ip,ipQ)* od^' = d^ o{ip,ipQ)* . 

Proof 

1. Let oj' G A"? {F', v', N') and 9' £ A^ {F', u' , N') be arbitrary. Since 

((^,C^o)* {^' /\0') {zi,...,Zq+r) = {^' /\0') {r {ip,ipQ) Zi, ...,T {ip,ipQ) Zq+r) 

= -— — - Y. sgn{a)-uj' {T{ip,LpQ)zi,...,T{<p,ipQ)zq) 

■e' (r {<P, iPo) Zg+l, ..., T {if, iPo) Zg + r) 

E Sgn {a) ■ {ip, ip^)* uj' {zi, ..., Zq) {p, tpo)* 9' {Zq+l, ..., Zq+r) 



(9 + ^)'<TGS,+, 

{{<p, <Pq)* J A {ip, 99o)* 9') {Z\, ..., Zq^r) , 
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for any zi, ..., Zg+r G F {F, v, N), it results the conclusion of affirmation 1. 

2. Let z G r {F, u, N) and J G A« (F', z^', iV') be arbitrary. Since 

iz {{^, foT w') {Z2, ..., 2g) = a;' (r {lp, tpo) z, T (99, Lp^) Z2, ..., T (99, ip^) Zq) 

= iv{^,^„)z^' (r (93, V^o) Z2, •••, r (v9, (^0) ^g) 

= (V5, 9^0)* {k(^,^^,)z^') (.Z2, ..., Zg) , 

for any Z2, •••, Zq (zT (F, i/, N), it results the conclusion of affirmation 2. 

3. Let u)' G A"? (F', z^', iV') and zq, ■■■, Zq eV {F, u, N) be arbitrary. Since 



(ip, (Pq)* d^'uj'j {Zo, ..., Zq) = [d^'uj'j (r (99, V9o) Zo, ..., r ((^, V9o) ^;g) 

:j:{-iyr{Th'op',h'or^'){r{ip,ip,)zi) 

i=0 

■^' ( (r (93, (/'o) ^0, r (99, 99o) zi, ..., r (99, ip^) zi, ..., r (99, 990) zqjj 
+ E (-1)*'^^ • ^' (r (95, 9^0) [^i> zj]p , T {(p, (fo) Zo, r {(p, (Pq) zi, ..., 

•r (v9, v9o) zj, ..., r (v9, v9o) zj, ..., r (99, 990) zgj 



0<i<j 



and 



<? 
= E (-1)* T{Tho p,ho 7]) (zi) ■ {{ip, ipoY uj') {zo, ..., Zi, ..., Zq) 

i=0 

+ E (-1)*^^ • ((95,950)*'^') ([^i>^j]F/i'^0,---,^i,---,S-,---,^(?) 
0<j<j ^ ' ^ 

9 . / ~ \ 

= E (-1)* T{Thop,ho T]) {zi) -JiT {ip, <Pq) Zq, ..., r {<p, V9o) Zi, ..., T {(p, (Pq) Zq ) 
1=0 ^ ^ 

+ E (-1)*^^ -^'(r (93, 9^0) [^i'^i]Fh'r(9', 9^0)^0, r (99,990)^!' •••> 

0<i<j ^ 

r {ip, (Pq) Zi, ..., r {ip, (Pq) zj, ..., r (99, 990) ^<?) 

it results the conclusion of affirmation 3. q.e.d. 

Definition 3.2.9 For any (7 G l,n we define 

ZI {F, V, N) = {ue A" {F, u, N):du = 0}, 
the set of closed differential exterior q- forms and 

B'i {F, V, iV) = {w G A« {F, V, N):37]£ A^-i (F, u, N) \ dr] = u} , 
the set of exact differential exterior q-forms. 
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3.2.1 Exterior Differential Systems 

We consider a generalized Lie algebroid f {F, u, N) ,[,]pf^, (p, 77) j given by tlie dia- 
grams: 

F -^ TM -^^ TN 

M ^^ N -^ M -^ N 

Let ( {h*F, h*u, M) , [, ]^, j, , i p , Idu ) ) be tiie pull-back Lie algebroid. 

Definition 3.2.1.1 Any ideal (X, +,•) of the exterior differential algebra of the 
pull-back Lie algebroid f (/i*F, /i*z/, M) , [, J/^.p^ A P , IdM ) ) closed under differentiation 
operator df^ ^ , namely d^'^I C X, will be called exterior differential system (EDS) of 
the generalized Lie algebroid i {F, v, N) ,[,]p}-^, (p, tj) J . 

In particular, if /i = Id^ = ??, then any ideal (X, +,•) of the exterior differential 
algebra of the Lie algebroid ((F, v, N) , [, ]^ , (p, IdM)) closed under differentiation oper- 
ator d^ , namely d^T C X, will be called exterior differential system (EDS) of the Lie 
algebroid ((F, u, N) , [, ]^ , (p, Idu)) ■ 

Theorem 3.2.1.1 The IDS {E, vr, M) of the generalized Lie algebroid f (F, u, N) ,[,]pf^ , (p, 77) 

is involutive, if and only if the ideal generated by the T {M)-submodule (r(£' , vr , Mj ,+,•) 

is an EDS of the generalized Lie algebroid f {F, u, N) , [, ] j'/j , (p, ??) ) • 

Proof: Let {E,7r, M) be an involutive IDS of the generalized Lie algebroid ( (F, u, N) ,[,]pf^, {p,r]) 

Let {e''+i,...,GP} be a base for the J" (M)-submodule (F (F^,7r^,M) , +, •) . 
We know that 

i(t(^E^,7T^,M^^ =UggN{f^aAG°, {nr+i,-,^p} C A" {k* F, h*u, M)} . 

Let 

S= |^eN:(i^*^(Jl„Ae") el(T(E^,Tr^,M]] , V{f]^+i, ..., (7p} C A« (/i*F, /iV, M)| . 

Let {^r+i, ..., ftp} C A° {h*F, h*v, M) be arbitrary 
Using the Theorem 3.2.10, we obtain 






d^*^nc, + ns-n^] aB". 



d''*^17^ + 0„ • r^^ G A^ {h*F, h*iy, M) 
d^'^ (VLp A e^^) G X (r (f^, vr^, M 



As 
it results that 

Therefore, 
(1) € 5. 
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In the following, we prove that 

(2) qeS^q+l£S. 

Let {nr+i,---,^p} C A'?+^ {h*F,h*iy,M) be arbitrary. 
Using the Theorem 3.2.10, we obtain 



As 

d'^'^fta + (-1)'^^^ n^An^^G A«+2 (/i*F, /i*zy, M) 

it results that 



Therefore, 

q + leS. 

Using the Peano's Axiom and the affirmations (1) and (2) , it results that S = N. 
Therefore, 



Conversely, let {E, vr, M) be an IDS of the generalized Lie algebroid ( {F, v, N) , [, ]^^^ , (p, 77) 
such that the J-" (M)-subniodule (P (£'-'-, tt^ , M) , +, •) is an EDS of the generalized Lie 
algebroid ( (F, z/, iV) , [, ]^^ , (p, 77) ) , namely 



(3) d^'^l{T{E^,Ti^,M^^ CZ(^r(^F^,7r^,MJj. 

Let {e''+i,...,GP} be a base for the J" (M)-submodule (P (F^,7r^,M) , +, •) . 
Using the affirmation (3), it results that it exists 

9.'^ G A^ {h*F, h*u, M), Q, /3 G r + l,p 

such that 

Using the Theorem 3.2.10, it results that {E,tt,M) is an involutive IDS of the 
generalized Lie algebroid ( {F, u, N) ,[,]ph, {p, v) ) • q.e.d. 



3.3 The generalized tangent bundle 

We consider the following diagram: 



(3.3.1) 



M >-N 
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where {E,Tr,M) is a fiber bundle and f (F, i/, iV) , [, J^,^ , (p, 77) J is a generalized Lie 
algebroid. 

We assume that the r-dimensional manifold V is the type fibre and the Lie group 
(G, •) is the structure group for the fiber bundle (£', n, M) . 

We take (x*,y") as canonical local coordinates on {E,7r, M) , where i G l,m and 
a € l,r. 

Let 



be a change of coordinates on {E,Tr,M). Then the coordinates y" change to y" by the 
rule: 



(3.3.2) 



- dv"-' 



In particular, if {E, vr, M) is vector bundle, then the coordinates y"" change to y" by the 
rule: 



(3.3.2') 
Let 



yd ^ M^y"". 



h*F 



{h*F,h*u,M),[\,p,[^ p ,IdM 
be the pull-back Lie algebroid of the generalized Lie algebroid 

((F,z.,iV),[,]^_,,(p,r/)). 

Let 

(vr* ih*F),7T* {h*u),E) , [,],.(,.^) , (^'%^\ldE 

be the pull-back Lie algebroid of the Lie algebroid 



{h*F,h*u,M),W.pA p Jdu). 



h'F 



If 



z = z'^to, G r (F, V, N) , 



then, using the vector fibred (m + r) + p-structure 



AT. 



Tr*{h*F) 



we obtain the section 



such that 



Z = (^" o /i o vr) r« G r (vr* {h*F) , vr* (/i*z^) , E) 
Z{ux) = z{h{x)) , 



for any u^ G vr ^ {Unh V) . 

The set < Tq,, a G l,p > is a base for the module of sections 

{T{n*ih*F),7T*{h*,.),E),+,-)- 
Since ta = ^^^a , it results that 
(3.3.3) f„'=A^,o(/io^)t,. 
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Therefore, 
(3.3.4) 



|A2'o(/iovr)|| 



is the matrix of coordinate transformation on (vr* {h*F) , vr* (h*!^) , E) . 

Let ( p 
target, where 



Let ( p , Me ) be the B"^-morphism of (tt* (h*F) , vr* {h*h') , E) source and {TE, te, E) 



T*(h*F) 



(3.3.5) 



vr* (/i*F) 
Z°f„ (n,) 



-^ te; 



a 



Z° • (p> /i o vr) • ^ (n. 



Using the operation 



T{TT*ih*F),TT*{h*iy),Ey 



'iTT*(h*F) 



^ r{TT*{h*F),TT*{h*u),E) 



defined by 



(3.3.6) 



Ta,Tp 



Ta,fTi3 



n'ih'F) 

n*{h*F) 
n*(h*F) 



Ll^ohoTT)T^, 



f {^Ip o /i o vr) TV + (p> /i o tt) ^7>, 

- Tp.fTa 



TT*{h*F) 



for any f ^ J- (E) , we obtain the fohowing 
Theorem 3.3.1 The couple 



TT*{h*F) 

-^ln*ih*F)i\ P ^^dE 



is a Lie algebroid structure for the vector bundle (vr* {h*F) , vr* {h*iy) , E) . 

It is known that the tangent bundle (TE,te,E) is a vector bundle with type fibre 
the real space (M'"+'', +, •) and structure group the Lie group GL (m + r, M) . 

Theorem 3.3.2 The set 

(3.3.7) ^* (^*^) (STE=[j7T* {h*F\ e {TE)^ 

ueE 

is the total space of a vector bundle with the base E, canonical projection denoted 
vr, type fibre the real space (]R*'+'™~''''\ +, •) and structure group, a Lie subgroup of 
(GL {p + (m + r) , M) , •) . 

Let 

d_ _d_ 

^ dx^ ' dy'^ ^ 
be the natural base for the sections Lie algebra (L (T£', r^, -E) ,+,-,[, J^-^) . 
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Remark 3.3.1 The sections 
(3.3.8) 



_d_ _d_ 

Q^i ' Qya 



determined the bases for the module T I vr* {h*F) © TE, 7r,Ej. 
The matrix of coordinate transformation on 

(^'jT*{h*F)(BTE,f,E 

at a change of fibred charts is 

A^'o/iovr 

dxi 

Qya Qya 

In particular, if (E, it, M) is a vector bundle, then we consider that the local coordinates 

on {E, vr, M) is changed by: 

{x\ y^) -^ {x' {x') , / = Mf (x*) y^) . 
Then the matrix of coordinate transformation on 



(3.3.9) 










o vr 



TT*{h*F)* F®TE,TT,E 



at a change of fibred charts is 



(3.3.10) 

For any sections 
and 

we construct the section 



AJ^ o /i o vr 








dx"^ 
dxi 



O TT 








— :^. — y" M" o vr 
dx' ^ 



Z^ 



d 



d 



Z'^f^ e r (vr* {h*F) , vr* {h*F) , E) 
Y'^^Gr{VTE,rE,E) 



d 



dy'' 



+ ^''7^a =--Z''(Ta(B{p:.ohon)— +Y^( 0..(,.^) 



dx^ 



d 

Qya 



^"T. e ( Z- (p> /^ o vr) A + y^^^ ) e r (vr* (/^*F) © Ti?, ^, i^ 



Since we have 



dx^ 



~ d d 

Q^a Q a 



t 
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it implies Z" = 0, a G 1, j» and Y"' = 0, a G 1, r. 

d d d d 

Therefore the sections -rr—r, ..., -7: — , ttti •••> t^ — ^'^^ hnearly independent. 

oz^ ozP oy^ oy"^ 

We consider the vector subbundle {{p,ri)TE,{p,ri) te, E) of the vector bundle 
vr* {h*F) © TE, tt,E\ , for which the J^ (E'j-module of sections is the J- (-Ej-submodule 

of ( r ( vr* (/i*F) © TE, 7t,E] , +, • ) > generated by the family of sections 



The base sections 
(3.3.11) 



az°' dy^'J ' 



d d 



Q^a Qya 



put 



da, da 



will be called the natural {p,r])-base. 

The matrix of coordinate transformation on ((p, 77) TE, (p, rf) te, E) at a change of 
fibred charts is 



(3.3.12) 



A°'o/io7r 

Qya Qya 

dx'^ dy°- 



{pa ohoTr) 



In particular, if (E, tt, M) is a vector bundle, then the matrix of coordinate transforma- 
tion on ((p, rj) TE, {p, rj) te, E) at a change of fibred charts is 



(3.3.13) 



A° o h o IT 







dM^ o vr 



(/>io/io^)^^ y' M»'ovr 



3x 



Next, we consider the operation 



Tiip,r])TE,ip,r])TE,Ey 



l{p,v)TE 



riip,r])TE,{p,r])TE,E) 



defined by 



(3.3.14) 






ZCKT-i ryp rp 
1 -fa, ^2 -'/S 



7r*(/i*F) 






dy" 



ipp°hon)Z^—^+Y,'—^ 



dx^ 



TE 



for any ( Zf ^ + K" -^ ) and ( ^^t^ + ri'T^r 1 • 

Let (/), /(i_E) be the B"^-morphism of ((p, r/) T£^, (p, rj) te, E) source and {TE, te, E) 
target, where 



(3.3.15) 



{p,r])TE~^TE 



az° 



dx'^ 
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Lemma 3.3.1 The operation [,](p„)xE ^-^ ^ -^^^ bracket, namely it satisfi 



es 



(3.3.16) 



ujz 



(P,V)TE 



f 



u,z 



iP,v)TE 



+ Tip,IdE){u){f)Z 



for any U,ZeT ((/>, ??) TE, (p, r]) te, E) and f e F {E). 
Proof. For any / € J-{E), we obtain: 



d d 



Q^a ' ■' 5^/3 



Toi,Ta 



(p,r,)TE 



7r*(/i*F) 



[T«,/r^]^.(,.^)e 



^"°^°''a?'-^'(^^°^°''^ 



+ r("*^p"\/ds)(r,)/.r^ 



© / 



5 



Pa°hoTr-—,p^^ohoTT 



d 



d 



+ r {IdTE. Me) iyPa°ho vr^J / • P^ o /i o vr^j 



/ 



Ta,Tff 



7r*(/i*F) 



/'>^°^7^'/'/i°^° 



TT- 



T£ 



+^" ° ^ ° ^7m ( ^/^ ® P'^ ° ^ ° ^7^7 



/ 



d d 



95" ' 9z/^ 



(p,r,)T£ 






Ox-? 



TE 






Q^a ' Qyb 







'7r*(/i*F) 








T„,0 




e 




{P,V)TE ^ J '^'' 


(h-F) 


^ 


r ,• , 5 


r^ ■ 




e 


\> 


p>/ 


--^ 


X* 


' dyb\ 


TE 







'7r*{/i*F) 



,d {pI^ o h o tt) d 



a/ 9 ~ 



TE 



-/^^^Vr-^— + P> /^ ° -^^ 



9y^ 



5x* 



(2.2.3) / j -. df d 

= ^^'{h'F)®\^TE + Pc.ohoTT—^ 

, .: , . df d 



Qf 



d 
dyb 



d a 



Q^a ' dyb 



,.„..^^<'^'*'(^)4^ 
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_d_ _d_ 

dy"- ' dz^ 



{p,v)TE 



0,Tf, 



n*{h*F) 



^'/U°^°-)aii 



TE 



OnHh*F)® [ f 



|^'(^^°H^. 



^f ( i u \ ^ 

— P^ohOTT — r 



+- 



%*(h*F)® [f [P^0°h 07: 



d d 
dy"- ' dx^ 



TE 



(3) 






dy'^ dx^ dy"- 



dx^ 



^'•'■'^ o..(.*F) e (0™ + Ote + S (p^ ^ ° ^) 7^ 



9y« 



/ 



a d 



dy"- ' 9z^ 



{p,v)TE 



9f I J 






(4) 



a d 



rja rJ'T/O 



^■K'ih'F) 



d f d 



—- f— r 



{p,,,)TB 

V [ dy"- ' 9y'' J rp^ dy"- dy 

( df d \ f 

On*{h*F) e [Ote + Q^-QybJ = y^n*ih*F) 

df d d d 

Qya Qyb y Qya ' Qy, 



TE 



e 



df d 



ip,v)TE 



Qya Qyb ^ 

+ r(P,H.)(|,)/|,. 



In general, after some calculations, we obtain 



(5) 



UJZ 



f 



u,z 



(P,V)TE 



+ TCp,IdE){u)if)Z 



{P,V)TE 

for any U,ZeT ((/?, r/) TE, {p, r/) te, E) and f £ T (E) . 
Lemma 3.3.2 For any U,V ^T {{p, rj) TE, {p, rj) te, E) , we have: 



(3.3.17) 

In particular, we obtain: 



U,V 



ip,v)TE 



v,u 



ip,v)TE 



(3.3.18) 



U,U 



^{p,v)TE, VC/ G r {{p, rf) TE, {p, rf) te,E) . 



(p,r,)TE 

Proof. Using relations (3.1.1.9) and (3.1.2.2), we obtain 

^IvR O /l O TT ) {p^ohoTl) 



^al3 



{p\ ohon) 



d { p'a O h O TT 



dx^ 



'■^ O hoTT 



pp 



d{Pa°ho7r) 
dx^ 



q.e.d. 
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Using relation (1), we obtain 
d d 



dz'^ ' dzl^ 



(P,V)TE 



n*(h*F) 






d ( p'aohoTT 



Kp° (hon) T^e I pl^ohoTT- ^^. 



TE 



f^P^ 



^hoTT 



d [p^oho-K) \ d 



Ll^o{ho7r)(f.,(Bp';ohoTT^j =Llpo{ho^) 



dx^ j dx^ 

d 

d¥r' 



Moreover, we obtain 
d d 



(3) 



Q^a ' Qyb 



(p,r,)TE 



T„,0 



7r*{/i*F) 



pioho7r£„^ 



TE 



(4) 



— 0,r*(/i*F) 

d d 



-d (pq o /i o vr) d 



= 0. 



(P,V)TE 



0,Tb 



n'-{h*F) 



dy 



H^Pp 



oho Ti 



d 
dx^ 



TE 



(5) 



'7r*(/i*F) 

d d ' 

Qya ' Qyh 



d (p'a o h O 



IT 



d 



dy^ dx^ 



07r*(/i*F) ®Ote; 



(p,v)te 
Using relations (2) , (3) , (4) and (5), we obtain: 



d _d_ 

Qya ' Qyh 



TE 



^^■K*{h''F)®^TE- 



d d 



(6) 



Oz" ' dzP 
d d 



dz"' dy^ 
d d 

dy"- ' dz^ 
d d 

Qya ' Qyb 



(p,r,)TE 
{P,V)TE 
{p,r,)TE 
{p,r,)TE 



d d 



dzP ' 95" 
d d 



Qyb ' Q^a 

d d 
dz^ ' dy°- 

d a 



ip,r,)TE 
(p,r,)TE 
ip,v)TE 
{p,v)TE 



In general, for any U,V &T {{p, rj) TE, (p, rj) te, E) , we have: 



(7) 

Since equality (7) implies 



U,V 



(P,V)TE 



v,u 



(P,V)TE 



we obtain: 



U,U 



u,u 



ip,r,)TE 



(p,v)TE 



0{P,V)TE, Vf7 G r ((p, 7]) TE, {p, 7]) TE, E) , 



^{p,v)TE, VC/ G r {{p, 7]) TE, {p, rf) te, E) . 
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q.e.d. 



Lemma 3.3.3 We have the Jacobi identity: 



(3.3.19) 



U, 



v.z 



ip,v)TE_ 



+ 



+ 



V, 



z,u 



{P,V)TE 
ip,v)TE 
for any U,V,Zer {{p, r,) TE, {p, r,) te, E) 



Z, 



u,v 



(P,V)TE^ 



ip,v)TE 



(P,V)TE 



0{P,V)TE- 



Proof. After some calculations, using the sections of natural (/?, ?7)-base, we obtain the 
following Jacobi identities: 



d 



dz' 



d d 



+ 



ip,v)TE} ^p^^^j,^ 



d 



d d 



{p,ri)TE^ 



{p,ri)TE 



+ 



d 



d d 



az" ' dzi^ 



(P^V)TE} (^^^)^^ 



^{p,r])TE-, 



(2) 



_d_ 

or 



d d 



{p,v)TE^ 



+ 



(P,V)TE 



d 



d d 



{p,n)TE^ 



J {p,n)TE 



+ 



d 



d_ _d_ 



{p,ri)TE 







(P,V)TE, 



{p,ri)TE 



(3) 



d_ 



dy 



d_ _d_ 



{p,v)TE^ 



+ 



{p,v)TE 



d 



d_ _d_ 



(p,v)TE\ (^^^)^e 



+ 



d 



d d 
dy"- ' dy'^ 



(p,r,)TE^ 







ip,v)TE- 



(p,r,)TE 



After some calculations, we obtain the Jacobi identity 



U, 



v,z 



ip,v)TE_ 



+ 



z, 



u,v 



{p,v)TE^ 



+ 



V, 



ZM 







{P,V)TE 



ip,r,)TE, 



{P,V)TE 
{P,V)TE 

for any U,V,ZgT (((p, 7?) TE, {p, 7?) te, E)) 
Lemma 3.3.4 The Mod-morphisni 

T{p,IdE) 
is a Ijiealg-morphism of 

(r {{p, ri) TE, {p, rj) te, E) , +, •, [, ](p,^)r£; 



(P,V)TE 



q.e.d. 
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source 



and 



{T{TE,TE,E),+,-,l]^^) 



target. 

Proof. Indeed, we have: 



[T{~p,IdE)j^,T{~pJdE^ 9 



'dWiTE 



TE 






d 



(3.1.1.9) 



^'•'■'^ [Llpoho^] (P'.ohon) ^ = (Ll^ohon) T {p, Me) J, 
r (p, Me) [g^, Q^i {p,^)TE ' 



a a 



atf 



T{p,Me)^,T{p,Me) ^ 

^ 9(p^ofeo7r) Q 
dy^ dx'' 

--T{p,Me) 



TE 



(/^>^°-)^'^ 



TE 



OtE = r [p, Me) {0(p^r,)TE) 



a a 
az°' ' ay'' 



ip,v)TE 



(3) 



and 



(4) 



r{p,ME)jll^,rCp,ME)in 



ay°- 

8(p^ofeo7r) Q 
dy"- dxJ 

T{p,Me) 



TE 



a^, [p'pOhoTT) ^ 



TE 



Ote = r {p, Me) (0(p,^)tb) 



a a 
az" ' ay'' 



ip,r,)TE 



T{p,Me)4^,T{p,Me)^ 



TE 



_d d_ 

9ya , Qyb 



TE 

a a 

Qya, a^ 



= Qte = r (p, Me) {0(p^r,)TE) = r (p, Me) 
In general, for any U, Z ^T ((p, rj) TE, (p, rj) te, E) , we obtain: 



{p,v)TE 



r (p, Me) {U),T {p, Me) (Z) = T (p, Me) 

- TE 



u,z 



{p,v)TE 



Using Lemmas 3.3.1, 3.3.2, 3.3.3 and 3.3.4, we obtain the following 
Theorem 3.3.4 The couple 



](p,-n)TEdpJdE) 
is a Lie algebroid structure for the vector bundle 

{{p,r])TE,{p,r])TE,E). 



q.e.d. 
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Remark 3.3.2 In particular, if /i = IcIm and [J-r^y^ is the usual Lie bracket, it results 
that the Lie algebroid 



{{IdTM^Id-M) TE, {MtM, Id-M) Te, E) , [,](idTM,IdM)TE ' [idTM.IdE 
is isomorphic with the usual Lie algebroid 

{{TE,TE,E) ,l]T,E,{IdTEjdE)) . 
This is a reason for which the Lie algebroid 

{{p, 7]) TE, {p, 7]) TE, E) , l\p.r,)TE ' i~P^ ^^e) 

will be called the Lie algebroid generalized tangent bundle. 

The vector bundle ((p, r/) TE, (p, r/) te, E) will be called the generalized tangent bun- 
dle. 

3.3.1 The generalized tangent bundle of dual vector bundle 

Let [E, vr, M) be a vector bundle. We build the generalized tangent bundle of dual 
vector bundle [ E,it,M \ using the diagram: 



E [F,l]p,^,{p,7^) 



M > N 



where ( (F, v, A^) , [, ]^^ , (p, r/) 1 is a generalized Lie algebroid. 

We take (x*,Pa) as canonical local coordinates on | £',7r,M J , where i G l,m and 

a € l,r. 
Consider 

{x\pa) > [x'{x') ,Pa'{x\pa)^ 

a change of coordinates on I £', vr, M J . Then the coordinates Pa change to pa' by the 
rule: 

(3.3.L2) Pd=M^pa. 

Let 

dx^ ' dpa 

be the natural base for the sections Lie algebra | F | TE,t* ,E j ,+,-,[,] 
The sections 
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* ^ * 



determine a base for the module T vr {h*F) © TE, vr, E 
The matrix of coordinate transformation on 



* ^ * 



vr {h*F)®TE,Tr,E 



at a change of fibred charts is 

A" O h O TT 



(3.3.1.4) 



For any sections 



and 



we construct the section 








9x* 
dxi 



o vr 











Z°r„ GT 7T ih*F),TC {h*v),E 



d / * * 



^"i^ + *"|: =^ ^° (^" ® (''"°'- "');!? I +^"'°- 



5 

m 

(h-F) dpa 



e 
* J, * 



Z"r„e(Z"(p>/io;) A + y^^) erJTf {h*F)eTE,n,E 



Since we have 

dz<^ "dpa n'(h*F)®Th 

t 

TT (/I'F) V'^° J dx' dpa TE' 

it imphes Z" = 0, a G l,p and Ya = 0, a £ l,r. 
Therefore, the sections 

d d d d 

dz^ ' ' dzP ' 5pi ' ' dpr 

are hnearly independent. 

We consider the vector subbundle 



{p,v)TE,{p,r,)T^,E 



of vector bundle 



* ® *' 



TT {h*F)eTE,Tr,E] , 
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for which the J^ \ E ] -module of sections is the J^ \ E ] -submodule of 



* , * 



r vr {h*F)®TE,TT,E] ,+, 



generated by the family of sections 
The base sections 



d d 



(3.3.1.5) 



dz'^ dp, 
d d \ put 



dz°' dpa 






will be called the natural {p,r])-base. 

The matrix of coordinate transformation on I (/?, 77) TE, (/?, 77) r . , £^ ) at a change of 
fibred charts is 



(3.3.1.6) 

We consider the operation [, 



A° o /i o vr 










d 



(P,V)TE 

d 



defined by 



dz^ 



>fi 



d 



d 



(3.3.1.7) 






Pr 



1 Ja, ^2-^/3 






TE 



^^andfei + y, ^ 



for any sections (zf A + Y,^_j ,,a y., —^ ^ .,,—j . 

(* \ / * * ^ 

p,Id* I be the B^-morphism of I (/?, 77) TE, {p,r])T* ,E j source and ( TE, t* ,E 

target, where 
(3.3.1.8 



{p,r])TE^^TE 



The Lie algebroid generalized tangent bundle of the dual vector bundle ( E,7:,M 
will be denoted 



{p,r,)TE,{p,r,)T, E\,[,] . [p,Id, 

E I ip,v)TE \ E 
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3.4 (Linear) {p, ?7)-connections 

The theory of (Unear) connections constitutes undoubtedly one of most beautiful and 
most important chapter of differential geometry, which has been widely explored in the 
literature (see [8, 11, 14, 26, 31, 41, 42, 45, 46, 47, 51, 52, 54, 55]). 
In the following, we consider the diagram: 



E 



M- 



(f,[,]^^^,(p,7?)) 



^N 



where {E, vr, M) G |B| and f (F, u, A^) , [, ]^^ , (p, r/) j is a generalized Lie algebroid. 
Let 

(((P, V) TE, [p, 7]) TE, E) , [, ](p,^)T£; , (P, Ids) 

be the Lie algebroid generalized tangent bundle of fiber bundle (-E, tt, M). 
We consider the B"^-morphism 



{{p,r])TT\,IdE) 



given by the commutative diagram 



(^p^ri)TE^^^^*{h*F) 



(3.4.1) 



{P,v)'rE 



E- 



idp 



pr-i 



-^E 



Using the components, this is defined as: 
(3.4.2) 



(p,ry)7r!( [Z^^+Y-^Mu. 



dz 



Qya 



Z'^fJiu,), 



forany (^Z^A+y'^A) eV {{p,v)TE,{p,r^)TE, E) . 

We define the tangent {p,ri) -application as being a B^-morphism 

(3.4.3) ((p, 7]) Tvr, h o tt) = {pr2, h o tt) o ((p, r/) tt!, /d^) 

of ((/9, rj) TE, (/9, rj) te, E) source and (F, z/, A^) target. 

Definition 3.4.1 The kernel of the tangent (p, 77)-application 

Up, V) Tit, h on) 

is written as 

{V{p,v)TE,{p,r,)TE,E) 

and will be called the vertical subbundle. 
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r d 1 

The set < — — , a € 1, r > is a base for the F (£^)-module 
lay"' 'J ^ ^ 

{T{V{p,7^)TE,{p,7^)TE,E),+,-). 

Proposition 3.4.1 The short sequence of vector bundles 

qC ^ v{p, r^)TE^^^ {p, rj)TE ^''"^"' 

(3.4.4) 



vr* {h*^ 



E- 



Me 



■^E- 



Me 



-^E- 



Me 



Me 
E ^E 



is exact. 



Definition 3.4.2 A Man-morphism (/?, rj) T of (p, rj) TE source and V {p, t]) TE target 
defined by 



(3.4.5) (Z'' ^) r ( ^" J^ + ^" J^ ) K) =[y'' + iP^ ^) nZ^ 



d 



such that the B^-morphism {{p,ri)T,IdE) is a spHt to the left in the previous exact 
sequence, will be called {p,r]) -connection for the fiber bundle {E,Tr,M). 

The differentiable real local functions (p, rj) F^ will be called the components of 
{p, rj)- connection (p, rj) T. 

The (p,/(iAf )-connection for the fiber bundle {E,Tr,M) will be called p-connection 
for the fiber bundle (E, vr, M) and will be denoted pT. 

The {IdTM, /^m) -connection for the fiber bundle {E, tt, M) will be called connection 
for the fiber bundle {E,tt,M) and will be denoted T. 

Definition 3.4.3 If {p,r])T is a (p, 77) -connection for the fiber bundle {E,it,M), then 
the kernel of the B"^-morphism {{p,rf) T,IdE) is written as 

iHip,r])TE,{p,r])TE,E) 

and will be called the horizontal vector subbundle. 

Definition 3.4.4 If {E,tt,M) G |B|, then the B-morphism (n,7r) defined by the com- 
mutative diagram 



(3.4.6) 



V{p,v)TE- 

{p,'n)rE 

E- 



-^E 



-^M 



such that the components of the image of vector Y"--^ (ux) are the real numbers 
Y^ (ux) , ...,y (ux) will be called the canonical projection B-morphism. 

Let {sa,a £ 1, r} be the base of module of sections F {E, tt, M) . 

Example 3.4.1 If {E,tt,M) € jB'^l, then the B"^-morphism (FT, vr) defined by the 
commutative diagram (3.4.6), where 11 is defined by 



(3.4.7) 



n y^ 



d 



[u^ 



Y'' (Ux) Sa (X) , 
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is canonical projection B^-morphisni. 

Theorem 3.4.1 // {p,rj)T is a {p,rj) -connection for the fiber bundle {E,tt,M), then 
its components satisfy the law of transformation 



(3.4i 



(P^v)r^'=lfa 



P\-ihon)^ + {p,r,)T^^ 



Kl,o{ho^). 



U (P) ri)T is a (/?, rj)- connection for the vector bundle {E, vr, M) , then its components 
satisfy the law of transformation 



(3.4.8') 



(p,r/)n:=M>^ 






Ivl^ {Hon) 



If pT is a p- connection for the vector bundle {E^tt^M) and h = Mm-, then relations 
(3.4.8') become 



(3.4.8") 



pn=M>7r 



9M" o vr 



P^OTT- 



dx^ 



/+/>n 



AXovr. 
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In particular, if {p,r]) = {IdTM,IdM), then the relations (3.4.8") become 



(3.4.8" 



:■ dx' 

^^-=9?°" 



d ( dx 



dx^ \ dx^ 



-,oTr]y^'+Tl 



dx^ 



- o vr. 



Proof. Let (IT, vr) be the canonical projection B-morphism. 
Obviously, the components of 

no(P,.)r(z"A + i-A,)(„j 



are the real numbers 



{Y^+{p,r^)^Z^){u^). 



Since 



~ - d - d \ ~ - d 



dz^ 



dz° 



Qya dy"- \ d 



+ Zy'^-ohon^, + ^Y^ 



dx"^' dy"-' J dy"- 



it results that the components of 



n o (p, 7?) r f z"'-?-, + v^^^i {u^ 



are the real numbers 



^>>^°-tJ + |^-^'^'+(/'>^)rS^"A"-°^°-)M|^> 



where 



Qyd 


= 


ay" 

ay" 
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Therefore, we have: 

After some calculations we obtain: 

Remark 3.4.1 If we have a set of real local functions {p,r])T'i^ which satisfies the 
relations of passing (3.4.8) , then we have a (p, ?7)-connection (p, 77) T for the fiber bundle 

(E,7r,M). 

Example 3.4.1 If F is a classical connection for the vector bundle {E,it,M) on com- 
ponents r^, then the differentiable real local functions 

are the components of a (p, ?7)-connection (p, r/) F for the vector bundle {E, tt, M) which 
will be called the [p^r])- connection associated to the connection T. 

Definition 3.4.5 If (p, r/) F is a (p, ?7)-connection for the vector bundle (£', tt, M), then 
for any 

z = z'^ta G F (F, u, N) 



the application 

(3.4.9) 

where 



T{E,TT,M) '^ff^ T{E,TT,M) 

U = u"-Sa I > {p,Vi)D-^U 



(p, 7?) D,u = z'^oh{ p\ o /i— + (p, ri)Tlou]sa 



will be called the covariant {p^rf)- derivative associated to {p,r])- connection {p,ri)T with 
respect to section z. 

If h = IdM and r/ = IdM, then we obtain the covariant p-derivative associated to 
p-connection pT with respect to section z. 

In addition, if p = IdxAi, then we obtain the covariant derivative associated to 
connection F with respect to the vector field z. 

Remark 3.4.2 If {p,rj)T is a (p, r?)-connection for the vector bundle {E,tt,M), then 
the operator 

T{F,iy,N)xT{E,TT,M) ^^^ T{E,TT,M) 
{z,u) I — > {p,ri)D^u 

satisfies the following properties: 
(i) (p, 77) D is M-bilinear; 
(ii) (p, 77) Df^^^+f^^^u = /i (p, 77) D^,u + /2 (p, r/) i:»^2^; 
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(iii) if u G r {E,7r,M) is null on a nonempty subset of M, then (p, r/) DzU is null on 
the same nonempty subset, for any z £T (F, z/, N) . 

Definition 3.4.6 We will say that the {p,ri)- connection {p,ri)T is homogeneous or 
linear if the local real functions (p, rj) F" are homogeneous or linear on the fibre of the 
fiber bundle {E,tt,M). 

Remark 3.4.3 If {p,rf)T is a linear (p, ryj-connection for the fiber bundle {E,tt,M), 
then for each local vector (m + r)-chart {U, su) and for each local vector (n + p)-chart 
{V,tv) such that Ur\h~^ (V) 7^ (p, it exists the differentiable real functions pT? defined 
on [/ n h~^ (V) such that 

(3.4.10) (/9, 7?) r^ o n = (p, 7?) r^^ • n^ W = u'si, G T {E, vr, M) . 

The differentiable real local functions (p, rj) F^^ will be called the Christoffel coeffi- 
cients of linear {p,ri)- connection (p, 77) F. 

Theorem 3.4.2 // (p, ?7)F is a linear {p,ri)- connection for the fiber bundle {E,tt,M) , 
then its components satisfy the law of transformation 



(3.4.11) 



ip,v)nr 



a dy" 



dy" 



d 



/Qya 



.a dy' 



^'°fei5?J + ^^'^)^^^9^; 



Al^^h. 



^f (P)^)r is a linear {p,r]) -connection for the vector bundle (£', 7r,M), then its 
components satisfy the law of transformation 



(3.4.11') 



(p,r?)F^Y=M,"' 



(9 /If" 



K'^oh. 
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// pF is a p-connection for the vector bundle {E,Tr,M) and h = IdM, then the 
relations (3.4.11') become 



(3.4.11") 



pF^;-=M«' 



P-1 Q^k + P'- h^^^h' 



^- 



In particular, if {p,rj) = {IdrM^IdM), then the relations (3.4.11") become 



(3.4.11" 






d / 9x* \ j dx^ 



dx^ 



Definition 3.4.7 We say that the (linear) (p, ?7)-connection (p, r/) F for the fiber bundle 
{E, IT, M) is differentiable of C class, if its components are differentiable of C class. 



Definition 3.4.8 If (p, r/) F is a linear (p, ?7)-connection for the vector bundle {E, vr, M), 
then for any 

z = z'^ta G F [F, u, N) 



the application 
(3.4.12) 



F {E, IT, M) ^faf^Rx r {E, vr, M) 
u=u"-Sa I — > {p,ri)DzU 
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defined by 

will be called the covariant (p, rj) -derivative associated to linear (p, r])- connection (p, rj) T 
with respect to section z. 

If h = IdM and r] = IdM, then we obtain the covariant p-derivative associated to 
linear p-connection pT with respect to section z. 

In addition, \i p = Mtm, then we obtain the covariant derivative associated to linear 
connection T with respect to the vector field z. 

3.4.1 (Linear) (p, 77)-connections for dual of vector bundles 

Let {E, TT, M) be a vector bundle. 

We consider the following diagram: 

E {F,[,]p^^,{p,r]) 

M '^ > N 



where ( {F, v, A^) , [, ]^^ , (p, 77) ) is a generalized Lie algebroid. 
Let 



(p,r/)ri?,(p,r/)r.,i5 ,[,] ^^., p,/d. 
E J {p,ri)TE \ E 

be the Lie algebroid generalized tangent bundle of the vector bundle I E,tt, M \ . 
We consider the B"^-morphism I (p, 77) vr!, /d. 1 given by the commutative diagram 

* {p,vW- ** , 
{p,v)TE ^vr {h*F) 



(3.4.L2) (p,^),. 



E 



Wl 



* E ^ 

E ^E 

Using the components, this is defined as: 

(3.4.L3) (^'^)'^'(^"J^ + ^'^|:) W = (^"^«) (^^)' 

i^^ ^^y Z'^^^ + Ya^^e (^{p,v)TE,{p,r,)T^,E 

We define the tangent {p,r]) -application as being a B'^-morphism 
(3.4.1.4) f (p, rj) Tvr, h o nj = ipr2, h o ttJ o Hp, 77) tt!, /d. j 



of ( (p, 77) TE, {p,r])T* , E ] source and {F, u, N) target. 
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Definition 3.4.1.1 The kernel of the tangent (p, r/)-appHcation 

(^{p,r])Tn,honj 

is written as 

(v{p,v)TE,{p,r,)T,^,*E 

and will be called the vertical subbundle. 



The set 



d ^- 



dpa 



a G 1, r > is a base for the F E -module 



r(y(p,r/)Ti?,(p,r/)r^,i?),+, 



Proposition 3.4.1.1 The short sequence of vector bundles 



0^ ^Vip,7])TE^ ^ip,v)TE -vr (/i*F) -0 



/d. 



E' 



E * 

^E- 



Id, 

E 



Id, 



Id, 



E' 



^E- 



is exact. 



E * 

^E 



Definition 3.4.1.2 A Man-morphism {p, rj) T of {p, r]) TE source and V {p, r]) TE tar- 
get defined by 

(3,4.1,5) (p. „) r (z" A + n|-) (k) = (n - (p. „) h„z-) A (t) , 



such that the B"^-niorphisni I {p,ri)T,Id* I is a split to the left in the previous exact 

sequence, will be called {p,!^)- connection for the dual vector bundle I E,tt,M\. 

The differentiable real local functions (p, r/) r^Q^ will be called the components of 
[p^rf)- connection {p,rj)T. 

The (p, /(iM)-connection for the dual vector bundle [ E,tt,M \ will be called p- 



„„.„*„„ /„. tke iual .ecior iunile [^E.,, MJ and w.ll be denoted pF. 

The (IdTM 5 -^t?M)-connection for the dual vector bundle { E,tt,M \ will be called 



»,»„*»„ lor ihe^ual vecU>r UMU, ^E,.. M) and will bedenoted T. 

Let {«", a € l,r| be the dual base of the base {sa,a G 1,^} • 
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The B^-morphism ( 11, vr ) defined by the commutative diagram 



* n * 
V (/>, 7?) TE E 



(3.4.1.6) 



{p,ri)T, 



E' 



M 



where, 11 is defined by 

(3.4.1.7) 

is canonical projection B"^-morphism. 



n ( Ya^:— ( Ux 



Ya (u^)s" ('t(u^)) 



Theorem 3.4.1.1 // (/?, 77) F is a {p,r]) -connection for the vector bundle ( E,Tr,M 
then its components satisfy the law of transformation 



b* 



(3.4.1.8) (p, 7?) r^Y = Mb^oTT 



i ^ * dMI^'oTT * 



AXo (^ho^^ 



In particular, if h = IcIm, then the relations (3.4.1.8) become 
(3.4.1.8') {p,r])hy = M^-on 



P^OTT 






3x* 
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AXovr. 



In particular, if {p,ri) = (IdTM^IdM), then the relations (3.4.1.8') become 



(3.4.1.8") 






5x* \dx^ ' * ■^ 



dx^ 
dx^ 



T. o vr. 



Proof. Let I IT, tt ] be the canonical projection B-morphism. 
Obviously, the components of 

n-o(...)f(z"-^. + n;|,)(i 

are the real numbers 



Since 



Yb- - {p, v) ^b'iZ^' [ux] ■ 



dz^' dpb'^ 



Z"A"-o/io7^-^(u, 



dM^'oTT 



+ Z>^ O h O TT^^^Pa' + M^Yh' TJ^ U: 



dx 



d 



dpb 



it results that the components of 



n-o(...)r(z"J,. + n4n«, 



62 



are the real numbers 

where ||M^^|| = ||Mj^'|p\ 
Therefore, we have: 

f Z>^ o h o *^^^^Pa + Ml o ^y,- - (p, ^) haZ"K- ohonJMlon 

= n--(p,7?)ffc-Z°'. 

After some calculations we obtain: 

* h * ( ■ * dM?oT[ * \ * 

{p, i) rfe' = Mft. o TT I -p\ ohoTT ■ ". pa-+ {p, v) Tha 1 A^-o /i o TT. q.e.d. 



Remark 3.4.1.1 If we have a set of real local functions {p,rj)Th^ which satisfies the 
relations of passing (3.4.1.8), then we have a (p, ry)-connection (p, r/)r for the fiber 
bundle (E,n,M 



Example 3.4.1.1 If F is a classical connection for the vector bundle [ E,-it,M ] on 

* 
components F^fc, then the differentiable real local functions 



{p,r])ri,^ = (p^ohon) r 



bk 



are the components of a (p, ?7)-connection (p, rj) T for the vector bundle [ E,tt,M j which 
will be called the {p,r]) -connection associated to the connection T. 



Definition 3.4.1.3 If (p, 77) F is a (p, r/)-connection for the vector bundle ( E,tt,M j, 

then for any 

z = z»ta G F (F, u, N) 

the application 

F I E, n, M] ^^^^ T{ E,TT,M 



(3.4.1.9) 

u = Uas"- I — > {p,ri)D-^u 



defined by 



dUh / _ __^ T. _ * \ _b 



(p, r?) D^u = z" oh[p^^o /i— - (p, 77) Ffea o n ) s' 
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will be called the covariant [p^rf)- derivative associated to [p^r])- connection {p,rf)T with 
respect to section z. 

\i h = IdM and rj = IdM, then we obtain the covariant p-derivative associated to 

p-connection pT with respect to section z. 

In addition, \i p = Mtm, then we obtain the covariant derivative associated to 

connection T with respect to the vector field z. 

Definition 3.4.1.4 We will say that the {p,r]) -connection {p,ri)T is homogeneous or 
linear if the local real functions {p, rj) Tf,^ are homogeneous or linear on the fibre of 
vector bundle [ E,it, M ] respectively. 



Remark 3.4.1.2 If (p, r/) F is a linear (p, r/)-connection for the vector bundle I E,tt,M \, 
then for each local vector {m + r)-chart [U,su) and for each local vector {n + p)-chart 
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{V, ty) such that U H h ^ (V) 7^ 0, there exists the differentiable real functions pT? 



defined on U H h ^ {V) such that 

(3-4.1.10) ip,r])Ti^ou = ip,r])T-^-Ua, 

* f * * \ 

for any u = Uas"' G F ( i?, tt, M j . 

The differentiable real local functions (p, r/) F^^ will be called the Christoffel coeffi- 
cients of linear {p,ri) -connection {p,rj)T. 



Theorem 3.4.1.2 If {p, r])T is a linear {p, rj)- connection for the vector bundle ( E,t:,M 
then its components satisfy the law of transformation 



(3.4.1.11) (p,r/)F^Y=M,^ 






-P>h^ + iP^^)'^tyM: 



A} oh. 



In particular, if {p,r]) = {IdTM,IdM) and h = Id^j, then the relations (3.4.1.11) 
become 












Remark 3.4.1.3 Since 






it results that the relations (3.4.11) are equivalent with the relations (3.4.1.11'). 



Definition 3.4.1.5 If (p, ry) F is a linear (p, r7)-connection for the vector bundle ( ii^, vr, M ) , 

then for any 

z = z'^ta G F [F, u, N) 
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the application 

U=UaS'^ I — )■ {p,ri)DzU 
defined by 



dx 

will be called the covariant (p, rj) -derivative associated to linear (p, rj)- connection (p, rj) T 
with respect to section z. 

If /i = IdM and rj = IdM, then we obtain the covariant p-derivative associated to 
linear p-connection pT with respect to section z. 

In addition, if p = Mtm, then we obtain the covariant derivative associated to linear 
connection T with respect to vector field z. 

Note. In the next we use the same notation (p, rj) T for the linear (p, ?7)-connection 
for the vector bundle {E, it, M) or for its dual I E,tt,M 



Remark 3.4.1.4 If (p, r/) F is a linear (p, ?7)-connection for the vector bundle (£', vr, M) 
or for the vector bundle ( i?, vr, M ) then, the tensor fields algebra 



(r(^,7r,M),+,-,®) 
is endowed with the (p, ?7)-derivative 

(34 113) r(F,z/,iV)xr(i^,7r,M) ^^^ T{E,7r,M) 

iz,T) ^ ip,r])D,T 

defined for a tensor field T G 7^ {E, tt, M) by the relation: 

{p,T]) D^T i^Ui, ...,Up,Ul, ...,Uqj = T{p,r]) (z) [T (^Ui, ...,Up,Ul, ...,Uqjj 

{p,ri) D^ui, ...,Up,ui, ...,Uqj - ... -T \ui,...,{p,ri)D;,Up,ui,...,Uq] 
ui, ...,Up, {p,r]) D^ui, ...,Uqj - ... -T \^ui,...,Up,ui,...,{p,r])DzUqj . 

Moreover, it satisfies the condition 

(3.4.1.15) (p, 7?) Df,,,+f,,,T = h {P, V) D,,T + h {p, v) D,,T. 

Consequently, if the tensor algebra (T(-E', vr, M) , +, ., ®) is endowed with a {p,r])- 

derivative (3.4.1.13) defined for a tensor field T G T^{E,7r,M) by (3.4.1.14) which 

satisfies the condition (3.4.1.15), then we can endowed {E,Tr,M) with a linear {p,ri)- 
connection (p, rj) T such that its components are defined by the equality: 

ip,v)Dt^Sh = (p,?7)r^^Sa 



or 



(p,7?)A.s'^ = -(/>,^)^^,s^ 
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The (/9, ?7)-derivative (3.4.1.13) will be called the covariant {p,r]) -derivative. 
After some calculations, we obtain: 

(p, f]) D, (r^";:;f;Sai ... ® Sa, ® S^l ® ... ® S^^ 
/ ^rpai,...,ap 

= z"oh(pi,o h ^-'^^ + (p, r^) TZK;-'-''"' 



(3.4.1.16) 



+ {P, ri) Kit:1';X' + ... + (p, ^) tZt^I;^''' - ... 
- (p, 7?) r^^^T,';;,;^;;;;'') .,, ... ® Sa, ^^^ ^ ... 5'"' 

^= Z" o hT^'^^^^^^Sa, ® ... Sa, ® S^' ... ® S^^ . 

If {p,ri)T is the linear (p,??) -connection associated to linear connection F, namely 
(p,r/)r-^=(p^o/i)r-„then 

(3.4.1.17) C::Xl; = (/>^^)C::Xl^• 

In particular, if /i = IcIm, then we obtain the formula: 

(p, r/) D, (T^l;:S^Sa, ® ... Sa, ^ s^^ (S) ... ® s^') 
— ;ya I i bi,---,bq , . ax j.a,a2...,ap 



,a2...,a 



(3.4.1.18) + iP, V) rZT;:^]'^;' + ... + (p, r/) T^aT^^' 

(nnW'' rpai,a2...,ap („„'\r'^ r^ai ,a2 . . . ,ap 
yP^V)l'hia^b,b2,-,bq yP^^)''b2a^bi,b,-,bq 

- (p, 7?) rl^XubZZb') «ai ^ ... ^ ^a, ® S"^ ... ^ S^^ 
-* ^"^C'^Xla^'^i ^ ... ^ S,^ ® S^l ^ ... S^^. 

4 The geometry of base of the Lie algebroid generaUzed 
tangent bundle for a vector bundle 

In this section, we present new applications of generalized Lie algebroids in the study 
of the geometry of vector bundles using the theory of generalized linear connections. 

4.1 Torsion and curvature. Formulas of Ricci type 

We apply the theory for the diagram: 



E {F,[,]^j^,{p,IdM) 

(4.1.1) 



M ^M 



where {E,tt,M) G |B^| and ({F,u,M) ,[,]j,,^,{p,IdM)) G |GLA| 
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Let pT be a linear p-connection for the vector bundle {E, vr, M) by components /oF^^. 
Using the components of the linear p-connection pT, then we obtain a linear p- 
connection pT for the vector bundle (E, vr, M) given by the diagram: 

E (h*F,l]^,p,{^JjdM 

(4.1.2) vri ih*v 

M "^"^^ M 

If {E, vr, M) = (F, ly, N) , then, using the components of the linear /j-connection pT, 
we can consider a linear p-connection pT for the vector bundle {h*E,h*ir,M) given by 
the diagram: 

h*E {h*EX]h'j,,{^JjdM 

(4.1.3) h*^i ih*TT 

M ""^^ M 

In the following, we will use the exterior differentiation operators d, d^ and d^*^ res- 
pectively for the exterior differential J^ (M)-algebras (A (TM, ta/, M) , +, ., A), 
(A {E, TT, M) , +, ., A) and {{h*E, h*Tr, M) , +, •, A) respectively. 



Definition 4.1.1 If (£',7r, M) = {F,u,N), then the application 

E,h*7r,Mf ^^^ r{h*E,h*Tr,i 
{U,V) -^ pT{U,V) 



r^-^^^ T{h*E,h*TT,Mf SE:^ T {h*E,h*Tr,M) 



defined by: 

(4.1.5) {p, h) T (^7, V) = pbuV - pbvU - [U, V],^,^ , 

for any U,V G T {h*E,h*TT,M) , will be called {p,h) -torsion associated to linear p- 
connection pT. 



Remark 4.1.1 In particular, if /i = Mm, then we obtain the application 
(4.1.4') 



r{E,7:,Mf -^ r{E,TT,M) 



{u,v) — > pT{u,v) 

defined by: 

(4.1.5') pT {u, v) = pDuV - pD^u - [u, v]^ , 

for any u,v gT {E, tt, M) , which will be called p-torsion associated to linear p-connection 
pT. 

Moreover, \i p = Mtm, then we obtain the torsion T associated to linear connec- 
tion r. 

Proposition 4.1.1 The {p,h)-torsion {p,h)T associated to linear p-connection pT is 
R-bilinear and antisymmetric. 
If 

{p,h)T{Sa,St)''={p,h)T\,S, 
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then 
(4.1.6) (p, h) T-„, = pTl, - pFt^ - LI, o h. 

In particular, if h = IcIm o-nd pT(S(j,st) = pT'^^Sc, then 
(4.1.6') pT^^, = pTl,-pri-Ll,. 

Moreover, if p = IdxM, then the equality (4.1.6') becomes: 

(4.1.6") Tv, = r},-r^^. 

Definition 4.1.2 The application 

,^^.j. (T{h*F,h*u,Mf xT{E,TT,M) S^^ T{E,tt,M) 

{{Z,V),u) -^ pR{Z,V)u 

defined by 

(4.1.8) (p, h) R (Z, V)u = pDz [pDvu) - pDy [pDzu) - pbyzy]^^^u, 

for any Z,V (zT {h*F, h*v, M) , n G F {E, vr, M) , will be called (/?, h) -curvature associ- 
ated to linear p-connection pT. 

Remark 4.1.1 In particular, if /i = Mm, then we obtain the application 

(4.1.7') 



r{F,u,Mf xr{E,7:,M) -^ r{E,TT,M) 



{{z,v),u) — > pR{z,v)u 

defined by 

(4.1.8') pM (z, v)u = pDz (pD^u) - pD^ {pD^u) - pD[^^^]^u, 

for any z,v (zT (F, v, M) , n G F [E, tt, M) , which will be called p-curvature associated 
to linear p-connection pT. 

Moreover, if p = IdTM, then we obtain the curvature M associated to linear connec- 
tion F. 

Proposition 4.1.2 The {p,h)- curvature {p,h)R associated to linear p-connection pT, 
is R-linear in each argument and antisymmetric in the first two arguments. 
If 



(p,/i)E(r^,T„)s5^= (p,/i)R^„^s„ 



then 



(4.1.9) (p, h) Rt ^p = pip o h^ + pF^^pFL - pL o h^ - pK^pTlp + pF^,L^^ o h. 



ba 

In particular, if h = Mm and pR{ti3,ta) Sb = pR'^ ^oSa, then 

(4.1.9') pRt ,^ = p^^^ + pF^^pF^ - p^^ - pF^^pF^^ + pF^^L^^. 



Moreover, if p = IcItm, then equality (4.1.9') becomes: 

f A 1 n'M TIJ"* bh I -pa j^e bk j^a r^e 

Theorem 4.1.1 For any u^Sa € r(£',7r,M) we shall use the notation 

(4-1-10) ^V/3 = /'^^^K)+/>r-nV, 

ond we verify the formulas: 

(4.1.11) n"^ . - n7. = n" (p, h) M^^ . - u^ L^. o /i. 
After some calculations, we obtain 

(4.1.12) (p, h) M-„^ = ^, (n-^^ - n7^„ + n^^L^^ o h) , 

where Uas"" € F I i?, tt, M I such that UaU = 6„. 



In particular, if h = IdM, then the relations (4.1.12) become 
(4.1.12') pK\, = ^a (n7„, - n7^„ + ^-^L^,) . 

Moreover, if p = idTM, then the relations (4.1.12') become 



Proof Since 



+ prS [pi o ft— + ptLu' 

= ,.oft%^^ + pJo.p.oft» (^) 

^ ax.? ax* ^ ox^ \ ax* / 



du'' 



+ p'b o h^^-^u"- + pI o hpT 



dxi '^ ' ""^dxi 



and 



+ ''>''''r5a^ + pr5prt,„° 



+ PKdf^,oh^ + P^>'' 



dpi o h du'^i . . d f du"-^ \ 

dpT"'^ rill"- 



ai ^^ j^ ^■p'^i n'vb a 



+ P'p-hpTZ^ + pTZpT:pU- 
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it results that 

(9«* o h du"-^ ■ dpi o h du"-'^ 






+ 



i^p'f, o hpl^ o h^-^ - p>^ ohp'^oh 



dx^dx^ 









+ [p>hpKBiu-p'^°hpK 



+ pTllpTi^u'^ - pTZpT%u\ 
After some calculations, we obtain: 



u} „ - u L = L' o hp'z o h^—r 

|o/3 \pa pa r'y g u 

' dpV^ dpT""^ 

, ^F^ aa ^a „t ^ u 



i 



+ kJ°"i#«"-Ao'>-j- 



Since 



+ prii^pri^u'^-przpr%u'^. 



^^(P^h)R:\^ = W^ip'poh^-^ + pTllpTl^-p^^oh' ''^ 



dxi "^ ""^"^ "" ^" dx^ 

a7 /3o 



-pTtl^pTl^-pT^inoh). 



and 






it results that 



u^ ip, h) m.l\p - u^l^Ll^ o h = -Lip ohp':,oh 

P g^j 



+ P^bl3P^aaU -pTi^^pT^pU 



,...Mli.._.. ..?^,. 



q.e.d. 



Lemma 4.1.1 // {E,tt,M) = {F,i',N), then, for any 

n"sa G r (E, vr, M) , 
we have that nV, a,c G l,n are the components of a tensor field of (1, 1) type. 
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Proof. Let U and U' be two vector local (m + n)-charts such that U nU' ^ (/). 
Since u" (x) = M^ (x) w" (x) , for any x £ U (1 U' , it results that 

Pc' ° h (x) ^^ = p^, oh{x)^ [m:' (x)) n« (x) + M:' (x) p^; o h (x) ^^. (1) 
Since , for any x £ U Ci U' , we have 

pr^,;,(x) = M,"'(x) (p,^ o hix)^iM^,{x)) + pTUx)M',,ix)^ M^A^), (2) 

and 







^ (m,"' (x) M^, (x)) = ^^ (m:' (x)) M,'^ (x) + M:' (x) ^-^ (M.'i (x)) (3) 



ai „,ai I / u\^d „,ai „,d / „ h\Tn>^i ^fiijc 



K,°h 



(4.1.14) u^l^, - n- |„ + (p, /i) n,^7, = u'^ {p, h) M-„, - u 

In particular, if h = Idu, then the relations (4.1.14) become 

(4.1.140 ^1V - ^7% + ^^''^^^T^ = ^'^^"^^^ - ^7e^^^ 

Moreover, if p = id-TM, then the relations (4.1.14') become 

(4.1.14") ^\-^\+^\^\ = ^'n.j 

Theorem 4.1.3 For any Uas"' G F ( £',7r,M I we shall use the notation 



(4.1.15) Uh^i^^ = P^ ° ^afj ("6i|a) - Pr^i/3«6|a 

and we verify the formulas: 

(4.1.16) tibi|a/3 - ^tbi|/3a = "^b {P, h) M.^^ ^^ - U^^i^Ll^ o h 



(4) 



9x^' 
it results that 

pr^,;, (x) u'' (x) = -p^; o Mx) ^ {m:' (x)) u" (x) 

+ M«'(x)pr^,(x)^Vx)M,^,(x). 
Summing the equalities (1) and (4), it results the conclusion of lemma. q.e.d. 

Theorem 4.1.2 // {E,tt,M) = {F,u,N), then, for any 

U^SaeT{E,TT,M), 

we shall use the notation 

(4.1.13) ^1\, = ^%-P^iyk 

and we verify the formulas of Ricci type 
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After some calculations, we obtain 

(4.1.17) (p, h) Rl^ ^p = n^ [-ui,^\ap + Ub^n^a - Ubi^Ll^ ° hj , 

where u°'Sa € T {E,-ir,M) such that UaU^ = 5^- 

In particular, if h = Idu, then the relations (4.1.17) become 

(4.1.17') pRl^ „^ = v!" [-ui,^\ap + n^^i^^ - Ub^i^L^^j . 

Moreover, if p = idxM then the relations (4.1.17') become 
(4.1.17") M^^,^. = n^(-nb^|,, + n5,|,,). 

Proof. Since 

j .^P^ha J , j.b dUb 



.b dub b 



and 



- Pa ° ^P^b^P^i + ^^fei^pr^^Wa 
Ub,\Pa = Pa°h (^—^ l^p'^ o h^ - pVlf^Ubj 

-P^la{p^,oh^-pn,r 

dp^pohdub^ j ^ i B /dub. 



dx^ 



i i^^P^bili i , ^b t^^fe 

P'H ° ^P^bia-g^ + Pr^^^prlJ^Ua 



it results that 



j Bff^ohdub, i dp>pohdub, 
, i u rb dub j b dub 

+ Pp ° f'P^b.a-g^ - Pp ° hp^b^ag^ 

, i h rb 9ub i . rb 9ub 

+ Pa ° ^P^b,a^i - Pa ° ^P^b.ag^ 

+ prl^pTt^Ua - prl^^p^^ua. 
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After some calculations, we obtain: 



-7 r. U„k ^ h^^bi 



Since 



and 



+ {pa° h—oJ-Ub - p'pO h—Q^Ub 
+P^UPna^a-prl^^prtfiUa. 



(dpT 
p'^°h^^ + pTl^pri^ 

dpT^ 
«bi 17-^1/3 °h=(^p^o h-^ - pVl^^ui/j Ll^ o h 



it results that 



-Ub {p, h) Rl^^^f^ - Ub.i^Ll^ o h = -Lip o V^ o h-^ 






+ pn,fiP^lc.Ua - pVl^^pVlfiUa. 



q.e.d. 



Lemma 4.1.2 // {E,tt,M) = {F,u,N), then, for any 



we have that u^ i^, b,c £ l,n are the components of a tensor field of (0,2) type. 

Proof Let U and U' be two vector local (m + n)-charts such that U OU' j^ (p. 
Since Ub' (x) = M^, (x) Ub (x) , for any x £ U (1 U' , it results that 

dub' (x) u , , , d 



Pc' ° h (x) ^!^ = p,^' oh{x)£^ (m,^, (x)) n, (x) 

+mI;, (x) p^,' o /i (x) 



ffe /™^ „fc' „ i^ ^^A 5^6 (a;) 



5x^' 
Since, for any x £ U H U' , we have 

pTti, (x) = M,"' (x) (p^ ° /i (^) ^ (M,^ (^)) 
+pC(x)M,^,(x))m,^,(x), 
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and 

(3) % ^ ^ r. 

= d^ (^"' ^^^) ^^' ^^^ + ^"' (^^ 9^ ^^^' (^)) 
it results that 

Summing the equalities (1) and (4), it results the conclusion of lemma. q.e.d. 

Theorem 4.1.4 // {E^-k^M) = {F,u,N), then, for any 

we shall use the notation 

(4.1.18) Uh, la\b = Ubi \ab - P'^ib'^bi \d 
and we verify the formulas of Ricci type 

(4.1.19) U5j |„|6 - Ufe^ |;,|„ + {p, h) T'^af.ut,^ \d = -Ud {p, h) E^^ ^^ - Ub^ ^^Kb ° ^ 
In particular, if h = IdM, then the relations (4.1.19) become 

(4-1-19') ^tbi \a\b - Ub, \b\a + P^'^ab^bi \d = -^dP^t, ab " «bl M^fb' 

Moreover, if p = idru then the relations (4.1.19') become 
(4.1.19") Uj^ mj - Uj^ ijii + T%uj^ ih = Uh'^'j, ij- 

Theorem 4.1.5 For any tensor field 

^ri';::;C^"i ® - ^ ^^^^ ^ *^' ® - ^ ^^' ' 

we verify the equality: 

rpai,...,ap ^rpai,...,ap _ „aa2,.--,ap / /i^ ro"^! _l_ 
-^bi,...,bq\al3 ^bu...,bq\l3a~ '^bi,...,bq l/'i^J^a a/3 "T ••• 

(4.1.20) +T:^:::f ip, h) k\p - Km::X (^' ^) K -p - - 

/n particular, if h = IdM, then the relations (4.1.20) become 

bi,...,bq\al3 ~ ^bi,...,bq\l3a ~ fei,...,&9 Pa aP + "• 



(4.1.200 +Tb::Sr''pK\p-T[ 



ai,...,ap—ia -rrpttp rpO,i,...,ap 

'q ■ ti ct/j b,b2,...,bql~"''^bi aj3 



_rpai,...,ap -rrgb _ rpai,...,ap j-^ 

~'^bi,...,bq-ibP'^bq al3 ^bi,...,bq\-i^al3- 
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Theorem 4.1.6 // {E,Tr,M) = {F,iy,N), then we obtain the following formulas of 
Ricci type: 

'^bi,...,bq \b\c ^bi,...,fe,|c|b"^ V/^''V ^ bc-^ bu-,bq\d 

(4.1.21) = r;-;;,-;^ {p, h) K\. + ... + r^^-^-- (p, h) K\c 

-Km:X (p^ h) K be - - - T^::Z.b (p^ ^) K ^c - t:i:s^Ac ° h. 

In particular, if h = IcIm, then the relations (4.1.21) become 

^bl,...,bq \b\c~ ^bl,...,bq\c\b^ P^ bc^bl,...,bq\d 

(4.1.210 = t^:X''pm:\, + ... + t;;::;c^-^vcv 

rp0.1,---,0-p Tab rp0.1,---,0-p „Tn>fe rpai,...,ap J fl 

^b,b2,...,bqP'^bl be ••• ^bl,...,bg^lbP'^bg be ^bl,...,bq\d^bc- 

We observe that if the structure functions of generahzed Lie algebroid 

\F,u,M),[,]p,,{p,IdM)), 



the (p, /i)-torsion associated to hnear p-connection pT and the (p, /i)-curvature associa- 
ted to hnear p-connection pT are nuU, then we have the equahty: 

{A T 00^ rpa.i,---,a.p rpa.i,---,a,p 

l*--L-^^J ^bl,...,bq\b\e ~ '^bl,...,bq\c\b' 

which generahzes the Schwartz equality. 

4.2 Torsion and curvature forms. Identities of Cartan and Bianchi 
type 

We apply the theory of the generahzed hnear connections for the diagram: 



E {F,[,]p,^,{p,IdM) 

(4.2.1) 



M ^M 



where {E,tt,M) G |B^| and UF,iy,M),[,]p^^^,{p,IdM)) G |GLA| . 
Let pT be a hnear p-connection for the vector bundle {E, tt, M) . 

Definition 4.2.1 For each a,b £ l,n, we obtain the scalar 1-forms 

(4.2.2) nt = pTl^T^^ 
and 

(4.2.2') u:l = pTlX 

which will be called the form of linear p- connection pT and pT respectively. 

Definition 4.2.2 If {E,tt,M) = {F,iy,M), then the vector valued 2-form 

(4.2.3) {p,h)T={{p,h)T-^,S,)S-AS' 
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will be called the vector valued form of (p, h) -torsion {p, h) T. 
In particular, if /i = Mm, then the vector valued 2- form 

(4.2.3') pT = {pT\^^s,) s^ A s* 

will be called the vector form of p-torsion pT. 

Moreover, if p = IcItm, then the vector valued form (4.2.3') becomes: 

(4.2.3") T=(T^^^£,yx^ AdxK 

Definition 4.2.3 For each c G 1, n we obtain the scalar 2-form of {p, h)-torsion (p, h) T 

(4.2.4) {p,h)T- = {p,h)T\,S-AS\ 

In particular, if /i = IdM, then, for each c G l,n, we obtain the scalar 2-form of 
p-torsion pT 

(4.2.4') pT^ = pT\^^s'' A sK 

Moreover, if p = IdxMi then the scalar 2-form (4.2.4') becomes: 

(4.2.4") r = T.^dx^ A dx''. 

Definition 4.2.3 The vector mixed form 

(4.2.5) (p, /i) M = ( ((p, h) Rt a^sa) T" A T") s^ 

will be called the vector valued form of (p, h) -curvature (p, h) M. 
In particular, if /i = Mm, then the vector mixed form 



(4.2.5') pE = ((pM«„^s,)t"At^) 



s'^ 



will be called the vector valued form, of p- curvature pM. 

Moreover, if p = IdTM, then the vector form (4.2.5') becomes: 



h A ^^k\ gb 



(4.2.5") R = ((E^ i^^sa) dx^ A dx^) 

Definition 4.2.4 For each a, 6 € l,n we obtain the scalar 2-form, of {p^h)- curvature 
{p,h)R 

(4.2.6) ip,h)Rt = iP,h)Ka|3T''r^T^. 

In particular, if /i = IdM, then, for each a,b £ l,n, we obtain the scalar 2-form of 
p- curvature pM 

(4.2.6') pRl = pRl „^t" A t^. 

Moreover, if p = IdxM, then the scalar form (4.2.6') becomes: 

(4.2.6") Ml, = R1, i^f^dx^' A dx'' . 
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Theorem 4.2.1 The identities 

(Ci) (p, /i) T'^ = d^*^5'^ + fl^ A 5^ 

and 

(C2) {p,h)R<^ = d''*^n^ + n'^Ani 

hold good. These will be called the first respectively the second identity of Cartan type. 

Proof. To prove the first identity we consider that (-E, tt, M) = {F, u, M) . Therefore, 
ni = pTl^S^. Since 

d^*^S-{U,V)Sa = i{T(!'7,IdM)U)S-{V) 

-{Tf7 JdM)V){S^{U)) - S^{[U,V]h*F))Sa 

= {T{''7,IdM)U){V^) - {t('J JdM)V){U'') - S''{[U,V]h>F)Sa 

= pDuV - V'pDuSb - pDvU - U'pDvSb - [U, V]h*F 
= {p, h) T{U, V) - {pTl^V'U' - pTlJJ^V')Sa 

= Up, h) T^iu, y) - f^^ A sHu, v))Sa, 

it results the first identity. 

To prove the second identity, we consider that {E, tt, M) 7^ {F, v, M) . Since 

(p, h) E^ {Z, W) sa = {p, h) M {{W, Z) , sk) 

= pDz [pDwSbj - pDw [pDzSbj - pD[z,w]^,pSb 

= pbz {^l {W) Sa) - pDw {^l {Z) So) - ^l {[Z, W]^,p) Sa 

+ {n-{z)ni{w)-n-{w)nuz))sa 

= {d^'^^l (Z, W) + ^lA ^l (Z, W)) Sa 

it results the second identity. 

Corollary 4.2.1 In particular, if h = Mm, then the identities (Ci) and (C2) become 

{C[) pT" = d^ s" + ujI A s^ , 

and 

{C'2) />M« = d^< + <Aa;^ 

respectively. 

Moreover, if p = IdxM, then the identities ((7{) and (Cg) become: 

{C'O T = ddx' + u) A dx^ = u) A dx^ 

and 

{C'i) Ri = doji + ojiAoj'}, 

respectively. q.e.d. 
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Theorem 4.2.2 The identities 

(Bi) d^*^ {p, h) T" = (p, h) m^lAS^ -Q.l^ {p, h) T" 

and 

{B2) d^*^ {p, h) Wl = {p, h) M^ A J^g - J^^ A (/?, h) Rg, 

hold good. We will called these the first respectively the second identity of Bianchi type. 
If the {p,h) -torsion is null, then the first identity of Bianchi type becomes: 

(Si) {p,h)RtAs'' = 0. 

Proof. We consider (E, it, M) = (F, v, M) . Using the first identity of Cartan type and 
the equality d o d = 0, we obtain: 

d^*^ {p, h) T'* = d^*^Q.l AS^-n^^A d^*^S^. 

Using the second identity of Cartan type and the previous identity, we obtain: 

d^*^ (p, h) T" = ((/>, h) ni-VL^^A ni) A 5* - Ji;! A ((/9, h) r - f]g A 5^) . 

After some calculations, we obtain the first identity of Bianchi type. 

Using the second identity of Cartan type and the equality d^*^ od^ ^ = 0, we obtain: 

d^'^n^ AQ'i^-n^A d^'^9.1 = d^'^ {p, h) M.^. 

Using the second of Cartan type and the previous identity, we obtain: 

d^'^ {p, h) Wl = ((p, h) M- - (7- A ^l) A^l-Q'iA ((p, h) Wi-^lA nt) . 

After some calculations, we obtain the second identity of Bianchi type. q.e.d. 

Corollary 4.2.2 In particular, if h = IdM, then the identities (Bi) and {B2) become 

{B[ ) d^pT" = pM^ As^-uj'^A pT" 

and 



(B'^) d^pR'^ = pM^ A wg - w^ A pRl, 

respectively. 

Moreover, if p = IdxM, then the identities {B[) and {B'2) become: 

{B'-l) dr = M.) A dx^ - Loi A T^ 

and 

{B'{) dW- = W^ A J^ - uj{ A R'^, 

respectively. 
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Theorem 4.2.3 // {E,tt,M)={F,i',M), then the following relations hold good 
J2 {pDu^{(.P,h)T{U2,Us))-{p,h)R{Ui,U2)Us 

(J^l) cyclic{ui,U2,us) 

+ ip,h)Ti{p,h) T{Ui,U2),U3)} = 0, 
and 
{B2) Y. {pDu^{{p,h)R{U2,Us)U)-{p,h)R{{p,h)T{Ui,U2),Us)u]=0. 

cycliciui ,U2,us,u) 

respectively. This identities will be called the first respectively the second identity of 
Bianchi type. 

In particular, if h = Mm, then the identities (Bi) and {B2) become 

{B{) ^ {pDuAp^i'^2,U3)) - pR{ui,U2)u3 + pT{pT{ui,U2) ,U3)} = 0, 

cyclic(ui ,U2 yU'i) 



{B'2) 



y^ {pDu^ {pR (ti2, -Us) ■") - P^ (pT (ui, U2) , Us) u} = 0. 

cyclic{ui ,U2,u:j,u) 



which will be called the first respectively the second identity of Bianchi type. 
Remark 4.2.1 On components, the identities of Bianchi type (-Bi) and {B2) become: 



iB'l) 



and 



(B'^) 



E { (P, h) T- ^^^^1^^ + (p, h) TV3 • (P, h) T\a2 } 

cyclic{ai,a2,a:j) 

cyc/ic(ai ,02,03) 



cyclic(a-i,a2,az) 



If the (/9, /i)-torsion is null, then the identities of Bianchi type become: 



E (P'^)C3,aia2=0 

cyclic(ai 02,03) 



and 



cyclic(a-i,a2,az) 



020310, 



4.3 (Pseudo)metrizable vector bundles 

We will apply our theory for the diagram: 



E 



FAAF,hdP,IdM) 



(4.3.1) 



M- 



-^M 
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where {E,tt,M) G |B^| and UF,u,M) ,[,]p,f^,{p,IdM)] G |GLA| . 

Definition 4.3.1 We will say that the vector bundle {E,tt,M) is endowed with a pseu- 
dometrical structure if it exists 

such that for each x € M, the matrix \\gab ix)\\ is nondegenerate and symmetric. 

Moreover, if for each x G M the matrix \\gab ix)\\ has constant signature, then we 
will say that the vector bundle {E,7r,M) is endowed with a metrical structure. 

If 

9 = gabs'" ^S^^TliE, TT, M) 

is a (pseudo) metrical structure, then, for any a, 6 G l,r and for any vector local 
[m + r)-chart {U, su) of (E, it, M), we consider the real functions 



such that 



u -^ > 



\~g'"'{x)\\ = \\gab{x) 



for any Vx G U. 

Definition 4.3.2 Let (E, vr, M) be a vector bundle endowed with a (pseudo) metrical 
structure g and with a linear p-connection pT. 

We will say that the linear p-connection pT is compatible with the (pseudo)metrical 
structure g if 

(4.3.2) pD^g = 0, Vz G T (F, z/, M) . 

Definition 4.3.3 We will say that the vector bundle {E, vr, M) is p- (pseudo)nietrizable, 
if it exists a (pseudo)metrical structure 

geT§{E,T:,M) 

and a linear p-connection pT for (£■, vr, M) compatible with g. The i(iTM-(pseudo)metri- 
zable vector bundles will be called ( pseudo) metrizable vector bundles. 

In particular, if {TM,tm,M) is a (pseudo)metrizable vector bundle, then we will 
say that {TM,tm,M) is a (pseudo)Riemannian space, and the manifold M will be 
called the {pseudo) Riemannian manifold. 

The linear connection of a (pseudo) Riemannian space will be called (pseudo) Rieman- 
nian linear connection. 

Theorem 4.3.1 // (E, vr, M) = (F, u, M) and g e T^ {h*E, h*TT, M) is a {pseudo) metri- 
cal structure, then the local real functions 

(4.3.3) ^^"'^ "2^ y^°''dx^^'''^dxi ^' ''dx^ 

+9ecLld oh + gbeL^c oh- gdeLlf, o h) . 

are the components of a linear p-connection pT for the vector bundle {h*E,h*Tr,M) 
compatible with g .such that {p,h)T = 0. 
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Therefore, the vector bundle {h*E,h*7r,M) becomes p-{pseudo)metrizable. 

The linear p-connection pT will be called the linear p-connection of Levi-Civita type. 

Proof. Since 

pDug) V®Z = r ^p^, Mm) (U) ({g {V ® Z)) - g {(pDuV) ® Z 



-g [y ® ypDuZj j , vc/, F, z G r {h*E, h*TT, m) . 

it results that, for any U,V,Z(^T {h*E, h*TT, M) , we obtain the equalities: 
(1) r ^p", Mm) (U) {g{V^Z))=g( (pDuV) (^ z) + g (v ^ (pDuZ 



(2) r ('^p', Mm) (Z) (5 ([/ y)) = 5 ( (^piDzU) 'S)V)+g(U(E) [pDzV 

(3) r (''p', Mm) {V) {g{Z®U))=g{^ [pDyZ) ^ t/) + 5 (^ ^ [pDyU 
We observe that (1) + (3) — (2) is equivalent with the equality: 

g {[^piJuV + pbyU) t^z)+g {^[pbyZ - pDzV) u) 

+g ( (^pDuZ - pDzU) (^V)=r i^'p^, Mm) [U) {g {V ^ Z)) 
+r C^p"", Mm) {V) {g {Z ®\J)) - V {^J , Mm) (Z) {g {U ^ V)) . 
Using the condition (p, h)T = 0, which is equivalent with the equality 

pbuv - pbvu - [u, v]f^,E = 0, 

we obtain: 
2g ( (pDuV) (S)Z) = r ^p"", Mm) {U) • (5 (F Z)) 



+r i^J, Mm) {V) {g {Z (^U))-T {^^p" , Mm) {Z) {g {U V)) 

+gi[U,V]^.E^Z)-g{[U,Z],^,E^V) 

-g {[V, Z]^,j, t/) , Vt/, y, Z G r {h*E, h*7T, M) . 

Therefore, we obtain the equality: 

2ff (p^baSd) (^Sc)=PaO h — + pI O h — p,oh- 



+g {{Li, oh)Sd(8) Sc) - g {{L^ oh)Sd<i^ Sb) - g {{Li oh) 3^0 Sa) , 
which is equivalent with: 

n rd i i.'^dbc , j ,C)gca k I'^dab , (jd r\ 

'^QdcpTba = Pa ° h^- + pi o h^- - p, o h—^ + [L,b ° /ij 9d. 

- (^1 ° h) gdb - {Lt ° h) gda- 
Finally, we obtain: 

rd ^~dc f i , ^9bc . j , dgca k . (^9ab 

P^a =o9 {pa°h—-+ploh—--p,oh 



2^ V dxi ' '^ dx^ '" a^fc 

+ [Lib o h) gdc - [Li^ o h) gdb - [Lt o h) gda 
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where \\g (a;)|| = \\gcd {x)\\ , for any x E M. q.e.d. 

Corollary 4.3.1 In particular, if h = Mm, (E, tt, M) = {F, v, M) and g e T 2 {E, vr, M) 
is a (pseudo)metrical structure, then the local real functions 

(A-i-i'-) «ra - ^ ?.ad f Ji ^9bd , J dgdc ^h^9bc re _L„ re r, T ^ \ 

(4.3.3) pl^^--g \p^—^+p^^—-p^—^+g^^L^^^ + g,^^L^^-gdeLi,^\. 

are the components of a linear p-connection pT for the vector bundle {E, n, M) com- 
patible with g such that pT = 0. 

Therefore, the vector bundle {E,tt,M) becomes p-(pseudo)metrizable. 

The linear p-connection pT will be called the linear p-connection of Levi-Civita type. 

In particular, if p = IdTM, we obtain the classical Levi-Civita connection. 

Theorem 4.3.2. // {E, vr, M) = (F, z/, M), 5 G T 2 {h*E, h*TT, M) is a pseudo (metrical) 
structure and T G T \{h* E^h*TT,M) such that its components are skew symmetric in 
the lover indices, then the local real functions 

(4-3.4) pfl = pTl + ^r"" {gdeTlc - 9benc + decTld) , 

are the components of a linear p-connection compatible with the (pseudo) metrical struc- 
ture g, where pT'^^ are the components of linear p-connection of Levi-Civita type. There- 
fore, the vector bundle {h*E,h*Tr,M) becomes p-(pseudo)metrizable. 
In addition, the tensor field T is the {p,h) -torsion tensor field. 

Corollary 4.3.2 In particular, if h = Mm, {E, tt, M) = (F, u, M), g eTl{E,TT, M) is 
a pseudo (metrical) structure and T G T 2 {E,7r,M) such that its components are skew 
symmetric in the lover indices, then the local real functions 

(4-3.4') ptl = pT-^ + ^r' (.gdeTlc - 9benc + decTld) , 

are the components of a linear p-connection compatible with the (pseudo)metrical struc- 
ture g, where pF^^ are the components of linear p-connection of Levi-Civita type. There- 
fore, the vector bundle {E,tt,M) becomes p-(pseudo)metrizable. 
In addition, the tensor field T is the p-torsion tensor field. 

Theorem 4.3.3 If g £ T 2 [E, vr, M) is a pseudo (metrical) structure and pF is a 
linear p-connection for the vector bundle {E,Tr,M), then the local real functions 

(4-3-5) pr^^ = pt-^+lgac 

cb\a 

are the components of a linear p-connection compatible with the (pseudo) metrical struc- 
ture g. Therefore, the vector bundle {E,it,M) becomes p-(pseudo)metrizable. 

Theorem 4.3.4 If g £ T % [E, vr, M) is a pseudo (metrical) structure, pT is a linear 
p-connection for the vector bundle (-E',vr,M) and T = T^s^ (8) s'^ (8) t", then the local 
real functions 

(^•^•^) Pna = Pna+'20^bdTL 
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are the components of a linear p- connection compatible with (pseudo) metrical structure 
g, where 

(4.3.7) o-,2 = ^{5t5'',-gMgn 

is the Obata operator. 

Therefore, the vector bundle {E,tt,M) becomes p- (pseudo )metrizable. 

4:A Lifts of differentiable curves 

In this section we extend the notion of hft of a curve c at the total space of a vector 
bundle using the new notion of locally invertible 'B^ -morphism. 

4.4.1 The lift of a differentiable curve at the total space of a vector bundle 

We consider the following diagram: 

(4.4.1.1) 

M ^N 



where {E,tt,M) G |B^| and UF,u,M),[,]pf^,{p,r])\ G |GLA| . 

We admit that (p, ??) F is a (p, 77)-connection for the vector bundle {E, vr, M) . 
Let 

/ -^ M 

be a differentiable curve. 
We say that 

{E\ lm{7johoc),'^\ Im(»?o/ioc)> Im {rj o k o c)) 

is a vector subbundle of the vector bundle (£', vr, M) . 
Definition 4.4.1.1 Let 

(4 4 12) ^\lm{:qohoc) 

t ^ y''{t)Sa{j]ohoc{t)) 

be a differentiable curve. 

If there exists g G Man {E, F) such that the following conditions are satisfied: 

1. {g, h) G B^ {{E, vr, M) , (F, v, N)) and 

dirj o h o cY (t) d 

2. p o g o c{t) = — -^ ((77 o ho c) [t)) , tor any t G I, then we will say 

that c is the {g,h)-lift of the differentiable curve c. 
Remark 4.4.1.1 Condition 2 is equivalent with the following affirmation: 

(4.4.1.3) pl^(r^ohocit)) . g: (hocit)) . y- (t) = ^^^!1^^^£^^, z ei;^. 
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Definition 4.4.1.2 If 



I ^ E\ im(»7ofeoc) 



is a differentiable (^f, /i)-lift of the differentiable curve c, then the section 

/4 4 ^ 4x Im (r/ o /i o c) ^ E\ im(r^ohoc) 

T] o ho c{t) I — > c{t) 

will be called the canonical section associated to the couple (c, c) . 

We will denote by {T^ (c, c) , r, Im (ry o /i o c)) the vector subbundle with minimal 
dimension such that 

(4.4.1.5) u (c, c) G r (T^ (c, c) , r, Im (r/ o /i o c)) 

and will denoted by (S* (c, c) , a, Im [j] oho c)) the vector subbundle such that 

T^ (C, C) e S"^ (C, C) = -El Im(,,ofeoc)- 

Definition 4.4.1.3 If {g, h) € B^ {{E, vr, M) , (F, zy, iV)) has the components 

such that for any local vector (n + p)-chart {V^ty) of {F,iy,N) there exists the real 
functions 

F — ^^ M ; a G T^r, a &T~p 

such that 

for any x G 1/, then we will say that the W -morphism (g, h) is locally invertible. 

Remark 4.4.2.2 In particular, if {IdTM,IdM,IdM) = (PtVi^) ^-'^d the B^ morphism 
{g,IdM) is locally invertible, then we have the differentiable ((7, /(iM)-lift 



/ -^ TM 
(4.4.1.6) ^ ^ -j^^uy^dcHt) d 

dt dx 



t ^ ^i(c(t))-^— (c(t)) 



Moreover, if 5' = IdxM, then we obtain the usual lift of tangent vectors 

/ -^ TM 
(4-4.1.6)' dcHt) d , ,,■ 

dt dx"- ^ ^ '^ 

Definition 4.4.1.4 If 

(4-4.1.7) / -^ -E| Im(»;o/ioc) 

is a differentiable (5, /i)-lift of differentiable curve c, such that its components functions 
(y", a G l,n") are solutions for the differentiable system of equations: 

(4.4.1.8) -^ + {p,ri)T'^ou{c,c)o{r]ohoc)-g^ ohoc-u^ = 0, 
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then we will say that the {g,h)-lift c is parallel with respect to the {p,r]) -connection 

Remark 4.4.1.3 In particular, if {p,r],h) = {IdTMiIdM,IdM) and the B"^ morphism 
{g,IdM) is locally invertible, then the differentiable (5f,/(iTM)-hft 



/ -^ TM 



(4.4.1.9) f^^ ^\A 

dt ) dx 



5J°c. — )— (c(t)), 



is parallel with respect to the connection F if the component functions 

are solutions for the differentiable system of equations 

ciis 
(4.4.1.10) _ + r^on(c,c)oc.5^oc.n^ = 0, 



namely 



(4.4.1.10)' 



W /^ / ^ /^ w . ^^ dcUt)\ 8 , , ,,\ dc^ (t) 



Moreover, if 5^ = Id^M, then the usual lift of tangent vectors (4.4.1.6) is parallel with 
respect to the connection T if the component functions ( -^, j € 1,^1 are solutions for 
the differentiable system of equations 

fill 

(4.4.1.10)" — + Tiou{c,c)oc-u'' = 0, 

namely 

4.4.2 The lift of a differentiable curve at the total space of dual vector 
bundle 

We consider the following diagram: 



(4.4.2.1) 



M ^N 



where {E,tt,M) G |B^| and [{F,u,N) ,[,]p,^,{p,r])) G |GLA| 
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We admit that (p, 77) F is a (/?, 77)-connection for the vector bundle ( E,tt,M 
Let 



I -^ M 



be a differentiable curve. We say that 

E\ lm{7johoc) 1 ^1 lm{riohoc) , lui (?] o /l o c) 



is a vector subbundle of the vector bundle i E,tt, M \ . 
Definition 4.4.2.1 Let 

(4.4.2.2) ^\lm{i]ohoc) 

t ^ Pa{t)s^{riohoc{t)) 

be a differentiable curve. 

If there exists g G Man [ E,F \ such that the following conditions are satisfied: 



L {g, /i) G BM I ^, ^, M J , (F, z/, iV) J and 

d(rj O ho cY (t) d ,, , N / NN r ,^1 -n 

2. pogocit) = -— ^ ((ry o no c) it)) , for any t G i ,then we will say 

dt ox^ 

that c is i/ie {g,h)-lift of the differentiable curve c. 
Remark 4.4.2.1 Condition 2 is equivalent with the following affirmation: 

(4.4.2.3) p^(^o/ioc(t))<7""(/ioc(t))p„(t) = ^^^^^^^^^, ^eT;^. 



Definition 4.4.2.2 If 



T ^ . Tp 

^ ^ \lv[\(rjohoc) 



is a differentiable (^f, /i)-lift of the differentiable curve c, then the section 

(4.4.2.4) 



u(cc) * 
Im (7? o /l o c) ^ E\ lm(,,o/ioc) 



r]ohoc{t) I — )■ c(t) 

will be called the canonical section associated to the couple (c, c) . 

We will denote by I T^ (c, c) , r, Im {rjoho c) ] the vector subbundle with minimal 
dimension such that 



(4.4.2.5) u (c, c) G r ( T^ (c, c) , r, Im (r/ o /i o c) 

and will denoted by I S^ (c, c) , o", Im [rj o ho c) ) the vector subbundle such that 



T (c, 0)0 5" (C, C) = £^1 lm{r;ofeoc) • 
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Definition 4.4.2.3 If {g, /i) € B^ I I £), vr, M j , (F, v, N) j has the components 

(7°"; a G l,r, a G l,p 

such that for any vector local [n + p)-chart {V, ty) of (F, z^, N) there exists the real 
functions 

V — ^^^^ M ; a G T~r, a (^T~p 

such that 

5aa (x) • <7"' (x) = 5l VX G l^, 

then we will say that the W -morphism (g, h) is locally invertible. 

Remark 4.4.2.2 In particular, if {IdTM,IdM,IdM) = (p, ??, /i) and the B^ niorphism 
{g,IdM) is locally invertible, then we have the differentiable ((7, /(iM)-lift 

/ -^ TM 
(4.4.2.6) ^^ju) . 

t ^ 5j.(c(t))^^dxMc(t)) 

Definition 4.4.2.4 If 

y ' ' ' ' ^ -'-'I Iin(»yo/ioc) 

is a differentiable {g, /i)-lift for the curve c such that its components functions [pb, fc G 1, r) 
are solutions for the differentiable system of equations: 

(4.4.2.8) -^ + (/>, 7?) r^^ o n (c, c) o (,? o /i o c) • 5^^" o /i o c • u„ = 0, 

then we will say that the {g,h)-lift c is parallel with respect to the {p,r]) -connection 

(p,^)r. 

Remark 4.4.2.3 In particular, if {IdTM,IdM,IdM) = {PtV^^) ^^^ the B^ morphism 
{g,IdM) is locally invertible, then the differentiable (5, /(ijvf)-lift (4.4.2.6) is parallel 

dc^ 



with respect to the connection F if the component functions I gji o c • — — , i £ l,m 
are solutions for the differentiable system of equations 



duj 



(4.4.2.9) ^ + Tj-fc o u (c, c) o c • 5^^ o c • nfe = 0, 



namely 



(4.4.2.9)' 



d / , , dc> it) 



dtV ^' dt 



+T,u [c it) , [gj^ o c (t) • ^^ j • dx' (c (t)) j • ^^ = 
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4.5 Parallel transport 

We consider the following diagram: 



(4.5.1) 



I 



E 

-^ M 



IdM 



-^ {F,[,]^,ip,IdM)) 

-^ M 



where {E,tt,M) G |B^|, {{F,iy,M) ,[,]p ,{p,IdM)) G |LA| , (gJdM) is a B^-morphism 
and c is a differentiable curve. 

Let c be a (^f, /dM)-lift of the curve c. 

We admit that pT is a linear p-connection for the vector bundle {E, vr, M) . 

Definition 4.5.1 We will called parallel transport of tensor fields of {r,s) type along a 
curve c any family 

^c = [Pt„t, e /zo(7|'(i^,7r,M)^(,^) ,7?(^,7r,M)^(,^)) , t,,t2 e l} 

with the following properties: 

1. For any ti,t2 G / it exists a unique isomorphism Pti,t2 ^ ^c such that 

(-Pti.ta) = Pt2,ti- 



2. For any ^1,^2)^3 G / we have that -Pta.ta ° -Pti,t2 = -^f 



tl,t3- 



Theorem 4.5.1 // to; tGl and U is a local vector {ni+n)-chart such that c (to) , c (t) gC/, 
t/ien it exists an unique isomorphism 



Pto,t e Izo IT^ iE,7T,M)^^,^^^ ,TP iE,7r,M) 



c(t) 



\-l 



such that [Pto^t) = Pt,to which not depend on the local vector chart used. 
Proof. Let T^^t^) G if {E , n , M) ^(^^^^^ be. We admit that 



^7roc(to) 



rpai,...,ap 



'Sap(^S 



bi 



(c(io)) 



and 



Pu>,t {Tcito)) = K\::S: (c (*o)) Ati (to, t) • ... • az (to, t) • bi^ (to, t) 



...•^i'(to,t)-- sai «)...^sap«)s'i®...«)s''« (c(to)) 



where the matrices 



\All{to,t)\\,... AZ{to,t) , B'Uto,t) ,..., B'Uto,t) 



bi 



are the matrices used for base transformation. Using the equahty 

= jt K::::;r;^(*o)) = | (T:/::;r;c(to)^^j (to,t) • -■az (to,t) 

■Bll{t,,t)...-Bl^^{t,,t)).Al\{tM)-- 

■AX {t, to) • bIi (t, to) ... • <^ (t, to) + t:-;-7c (to 

•^^;(to,t).....A^^(to,t).i?-^;(to,t).... 

■Bl'ito,t)-^(All{t,to)---Atl{t,to) 



.Bll{t,to)...-Bll{t,t,) 
and the notation 

^.?::;Cc (t) = r;/;:-^ (vr o c (to)) a^j (to, t) .... . az (to, t) • i?^'; (to, t) ... • 4; (to, t) 

we obtain the equahty 

+AZ (to, t) |yi^^ (t, to) Ti;;;;;;^-^'^c (t) 

"^ ^b U J. \ rpO.!,.. .,dp 



+i?£(to,t)-<(t,to)7-;:-c(t) + 



dt 



Since the differentiable equations: 



di' 

AHito,to) =611 



All (*o, t) -a:- (t, to) = pT'Zc (t) <7? (x (t)) y- (t) 



X: (to, t) j^A:^ (t, to) = pr^^c (t) <7? (x (t)) y'^ (t) 

^^:(*o,to) =5^: 

<(to,to) =< 



-^; (to, t) |< (t, to) = -pTl^c (t) 5? (x (t)) y^ (t) 



i?-'^^ (to, t) f^B^^ (t, to) = -prj^^c (t) 5? (x (t)) y- (t) 

<Mto,to) =4: 
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are equivalent with the following difFerentiable equations 

I A^ it, to) = A«i {t, to) pTl^ (vr o c (t)) g- (x (t)) y^ (t) 
ATAto,to) =611 

j^All [t, to) = A7 {t, to) pT^^ (vr o c [t)) g^ {x (t)) y^ {t) 

AZito,to) =Sll 

^^bIi {t, to) = -Bl {t, to) pVll^ {7T o c (t)) 5? {x (t)) y^ (t) 

BllitoM =< 

j^bIi (t, to) = -Bl {t, to) pVll {n o c (t)) 5? (x (t)) y^ (t) 

BllihM =5% 

which has unique solutions which not depend on the local vector chart used, it results 
the conclusion of the theorem. q.e.d. 

Corollary 4.5.1 For any p,q ^'H, it exists a parallel transport Vc between the tensors 
of {p,q) type. 

This parallel transport will be called the parallel transport along the curve c associ- 
ated to linear p-connection pT. 

Proof. Let p,q £N and to,t € / be. Without restricting the generality, we admit that 

not exists a vector local m + r-chart U which contain the points c (to) and c (t) . 

Since / is a conex manifold, it results that it exist a finite numbers of real numbers 

ti,t2, ...,tr = t such that for each j € l,r, the points c{tj-i) and c{tj) belongs to the 

same vector local m + r-chart. 

Using the previous theorem, we build the linear isomorphisms Pto,ti, PtiMi ■■■ , Ptr-i,t- 
The linear isomorphism Pt^_^^t o ... o Pt^^t-z ° ^to.ti = Bto,t not depend on the vector 

local m + r-charts used. q.e.d. 

Remark 4.5.1 Using the notations of the previous theorem we obtain: 



(4.5.2) 






Theorem 4.5.2 // Vc is the parallel transport along the curve c associated to linear 
p-connection pT, then, for any t ^ I we obtain: 

(Ar.'i\ V Bt+h,t {Tc{t+h)) - Tc{t) , X ,. 

4.5.3 hm = [pD^( c)T) c (t) , 

h — ^0 h \ \ ' / / 
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for any T £TP {E, vr, M) . 

Proof. Let be T G T ^ (E, vr, M). Let t e I and h > be such that ]t-h,t + h[cl. 
For any di, ...,dp,bi, ...,bq G 1, n we build the following application 



[t, t + h] 
9 

defined by 



^ai,...,ap 

bi,...,bq 
> 



ai,...,ap ^^^ 
bi,...,bg 



C:t ^^) =^£:::;t ' ^*+^^ ^'^ ^*+^' ^) • - • ^': (* + ^^ ^) • <^ (*+^' ^) •• 


■ ■B\ut + h,e) 

Oq 


Using the main theorem, it exists a unique real number 




^::S:^]t,t+h[ 




such that 

^'■■f (t + h) = z^'-f it) + h (z^'-f) (C'"t) ■ 

bi,...,bg ^ ' bi,...,bq ^ ' \ bi,...,bq J \^bi,...,bq J 





Since the component by indices r^' V^ of a tensor Pt+h,t (^c(t+/i)) is ^r^'"),'' i't), it results 
that 



lim rr- 



r"i--"''c{t+h)-T^--i*Pc(i) / ... 

lim ^^^^2 ^ "1--"^ [s-a^ ® ... Sap ® S^^ ... S^^j C (i) 



lim ^ "^--''iJy >'i'--'"iJ . /g.^ (g) ... (g> Sa„ (S> s''^ (g) ... (g) s''") c{t) 



h-^0 ^ 



= jTll'J'f^C (t) • [s-a, (g ... ® S-a^ (g s'^ ® ... ® /«) C (t) 
-jTll''''f;^c{t) ■ [s-a, (g ... g) S-a^ (g S^i g) ... g) S^') C (t) . 

Using Remark 4.5.1 and the equality 

_ _ .^idT-^''-f'c{t) dT-^'-f'c{t) 

w rpQi, •••,«» /'j.\ ""^ bi,...,bq at U\\ cu\ i bi,...,bq 



it results the conclusion of theorem. q.e.d. 

Definition 4.5.2 T/ie tensor field T G 7^ {E,tt,M) is parallel along the curve c with 
respect to the linear p-connection pT if for any ti,t2 G / it results that 

(4.5.4) Pt,,tATc(H))=T,^t,)- 

Theorem 4.5.3 The tensor field T G Tq {E, vr, M) is parallel along the curve c with 
respect to linear p-connection pT if and only if 

(4.5.5) (y9D„(,,,)T)c(t) = 0,VtG/. 
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Corollary 4.5.2 The tensor field T G Tq {E,tt,M) is parallel along the curve c with 
respect to linear p-connection pT if and only if 



_^ai,...,ap pb _ ^ai,. ap fe )€(*) = 0, Vt G /. 

bb2,...,bq' bia bi,...,bq-ib'^ bqCtJ ^ ' ' 

4.6 Formulas of Gauss- Weingarten type 

Using the main ideas of the theory of Myller configurations, introduced by R. Miron in 
[37] and applied to Finsler spaces by O. Constantinescu in [13] and his Ph.D. Thesis, 
we present the Gauss- Weingarten formulas for generalized Lie algebroids. 
Let 

'(F,zy,iV),[,]„^,(p,7?)' 



be a generalized Lie algebroid given by the diagram: 



(4.6.1) 



M- 



PA,]F,hAp,v) 



^N 



The geometry of the couple (M, h) is the geometry of the pull-back vector bundle 
{h*F, h*v, M) using the diagram 



(4.6.2) 



h*F 

M- 



h*F 



Mm 



h*v 



-^M 



Let / — >M be a differentiable curve and let M' = Im [r] o h o c) be. 

Let / >h*Fij^ji be the (/(i/i*^?, /(iM)-hft of the curve c. 

Let {Ta, a G l,p} , {sfl, a € 1, g} and (x,) ^ ^ !> -s} be the base for 

r {h*F\M', h*u\M',M') , r (T^*-^ (c, c) , r, M') and F {S^'^ (c, c) , a, M') , 

respectively. 

The dimension of type fibre of the vector bundle (^h*F\^jr, h*u\Mi,M'^ is q + s = p. 
Consequently, for any a£ l,q we have 

(4.6.3) Sa = KTa 

and for any i € 1, s we have 

(4.6.4) X. = AfT,. 

Let g = Qapt"^ 0t"^T2 (-^) ^) ^) be a (pseudo) metrical structure. 
Remark 4.6.1 The following affirmations are satisfied: 
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h*F h*F a 

1. The section g = g ag'^°' ®TP defined by 



h*F 



(4-6-5) g .p{x) = gc.p{h{x)) 

is a (pseudo) metrical structure. 

T(M') T(M') . 

2. The section g = g ab^"" ® ^ defined by 

is a (pseudo) metrical structure. 

S(M') S(M') 

3. The section g = g ijX^ ® x' defined by 

(4.6.7) T\,(x) = Af<7„,(Mx))Af 
is a (pseudo) metrical structure. 

Remark 4.6.2 Using the diagram (4.6.2) we can construct the linear p-connection of 

h*F h*F 

Levi Civita type p F of components p To . 
We have the covariant p-derivative defined by 

(4.6.8) 'jD.n. = z^ {{^7)\ '% + ""7^^) T., 

h*F\^ ,, , ^ ,, h*F 



where I p I are the components of the map p . 
Definition 4.6.1 If we can defined 

(4.6.9) ^*P T^ , «\ r f fh*F\^ dv'' h*F^„ A 

^ ' p D^m (« © 0) = ^ n p j^ i^ + p r^yj sa, 

(4.6.10) h*F^ ,„ ^, r f fh*F\^ Qfi h*F^j ^A 

^ ' P D,^o (0 e = ^M ( P ) fr + P r]^e Xi, 



pDo^,iu(BO)=v'' Ph^+ P^h^^Sa, 



(4.6.11) h*F^^ ,^^ ^n^_„h ^'/'s^ ^ f^T 

(4.6.12) yz)oe, (0 e = ^" (('p^' f^ + 'p''r;.,c^) x^. 

and we can consider the bilinear applications 

r (t''*^\m' (c, c) , T, M') X r (t'^'^Im' (c, c) , T, M') ^ r (s'^'^im' (c, c) , a, M' 

and 

r (5'^*^|M' (c, c) , a, M') X r (r^*^|M' (c, c) , r, M') -^ T (r^*^|M' (c, c) , r, M' 
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which satisfy the following relations 

(4.6.13) Vd,.^2t-, («'Af T^) = ''7d.W (n 0) F {u, v) , 



(4.6.14) p D,.^2T, [^'^jTi,J = -^? (^) ® P Dvm (0 
and 

(4.6.15) T'(if(«,.0.O=T'M,W,«). 

then we will say that the relations (4.6.13), (4.6.14) and (4.6.15) are formulas of Gauss- 
Weingarten type associated to differentiable curve c, metrical structure g and bilinear 
applications H and A. 

The bilinear application H will be called the second fundamental form of differen- 
tiable curve c. 

Remark 4.6.2 Using the base sections, then the formulas of Gauss- Weingarten type 
become: 

(4.6.13') Aj (("?)' 1^ + Vr'^^X) = ''p^ncK + HlcK, 

( /)^ ^ + p r^,Af j = -A%A2 + '/r;.,A: 






(4.6.15') g ,jHl= g ^^A%. 

5 The geometry of total space of the Lie algebroid gene- 
rahzed tangent bundle for a vector bundle 

5.1 Adapted (p, 7])-basis and adapted dual (p, 77)-basis 
In the following, we consider the following diagram: 



E 



(f,[,]^^^,(p,7?)) 



M ^N 

where {E, tt, M) G |B^| and ( (F, u, A^) , [, ] ^.^ , (p, 77) j is a generalized Lie algebroid. 
Let (p, 77) r be a (p, r7)-connection for the vector bundle (£', vr, M) . 
If we put the problem of finding a base for the J- (ii^)-module 

{T{H{p,1^)TE,{p,1^)TE,E),+,■) 

of the type 
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which satisfies the following conditions: 



(5.1.1) 

then we obtain the sections 
(5.1.2) 



r((p,r,)^!,/ds)( — 



T„ 



Tiip,rj)r,IdE) 



(5z° 



S _ _d d 



We observe that their law of change is a tensorial law under a change of vector fiber 
charts. 



Definition 5.1.1 The base 



_^ d_\ put . 



will be called the adapted {p,r])-base. 
The following equality holds good 



r (p, Me) (K) = (pL ohon)d,- (p, 7?) T-Ja, 



(5.1.3) 

where ( di, da ) is the natural base for the T (£')-module (F (TE, te, E) ,+,•). 

Moreover, if pT is the /j-connection associated to the connection F, then we obtain 

(5.1.4) V{pJdE)(lc) = {l^c.°hoT,)5i, 

where ( 5i, da ) is the adapted base for the T (£')-module (F {TE, te, E) ,+,•). 
Theorem 5.1.1 The following equality holds good 



(5.1.5) 




5 a, 5 13 


{p,ri)TE 


where 




(5.1.6) 


(p, r,, h) R\^ = F {p, Me) [h) ((P, v) K) 

-F {p, Me) (s^) ((p, v) r^) + {lI^ ° /i o ^) (P, V) ^, 


Moreove 


r, we have: 


(5.1.7) 




5a, db 


= T{p,ME)(db){{p,v)K)da, 

(p,ri)TE \ / 


and 




(5.1.8) 


T{p,Me) 


da,Si3 


ip,v)TE 


T{p,ME){da),r{p,ME)[h) 
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TE 



If we consider the problem of finding a base for the J-" (ii^) -module 

{r{ivip,v)TEr ,{{p,v)TEr ,E),+,.) 

of the type 

which satisfies the following conditions: 

(5.1.9) /5r,da\ = lA(^6rX)=0, 

then we obtain the sections 

(5.1.10) dy"" = ip,r])r'^dz°' + dy'',aeT~^. 

We observe that their changing rule is tensorial under a change of vector fiber charts. 
Definition 5.1.2 The base {dz",Sy'^) will be called the adapted dual {p,r])-base. 

5.2 Remarkable Mod-endomorphisms 

In the following we consider the diagram: 



M ^N 

where {E, vr, M) G |B"^| and ( {F, u, N) ,[,]pf^, (p, 77) j is a generalized Lie algebroid. 

Definition 5.2.1 For any Mod-endomorphism e of 

iT{{p,r])TE,{p,r])TE,E),+,-) 
we define the application of Nijenhuis type 

T{{p,r])TE,{p,r])TE,Ef -^^ T{{p,r,)TE,{p,r,)TE,E) 

defined by 

iVe {X, Y) = [eX, eY^TE + e^ [X, Y]^^^ - e [eX, Y^^^ " e [X, eY^^j, , 

for any X,Y e T{{p,r,)TE,{p,ri)TE,E). 

Remark 5.2.1 The vertical and the horizontal vector subbundles are interior differential 
systems for the Lie algebroid generalized tangent bundle 

((/9, v)TE,{p, v)te,E), [, ](p,,,)te ' (P' 



Idi 

These interior differential systems will be called vertical and horizontal interior diffe- 
rential systems. 
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5.2.1 Projectors 

Definition 5.2.1.1 Any Mod-endomorphism e of 

T{{p,rj)TE,{p,r])TE,E) 

with the property 

(5.2.1.1) 6^=6 

will be called projector. 

Example 5.2.1.1 The Mod-endomorphism 

r{{p,r,)TE,{p,r])TE,E) -^ T {{p,r,)TE,{p,r,)TE,E) 
Z^S^ + Y'^da ^ Y^da 
is a projector which will be called the vertical projector. 



Remark 5.2.1.1 We have V ((Jq) =0 and V I 9a ) = da- Therefore, it follows 

V(^da)=ip,v)Kda. 

Theorem 5.2.1.1 A {p^rf)- connection for the vector bundle {E,it,M) is characterized 
by the existence of a Mod-endomorphism V of 

iT{{p,rj)TE,{p,rj)TE,E),+,-) 

with the properties: 

V (r Up, 7?) TE, (p, 7?) TE, E)) c r (y (p, ,?) te, (p, ,?) te, e) 

V{X) = X^^XeriVip,r])TE,ip,r])TE,E) 

Example 5.2.1.2 The Mod-endomorphism 

r{{p,r])TE,{p,r])TE,E) -^ T {{p,r])TE,{p,r])TE,E) 
Z^lc + Y'^da ^ Z'^Sa 
is a projector which will be called the horizontal projector. 

Remark 5.2.1.2 We have Ti iSa) =^a and ■H(9a)=0. Therefore, we obtain Ti (da) =Sa- 

Theorem 5.2.1.2 A {p,rf)- connection for the vector bundle {E,tt,M) is characterized 
by the existence of a Mod-endomorphism Ti of 

iT{{p,r])TE,{p,r])TE,E),+,-) 

with the properties: 

niT Up, r/) TE, (p, r/) te, E))criH (p, 77) TE, (p, 7?) te, E) 
'H{X)=X^^XGT{H{p,r])TE,ip,r])TE,E). 
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Corollary 5.2.1.1 A [p^rf)- connection for the vector bundle {E,Tr,M) is characterized 
by the existence of a Mod- endomorphism 7i of 

iT{{p,r])TE,ip,r])TE,E),+,-) 
with the properties: 

Ker {%) = (r {V {p, 7?) TE, {p, 7?) te, E) ,+,•)• 
Remark 5.2.1.3 For any 

XeT{{p,1^)TE,{p,1^)TE,E) 
we obtain the following unique decomposition 

x = nx + VX. 

Proposition 5.2.1.1 After some calculations we obtain 

(5.2.1.5) iVv {X, Y) = v [nx, nY]^^^^^TE = Nh (x, Y) , 

for any X,Y (^T ((p, 77) TE, (p, 77) te, E) . 

Corollary 5.2.1.2 The horizontal interior differential system 

iHip,r])TE,{p,r])TE,E) 
is involutive if and only if N\; = or N-^ = 0. 

5.2.2 The almost product structure 
Definition 5.2.2.1 Any Mod-endomorphism e of 

{T{{p,r])TE,{p,7^)TE,E),+,-) 

with the property 

(5.2.2.1) e^ = Id 
will be called the almost product structure. 
Example 5.2.2.1 The Mod-endomorphism 

T{{p,r,)TE,{p,r,)TE,E) -^ T {{p,r])TE,{p,r])TE,E) 
Z"5, + Y'^da ^ Z"5, - Y^da 
is an almost product structure. 
Remark 5.2.2.1 The previous almost product structure has the properties: 

V = 2n- Id; 

(5.2.2.2) V = Id-2V; 

V = H-V. 
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Remark 5.2.2.2 We obtain that V Uc) = (5^ and P ( (9^ ) = -da- Therefore, it 
follows 



Theorem 5.2.2.1 A {p^r})- connection for the vector bundle (E,tt,M) is characterized 
by the existence of a Mod- endoniorphism V of 

iTiip,r])TE,ip,r])TE,E),+,-) 

with the following property: 

(5.2.2.3) V{X) = -X<^^XGT{V {p, r/) TE, {p, r/) te, E) . 

Proposition 5.2.2.1 After some calculations, we obtain 

N-p {X, Y) = 4V [HX, -HY] , 
for any X,Yer {{p, ri) TE, {p, ri) te, E) . 
Corollary 5.2.2.1 The horizontal interior differential system 

iHip,r])TE,{p,r])TE,E) 
is involutive if and only if N-p = 0. 

5.2.3 The almost tangent structure 
Definition 5.2.3.1 Any Mod-endomorphism e of 

iT{{p,r])TE,{p,r])TE,E),+,-) 

with the property 

(5.2.3.1) 6^ = 

will be called the almost tangent structure. 

Example 5.2.3.1 If {E,tt,M) = {F,u,N), g £ Ma.n{E,E) such that {g,h) is a B^- 
morphism locally invertible, then the Mod-endomorphism 

T{{p,r,)TE,{p,r,)TE,E) '^ T {{p,r,)TE,{p,r,)TE,E) 
Z^ba + Y^h ^ (5a ° /i ° ^) Z'^Qh 

is an almost tangent structure which will be called the almost tangent structure associ- 
ated to 'B^-morphism {g,h). (See: Definition 4.4.1.3) 

Remark 5.2.3.1 We obtain that 

^(9>^) (^a) = '^ig,h) (^a) = {9a°hoTT) db and J(^g^h) idbj =0. 
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Remark 5.2.3.2 The previous almost tangent structure has the following properties: 



(5.2.3.2) 



^{9.h)oV -- 


= ^{g.h)-^ 


'P°^(9,h) -- 


= -^(3,^)5 


J(g,h) ° ■^ = 


= ■^{9,hy^ 


^°^{M) = 


= 0; 


^(g,h)°^ -- 


= 0; 


^°^M -- 


= ^{9,/i)5 


^Ji.M - 


= 0. 



5.2.4 The almost complex structure 

Let us consider in the case (E, tt, M) = {F, ly, N). 

Definition 5.2.4.1 Any Mod-endomorphism e of 

(T{{p,r])TE,{p,r])TE,E),+,-) 

with the property 

(5.3.4.1) e^ = -Id 

will be called the almost complex structure. 

Example 5.2.4.1 If {g,h) is a B'^ -morphism of {E,it,M) source and target locally 
invertible, then the Mod-endomorphism 

T{{p,r])TE,{p,r,)TE,E) ^^^ T {{p,r,)TE,{p,r,)TE,E) 

Z-~Sa + Y^db ^ {g^ ohoTT) Y'>~6a -{t°ho7:) Z'^db 
is an almost complex structure. 
Remark 5.2.4.1 We have 



and 



^{9.h) [^aj = -{gaOhoTT)db 
^i9,h) (^0 " i9b°hoTT)Sa. 



Therefore, we obtain: 

^i9,h) {dc) = - (P, V) r? {g^b oho7r)~6a-{~g',ohon) 4- 
Remark 5.2.4.2 The previous almost complex structure has the following properties: 

(5.2.4.2) 



J^(g,h) ° J(g,h) = 


= n-, 


^(9,h)°'^ = 


= ~^{9,hy^ 


^{9,h) ° ^i9,h) = 


= V. 
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5.2.5 The (p, ?7)-tension endomorphism 

Since 






(5.2.5.1) 



Qyb' a y^a Q^i Qyb 

it results that 

Therefore, we can introduce the fohowing 
Definition 5.2.5.1 The Mod-endomorphism 

r{{p,r,)TE,{p,rj)TE,E) ^^ T {{p,r,)TE,{p,r,)TE,E) 
defined by 

{p, 7]) mi da) = 0{p,n)TE 

will be called the {p,r]) -tension of {p,r]) -connection {p,ri)T. 

In particular, if /i = Mm and {p,ri) = {IdTM,IdM), then we obtain the tension of 
connection T. 

Proposition 5.2.5.1 We obtain the following equalities 

J{ldE,ldM) oip,r])m = 0= {p, r/) M o Ji^MsJdM)- 

5.3 The (p, r], /i)-torsion and the (p, rj, /i)-curvature of a (p, ?7)-connection 

We consider the following diagram: 

E (^F,[,]p,^,{p,7])^ 



M >-N 

where [E, vr, M) € |B"^| and I [F, u, N) , [, J^.^ , (p, 77) J is a generalized Lie algebroid. 
Definition 5.3.1 If {E,tt,M) = {F,u,N), then the J" (£')-bilinear application 
T{ip,r,)TE,ip,r,)TE,Ef ^^^^^ T iip,r,)TE,{p,r,)TE,E) 



defined by 

'di p,r^)r- a(p,r?)rg 

Qyb Qy. 



{p,r^,h)T[5,X] =( T:r^ - .'.r^ --^ge°/^°vr)9,; 



(5.3.1) (p,r/,/i)T(,5,,aej =0 = (p,r?,^)T(5e,<5fc); 

{p,ri,h)T {Bb,~d)j =0; 
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will be called the {p,r],h) -torsion associated to {p,r]) -connection {p,r])T. 

In particular, if /i = Mm, then we obtain the {p,r]) -torsion associated to {p,r])- 
connection {p, rj) T. 

Moreover, if (p, r/) = (IdTM^IdM), then we obtain the torsion associated to connec- 
tion r. 

Remark 5.3.1 If {p, rj, h) T is the (p, ?], /i)-torsion associated to (p, 77) -connection (p, rj) F, 
then 

(5.3.2) (p, V, h) T{X, Y) = - {p, r,, h) T{Y, X), 
for any X,Y eV ((p, r/) TE, {p, r/) te, E) . 

Definition 5.3.2 If we consider the notation 

(5.3.3) (,, ,. H) n, -S' »J>!0I1 - ^(MlII _ ii^, „ „, „ , 

then the tensor field 

(5.3.4) (p, r/, /i) TVtt^ O d5* «> d^'^ 

will be called the {p,r],h) -torsion tensor field associated to {p,ri) -connection (p, 7?)r. 
Proposition 5.3.1 We obtain 

and 

{p,r],h)T{j(jdE,IdM)^'Y) = iP^V)^{j(IdE,IdM)^^J'{IdE,IdM)^) 

= ip,r^)T{X,J^ja^jaM)Y)^ 
for any X, Y € F ((p, r,) TE, (p, r,) te, E) . 

Theorem 5.3.1 Using the {p,rj) -tension tensor field 

(5.3.5) (p, ,) M^ A ^ d~z' = ((^, ,) r^ _ /^^^^) 1^ d5^ 
and i/ie {p,ri,h)- deflection of the [p^rf)- connection {p,r])T 



(5.3.6) (p, r,, /i) D^ = - (p, 77) r^ + y'^^i;^ - y'L^ ohon, 



,a(p^)r- 



we obtain that (p, rj, /i)D|^=0 z/ and only if (p, ?7)IH|J=0 and (p, 77, /i)T"^^=0. 
Proof If (p, 77, /i) 11)^=0, then deriving with respect to y'^, we obtain: 
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The equality {p, t], h) D^=0 implies: 



(1) (p, v) n = y'^^dir^ - y'Ll ohon. 






Since 



{p,il)Ul ={p,7^)Tl-y' 



dy" 



^d{p,r])Tl ^d{p,r])Tl 

= y Q b - y^bc ohoTT- y" ^ ^ ; = ^^ (p, ??, /i) t'^j,^ 

it results the equality (p, r/) IH^=0. 

Conservely, if (p, 77, /i) T"j^=0, then, multiplying with y'^^ we obtain: 

V ^ Qyb y Qyc y y be 

The equality (p, 77) EI^=0 is equivalent with: 

(3) „„)r? = /^<9^. 

Using (2) and (3), it results the equality (p, ??, /i) B^ = 0. q.e.d. 

Definition 5.3.3 The T (£')-bilinear application 

riip,r^)TE,ip,v)TE,Ef ^^^^^ Tiip,r^)TE,ip,r])TE,E) 
defined by 

(p, 7], h) M (^„, 5p) = (p, 7?, /i) R'^ „^a,; 
(5.3.7) (p, r/, /i) M U,, ^6 j = = (p, r/, /i) R T^, J« j ; 

(p,r?,/i)]Rf4,ai^ =0; 



will be called the {p,r],h) -curvature associated to {p,ri) -connection (p, 7?)r. 

In particular, if /i = Mm, then we obtain the {p,r]) -curvature associated to {p,ri)- 
connection (p, r/) F. 

Moreover, if (p, ??) = (IdrMjIdM), then we obtain the curvature associated to con- 
nection r. 

Remark 5.3.2 If (p, 77, /i) R is the (p, 77, /i)-curvature associated to (p, ?7)-connection 
(p, 77) r, then 

(5.3.8) (p, 7?, /i) R {X, Y) = - (p, 7?, /i) R (y, X) , 

for any X,Y eV ((p, r/) TE, (p, r/) r^, ^) . 
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Definition 5.3.4 The tensor field 

(5.3.9) ip,r],h)R'' ^p—^dz'^(^dz^ 

will be called the {p,r],h)- curvature tensor field associated to the {p,r]) -connection 
Using equality (5.1.5), we obtain 

Remark 5.3.3 The horizontal interior differential system {H (p, rj) TE, (p, rf) te, E) 
is involutive if and only if the (p, r/, /i)-curvature tensor field associated to the {p, rf)- 
connection (p, r/) F is null. 

Theorem 5.3.2 // J-" is the almost complex structure presented in Example 5.2.4.1, 
then {p, r],h)T = and (p, r],h)R = if and only if Njr = 0. 

Proof. After some calculations, we obtain the relations: 

Nt [Sb, Sc) = (p, V, h) T%Ja - (p, V, h) W ,^da, 

Nt (h, dc] = (p, ri, h) W Ja - (p, ??, h) T\^da, 

Nt (db, a,] = - (p, r/, h) T%J, - (p, ri, h) W J^. 

Obviously, (p, r/, h) T =0 and (p, rj, h) M =0 imply Njr = 0. 
Conservely, if Njr = 0, then we have the equalities: 

(p,7?,/i)TVa-(p,r/,/i)M'^ 6A = 0, 

(p,77,/i)E'^ Ja-(p,r/,/i)TVa = 0, 

- (p, 77, h) T-Ja - (p, r/, h) W Ja = 0. 



q.e.d. 



5.4 Tensor rf-fields. Distinguished hnear (p, 7])-connections 

We consider the following diagram: 

E (F,[,]p,,{p,v) 



M ^N 

where {E, tt, M) € [B"^| and ( [F, u, N) ,[,]pf^, (p, 77) j is a generalized Lie algebroid. 
Let 

{TZiiP,v)TE,{p,v)TE,E),+,.) 

be the J-" (£')-module of tensor fields by (g^'s)-type from the generalized tangent bundle 

{H (p, r])TE®V (p, 7?) TE, (p, 7?) te, E) . 
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An arbitrarily tensor field T is written as 

T = T^i:::0^bT.b7~^^i ... ^ ^^^ a^t^^ ... ^ dz^^® 

dai ® ... da, (g) (5y^i (g) ... (g) (Jy^^. 

Let 

(T ((p,r/)TE,(p,r/)Ti,,^),+,.,^) 

be the tensor fields algebra of generalized tangent bundle {{p, rj) TE, (p, rj) te, E). 

If Ti G 7Z]s7{{p,v)TE,{p,7])TE,E) and T2^X,%'{{p,n)TE,{p,r,)TE,E), then the 
components of product tensor field Ti (g T2 are the products of local components of Ti 
and T2. 

Therefore, we obtain Ti T2 G X^.'^glX'Z? Hp^ v) TE, {p, r/) r^,, E) . 

Let VT{{p, ri)TE, (p, ?7)t£;, £') be the family of tensor fields 

TeT{ip,r])TE,{p,r])TE,E) 

for which there exists 

TieTj^!,''iip,r^)TE,ip,r])TE,E) s^nd T2 e T^;iip,v)TE,ip,r^)TE,E) 

such that T = Ti + T2 . 

The J^ (-E)-module {VT {{p,ri)TE,{p,ri)TE,E) ,+,■) will be called the module of 
distinguished tensor fields or the module of tensor d- fields. 

Remark 5.4.1 The elements of 

T{{p,7^)TE,{p,7^)TE,E) 

respectively 

T{{{p,r^)TEY,{{p,r^)TE)\E) 

are tensor d-fields. 

Definition 5.4.1 Let {E,Tr,M) be a vector bundle endowed with a (p, r/)-connection 
(p, rj) r and let 

(5.4.1) {X,T)^-^^{p,rj)DxT 

be a covariant (p, 77)-derivative for the tensor algebra of generalized tangent bundle 

{{p,r])TE,{p,r])TE,E) 

which preserves the horizontal and vertical IDS by parallelism. 
The real local functions 

((p, 7?) H^^, (p, r,) H^^, (p, 7?) y^"„ (p, 7?) y£) 

defined by the following equalities: 

{p,r])D-,Ji, = ip,r^)H»J^, {p,r,) D~,_^~d, = {p,r,) Hfja 
(p, 7?) Z) J^ = (p, 7?) y^°^,, (p, r/) D, db = (p, 7?) V,% 

dc dc 
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are the components of a linear (/>, 77)-connection 

((p,7?)F,(p,7?)y) 

for the generahzed tangent bundle ((p, r/) TE^ (p, r/) te, E) which will be called the dis- 
tinguished linear {p^rj)- connection. 

If /i = IdM, then the distinguished linear (IdTM, -^^m) -connection will be called the 
distinguished linear connection. 

The components of a distinguished linear connection [H^ V) will be denoted 

Theorem 5.4.1 // {{p,r])H,{p,ri)V) is a distinguished linear {p,ri)- connection for 
the generalized tangent bundle {{p,r])TE,(p,r]) te,E), then its components satisfy the 
change relations: 



(5.4.3) 



(p, r,) H^^- =A'^ohoTT- \r {p, Me) [S^j l^A}ohoTTJ + 

+ {p, ri) F°^ • A^o /i o ^] . A^,o /i o TT, 

(p, r,) H^^. = M-' o vr • [r (p, Me) (d^) (Mg o vr) + 
+ {p,r])H^^-Mlon] -K^ohoT:, 

(p, r,) V^, =A'^.ohon- (p, 7]) V^^ • AJo /i o ^ • M^ o tt, 
(p, v) Vi. = Mf o vr • (p, 7?) V,l -M^.oTT- M? o vr. 

The components of a distinguished linear connection (H, V) verify the change relations: 



iji ax „ _ 



dxl 



S ( dx"^ \ i dx^ 



(5.4.3') 



HS-k- =M>7r. 



VI- 



y^c 



.4 dx^ 



Q^k 



- O TT, 



9x^ 



:- ° TT, 



dx^ ^ 

dx^ ^""dxJ " 

M^o-K- V{^^ • M^, o vr • Me o TT. 



Example 5.4.1 If {E,Tr,M) is a vector bundle endowed with the (p, r/)-connection 
(p, rj) r, then the local real functions 

d{p,v)r- d{p,7i)^ ^^ 



dyt' 



dy^ 



are the components of a distinguished linear (p, 77) -connection for ((p, rj) TE, (p, rj) te, E) , 
which will by called the Berwald linear {p, rj)- connection. 

The Berwald linear (/d^M, ^c?M)-connection will be called the Berwald linear con- 
nection. 
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Theorem 5.4.2 If the generalized tangent bundle {{p,r])TE,{p,r])TE,E) is endowed with 
a distinguished linear {p^rj)- connection {{p,r])H,{p,7])V), then, for any 

X = Z^la + Y^da G r((p, r])TE,{p,7])TE,E) 

and for any 

Teri2{p,v)TE,{p,rj)TE,E), 

we obtain the formula: 



{p, r,) Dx [t'^IZpIZ:Z~5-, ^ - ® K ® dz^' ^ -^ 
®dz^i ® dai ... (8) da, (8) Sy''^ (g) ... ^ djf'' 

= ^^T^^'y.'/j^'fe'Jl.Xf^^ai «) ... ^ ^a^ «) dl^^ (g) ... ^ dz^-i <S>da,0. 

®~da, <5j/^i ® ... 6t^ + i'^t;^':. jri!:.C le ^^i ® ■■■® 

(g^a (g) dz^^ g) ... g) (ii'^9 g) 5ai g) ... g) da, g) (Jy^l g) ... g) (5y^% 



where 



-,ai...a„ai...ar y^ /- t, \/J \ „Qi---apai---ar 






— (n r,\ fjl^ rpai...apai...ar _ _ ( „ „\ fjl^ rpOLi...apai...ar 
_l_('r, n^ r7-an--"l---"paa2...ar i /- „ „\ j^q ^ai...Q!pai...ar-ia 



3qbb2...bs ■■■ \P^'^)^bs-i'^l3i...l3qh 



KP^V)J^bn'^l3i...l3bb2...bs ••• yP^^>^bs-y'^l3i...l3 bi...bs-ib 



and 



^ft.../3;6i...fe. Ie= r {p, Me) l^dcj T^^.../?;^,...^, + 

^ r^ Ti^ TAai7."a2...apai...ar _l Cn n^ ^aprj.ai-ap-iaai...ar 

+ \P^V) Vac'^l3^...l3^bi...bs '^ -^yP^^) ^»^ ^I3^...^^bi...bs 

^ \P-> 'n ^ac -^ I3^...l3^bi...bs ^ ■■■ ^ yP-" 'l> ^a.c ^/3^.../3^6i...fe^ 
KP^V) %c^/3i.../3„6b2...fes---- ^P'^) ^bsC^Pi...l3„bi...bs-ib- 



Definition 5.4.2 We assume that {E,tt,M) = (F, z/, iV) . 

If (p, r/) r is a (p, ?7)-connection for the vector bundle {E, vr, M) and 

(p, r/) i:f,"„ (p, r/) #,"„ (p, 7?) y,"„ (p, 7?) vc, 

are the components of a distinguished linear (p, r/) -connection for the generalized tangent 
bundle ((p, rj) TE, (p, 77) te, E) such that 

(p, r,) i:f,", = (p, 7?) Hi, and (p, 7?) F^ = (p, r?) y,",, 
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then we will say that the generalized tangent bundle {{p,7])TE, {p,rj)TE-,E) is endowed 
with a normal distinguished linear {p, r])- connection on components {{p, rj) H^^, (p, rj) V^J. 
The components of a normal distinguished linear (Jd^-M, /(iM)-connection {H,V) 



will be denoted ( -f^j^, V,\ i • 

5.5 The lift of accelerations for a differentiable curve 

We consider the following diagram: 



(5.5.1) 



M ^N 



where {E,tt,M) G |B^| and ({F,u,N),[,]p,^,{p,ri)j G |GLA[ . 

Let (p, r/) r be a (p, ?7)-connection for the vector bundle {E, vr, M) . 

We admit that i{p,'r]) H, {p,r]) V) is a distinguished linear (p, ?7)-connection for the 
vector bundle ((p, rj) TE, {p, rj) te,E) . 

Let g G Man {E, F) be such that {g, h) is a B"^-morphism of [E^ vr, M) source and 
{F,u,N) target. 

Let 

(-552) I lm{ijohoc) 

t ^ y"(t)sa(r/o/ioc(i)) 

be the {g, /i)-lift of differentiable curve / > M. 

Definition 5.5.1 The differentiable curve 

I -^ {p,v)TE\i^^ 
^'■'■'^ t ^ i9>hoc{t).y^{t))^{c{t)) + ^^Jc{t)) 

will be called the differentiable {g,h)-lift of accelerations of the differentiable curve c. 
The section 

Im (c) — '-^^ {p, rj) TE\ ii„(c) 
(5.5.4) , , Q 1 a (f\ a 

m ^ {9^''hocit)-y'{t))—icit)) + ^—{cit)) 

will be called the canonical section associated to the triple (c, c, c) . 
Remark 5.5.1 For any t G /, we obtain: 



u (c, c, c) (c (t)) =[g^ohoc (t) y" (t)) — (c (t)) + ^^^ (c (t)) 
(5.5.5) _ 

+ (p,r,)r^on(c,c)or/o/ioc(t)-(<7?o/ioc(i)y'(t))^(c(t)). 
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We observe easily that u (c, c, c) (c (t)) G H (p, rj) TE\ jjn(c) if a^id only if the compo- 
nents functions {y"", a G l,n) are solutions for the differentiable equations 

(5.5.6) — — + {p,r])T'^ o u {c, c) o r] o h o c ■ {g^ o h o c) ■ u'' = 0, a £ T~r. 

Remark 5.5.2 In particular, if {p,ri,h) = {Mtm, IdM , Idpi) and {g,IdM) is locally 
invertible, then, using the ((7, JdM )-lift 



the differentiable (5, /(iM)-lift of accelerations for the differentiable curve c is 



(5.5.9) -^ + (/9, 7?) F^^ o u (c, c) o r/ o /i o c • z'^ • 2^ = 0, a G l,p, 



/ -^ (/(iTAf,/(iM)rTM|ijn(c) 

Definition 5.5.2 If the component functions 

(((7>/ioc)y", aeT~?) 
are solutions for the differentiable system of equations 

IE 

then the differentiable curve c will be called horizontal parallel with respect to the dis- 
tinguished linear {p, r]) -connection ((/?, rj) H, (p, rj) V) . 

If the component functions [y^, a £ l,nj are solutions for the differentiable system 
of equations 

(5.5.10) — — + {p,r])V^^ou{c,c) or] o ho c- u'' ■ u" = 0, a e 1, r, 

then the differentiable curve c will be called vertical parallel with respect to the distin- 
guished linear (p, r])- connection ((/?, 77) H, (p, rf) V) . 

Remark 5.5.3 In particular, if {p,ri,h) = {Mtm , IdM , IdM) and {g,IdM) is locally 
invertible, then the {g, /(iM)-lift of tangent vectors (5.5.7) is horizontal parallel with res- 
pect to the distinguished linear connection (H, V) if the component functions 

— — , i £ l,m] are solutions for the differentiable system of equations 
dt J 

dJ 
'dt 



(5.5.12) -j;- + Hj,, ou{c,c)oc- z^ ■ z" = 0, i el,m. 



Moreover, the (5, 1(iM)-hft of tangent vectors (5.5.7) is vertical parallel with respect to 
the distinguished linear connection (H, V) if the component functions 

dc^ (t) 
~dt 



9j ° ^' — H — ' ^ £ 1) "^ 



are solutions for the differentiable system of equations 

(5.5.13) — + Vj4 ° ^^ (c, c) o c • u^ • u^ = 0, i G l,m. 
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5.6 The (p, 1], /i)-torsion and the (p, t], /i)-curvature of a distinguished 
Hnear (p, r7)-connection 

We consider the following diagram: 

E iF,l]F,h,{p,v)) 



M ^N 

where {E,Tr,M) G jB^j and {{F,iy,M) ,[,]p,^,{p,r])) € |GLA| . Let {p,r])T be a (p,r/)- 
connection for the vector bundle {E, vr, M) and let {{p, rj) H, (p, rj) V) be a distinguished 
linear (p, 77) -connection for the generalized tangent bundle ((p, r/) T£', (p, r/) rg, £') . 

Definition 5.6.1 The application 

Tiip,v)TE,ip,r^)TE,Ef ^^'^^ riip,v)TE,ip,v)TE,E) 
iX,Y) ^ ip,rj)TiX,Y) 

defined by 

(5.6.1) (p, r?, /i) T {X, Y) = (p, 7?) D^l" - (p, r/) DyX - [X, Y\^^^^^^ , 

for any X,Y £ T ((p, 77) TE, (p, 77) r^;, E') , will be called the (p, 77, h)-torsion associated 
to distinguished linear {p,ri) -connection {{p,r]) H,{p,r])V) . 
The applications 

n{p,v,h)T{'H{-),n{-)),V{p,v,h)T{n{-),n{-)),...,V{p,v,h)T{V{-),V{-)) 

are called T-L{'H'H), V (TiV.) , ...,V (VV) {p,rj,h) -torsions associated to distinguished li- 
near {p,rj) -connection {{p,ri) H,{p,ri)V) . 

Proposition 5.6.1 The {p,r],h) -torsion (p, 77, /i) T associated to distinguished linear 
{p,ri) -connection {{p,rj) H,{p,rj)V), is ^.-bilinear and antisymmetric in the lower in- 
dices. 

Using the notations: 

n (p, r], h) T [6y, 6pj = (p, r], h) T"^^^^, 
V (p, r/, h) T (l^, Ip) = (p, 77, h) T-p^~da, 

(5.6.2) ^ ^P' ^, ^) T f (9c, ^/3 j = (p, ??, /i) IP%^a, 

V(p,r,,/i)T('ac,5^') =(p,r/,/i)PV^,, 

V(p,r/,/i)T('ae,4) =(p,77,/i)SVa- 
we can easily prove the following 
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Theorem 5.6.1 The {p,r],h) -torsion {p,r],h)T associated to the distinguished linear 
{p^Tj)- connection {{p,ri) H, {p,ri) V), is characterized by the tensor fields with local com- 
ponents: 

{p, V, h) T°^^ = (/>, 7?) H1^ - {p, 77) H^^ -L^^oho^, 

(5.6.3) (P>^>^)PV ={P^v)V^c^ 

(p,r?,/i)PV =^((p,r,)r^)-(p,7?)F53, 

{p,V,h)E>\^ ={p,r,)VC,-{p,v)V^,. 

In particular, when {p,ri,h) = {IdTM,IdM,IdM) , we regain the local components of 
torsion associated to distinguished linear connection (H, V) : 



(5.6.3') r.^ =vi^, P^^ 


J Tja 


SV =n"c-K"6- 




Definition 5.6.2 The application 




iTiip,,)TEAp,v)rE,E)f ^^^^^ 


T{{p,7])TE,{p,1^)TE,E) 


i{Y,Z),X) ^ 


{p,r],h)R{Y,Z),X 


defined by: 





ip, T], h) M (y, z)x = {p, 7?) Dy Up, v) DzX) 

^^^'^^ - (P, V) Dz Up, v) DyX) - {p, r,) D[Y,z],^^^,,,X, 

for any X,Y,Z G T {{p,r])TE, {p,ri) te, E) , will be called the {p,ri,h) -curvature asso- 
ciated to distinguished linear {p, rj)- connection {{p, rj) H, {p, rj) V) . 

Proposition 5.6.2 The {p,r],h) -curvature (p, ?7,/i)IR associated to distinguished linear 
{p, rj)- connection {{p, rj) H, (p, rj) V), is R-linear in each argument and antisymmetric in 
the first two arguments. 



Using the notations: 

ip, Tj, h) R (5e,~d^) h = (P^ V, h) M°^ ^,5„, 

(p, 7j, h) R (le, l^) db = [p, 7?, h) R% ^^da, 

(p, rj, h) R (dc, 5^ Is = {p, V, h) P° .^X, 

[p, rj, h) R (d„ ~5^}j db = (p, V, h) ^\ ^A^ 

{p, r],h)Ri dc, dbj6(s = {p, rj, h) S"^ f^Ja, 

{p, r/, /i) M f dd, dcjdb = {p, rj, h) S% ^^da- 
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(5.6.5) 



we can easily prove the following 



Theorem 5.6.2 The {p,r],h) -curvature {p,r],h)M associated to distinguished linear 
{p, rj)- connection ((/?, 77) H, (p, 77) V), is characterized by the tensor fields with local com- 
ponents: 



(5.6.6) 



(p, r/, h)R-^ ^^ =r(p, Me) [5^) (p, v)H^y-nP, Ids) (^j (/>, r])H'^, 
+ (p, v)Hl{p, r^)Hl^-ip, r^)H^^{p, r^)H% 
-ip,V,h)R%Mv)H%-L%oho7rip,r^)H^„ 

(p, r/, h)R% ^, =r(p, Me) (^.) (p, v)HS^-rip, Me) (^) (/>, v)HSe 



+{p,r])meip^v)Kr^p^v)^lM^v)Hi 

-(p, 7?, /i)M%^(p, il)VC,-L% o /i o 7r(p, 7?)y,"„ 



(5.6.7) 



(p,r?,/i)P", ^, = T{pJdE){dc){p,v)Hf^-'C{pJdE)[5^){p,v)Ve 
= {p,ri)V,%p,7i)H% - (p,7?)/7,"^(p,r,)y/, 

(p, r;, /i)P«, ^, = T{p, Me) {d^ (p, 7?)i:f,-^- 

-r(p, Id,,) (^^) (p, 7?)V;« + (p, r,)y,- (p, r?)i7,^^- 

-{p,v)Ht^{p,^)v,i + —{(^p,^)Ti){p,l^)v,% 



(p,r?,/i)§°^,^ =r(p,/d,,) ae (p,7?)y^ 



-r (p, Me) [d,J (p, 7?) y^", + (p, 7?) y,"^ (p, r,) y;, 
-(p,r/)y,°,(p,r/)v;f. 



3c' 



(p, 7?, /i) S-, ^, = r (p, Me) dd (p, ^) y^: 



(5.6.8) 



-r (p, Ids) (^^ej (p, r,) v;-, + (p, r,) y;, (p, 7?) y,-^ 

-(p,r/)K-(p,r/)V;-^. 

/n particular, when {p,r],h) = (MrMiIdM^MM) , we see the local components of the 
curvature associated to distinguished linear connection (H, V) in the followings: 



(5.6.6') 



j ki 



kl 



Si m,) - 4 mA + HkH^, - Hl,H^, 



kl^jc^ 



a Tjd 
dk"-bl 
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(5.6.7') 



kc 



b kc 



^ {Hi,) - 6k {V{,) + V^Htk - HlkVi'', + ^ (rf ) Vj^, 
Q-^ (.Hbk) - h Wc) + ^dc^bk - HdkVbc + -Q-^ \^k) ^bd^ 



d 



d 



(5.6.8') 



s^- bc = ^c {vj^ - ^ (^y + VLV.I - ykvfc. 



b cd 



^ i^b^c) - £7 (Vm) + v,^,v,i - v,iy,% 



d_ 



Definition 5.6.3 The tensor field 

Ric ((/>,,?) //,(/>, 7?) y) = 

(5.6.9) = (p, r/, /i) M „ pdz'^ ® dz^ + (p, r],h)F ^ ^dz'^ 5y^ 

+ (p, 7],h)W a ^Sy" «) dz^ + {p, v,h)Sa bSy" ® Sy\ 



(5.6.10) 



{p, r],h)¥ a (5 = {p, V, h) R"^ p^ {p, 'n,h)§ ab = {p, V, h) ^"^ ^^ 



will be called the Ricci tensor field associated to distinguished linear {p,r]) -connection 
{{p,v)H,{p,rj)V). 

This tensor field will be used to write the Einstein equations in Subsection 5.10. 



5.7 Formulas of Ricci type. Identities of Cartan and Bianchi type 

We consider the following diagram: 

{F,l]F,h,ip,v)) 



E 



M- 



N 



where (^,7r,M) G |B^| and {{F,v,M) ,l]pj^,{p,ri)) G |GLA| . Let {p,rj)T be a (/3,r/)- 
connection for the vector bundle (£', vr, M) and let ((p, r/) H^ {p, 77) V) be a distinguished 
linear {p, 77) -connection for the generalized tangent bundle ((p, rj) TE, (p, rj) te, E) . 

Theorem 5.7.1 Using the definition of {p,r],h) -curvature associated to the distin- 
guished linear [p^r])- connection {{p,r]) H,{p,r])V), it results the following formulas: 



{Bi 



(p, v) Dux (p, v) Duy'HZ - (p, 77) DuY (p, v) Dhx'HZ 
= (p, r,, h) M {%X, UY) nZ + (p, r,) D^^^xmy^^^^.^.^Z 

+ ip,r])Dy[^X,HY]^^^^^^^^Z, 

(p, 77) Dyx (p, r]) D-uyT-LZ - (p, r/) D-^y (p, rf) D^x'HZ 
= (p, 77, h) M (VX, -HY) UZ + (p, 77) Z)^[vx,w](,,,)^^^^ 
+ (p,r/)Z)v[vx,w](^,^)^^^^, 

(p, 77) Dyx (p, ??) DvyT-LZ - (p, 77) Dvy (p, r]) DyxT-iZ 
= (p, r/, h) E (VX, Vy) ?^Z + (p, 77) i?v[vx,vy](,,,)^^^^, 
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and 



{132 



{p, V) D-HX {p, v) DuyVZ - (/>, ri) D^y {p, v) DnxVZ 
= {p, r,, h) R {-HX, nV) VZ + (p, r,) Z)^[^^,^y]^^^^^^ VZ 

(/?, 7]) Dvx {p, ri) DnvVZ - (p, 7]) DuY (/>, ??) DyxVZ 
= (p, 7?, /i) M (VX, ?^y) VZ + (p, r/) Z);,[vx,w](,.,)^^ VZ 

(p, rj) Dvx {p, v) DvyVZ - (p, 77) DvY (p, ??) -DvxVZ 

= (p, 7?, h) R (VX, Vy) VZ + (p, r/) Z)v[vx,vy](,,,,^^ VZ. 

Using the previous theorem, the horizontal and vertical sections of adapted base and 
an arbitrary section 

we propose the following 

Theorem 5.7.2 We obtain the following formulas of Ricci type: 



(TZi 



Z" 



I7I/3 



Z^ 



'1^,^ = (p, r/, h) R% ^^Z' + [L^^ ohoTTJZ- 

+ {p,V, h) T"^^Z" U + {p,V, h) T%^~Z'- 1, 
Z"|^|6 - Z"|6|-, = (p, r/, /i) P", ^.Z'^ - (p, 7?, h) P%Z"U 
-(p,r/)EI^^Z"U, 

Z^lelfe - Z°Uc = (P, ^, /i) S"e ,feZ^ + (p, ^, h) ^\,Z^\a, 



and 



(7^2 



■y^a 



I7I/3 



+ (p,r/)T^^^y-|,+ (p,7?,/7)T^^^y-|„ 



^a 



1^1, - y«|,|^ = (p, 7?, /7) P-, ^,y^ - (p, r/, /i) p-^,y«| 



(p,7?)IHg^y-|e, 



Y%\b - y"Mc = (p, V, h) s"^ ,,y^ + (p, 7?, /i) s'^,,y"U. 



In particular, if {p,ri,h) = {IdTM,IdM,idM) o,nd the Lie bracket 
bracket, then the formulas of Ricci type (T^i) and (7^2) become: 



^\TM 



is the usual Lie 






, ..Z^ + T"..Z*L +T''..Z* ,,, 

h kj ' jk I" ' jk \h' 



yt yi 

^ ,k\b ^ |b|A: 



ji yh 

h kb-^ 



T>a yi\ 
■ kb^ \a 



la yi\ 



z- 



\c\b 



and 



' y^a 



(^2)' 



k\j 



Z' 



y 



\b\c 



j\k 



h cb 



Z^ + SVZ^ 



"cfc,^'= + TVyi6 + n.,y« 



'ya 



k\b 



y^a 



c\b 



\b\k 
^ \b\c 



h kb 



V' 



c va\ 
kb^ \c 



hk^ lc) 
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(5.7.1) 



Using the 1-forms associated to distinguished Hnear (p, r/)-connection ((p, ij) H, (p, ij) V) 

{p, 7?) o;^ = {p, 7?) H^^^d~z^ + {p, 7?) V^^6r, 

(p, r/) ivt = (p, r/) H^dz"' + (p, 7?) V,%5r, 
the torsion 2-fornLS 

(p, f], /i) T" = ^ (p, 7?, /i) TVc?^'^ A dp + (p, 7?, /i) F^dzf^ A <5r , 



(5.7.2) 



(p, 7?, /i) T'^ = ^ (p, 7?, h) T^dz^ A dz^ + (p, 7?, /i) P%d5^ A 5r 



+ -{p,r^,h)S%Jy'A5r 



and the curvature 2-fornis 

(p, r/, /i) M"^ = I (p, 7?, /i) M"^ ^gdF A d5^ + (p, 77, /i) P"^ ^,dF A 6y' 



(5.7.3) 



,-^d 



+-(p,r/,/i)S"^,/rA<5y 

(p, r/, /i) M", = i (p, 77, /i) M'^, ^.dz'' A d/ + (p, r/, /i) P«, ^.dz^ A 6^ 

+^{p,V,h)E>%,,5r/\6y'', 
we obtain the following 
Theorem 5.7.3 We obtain the following identities of Cartan type: 

(p, 77, h) T" = (i(^.'?)^^ (di") + (p, 77) w" A dz^^. 



(C: 



(C2 



(p, 77, /l) T" = SP'n)TE ^^ya^ j_ ^p^ ^) ^a ^ ^yb ^ 



(p, V, h) M"^ = d(^''')^^ ((p, r/) a;°) + (p, 77) a;^ A (p, 77) u:}, 
(p, 77, /i) M-, = d(^''')^^ ((p, r/) ^^) + (p, r/) a;? A (p, r/) a;g. 



In particular, if (p, 77, /i) = {IdTM,IdM,IdM) and the Lie bracket [, ]j^j^ is the usual Lie 
bracket, then the identities of Cartan type (Ci) and (C2) become: 



(CiY 

and 

(C2)' 



T" = SldTE,IdE)TE (^g-a^ + w^ A (5j/^ 



i^. ^ ^{IdTE,IdE)TE /^\ ^ ^i^ ^ ^fc^ 
r, = SIdTE,IdE)TE /^ax + ^a ^ , 



^ _ u,- ---. --- yuj^) -ruj^ /\uj^. 

Remark 5.7.1 For any X,Y,ZeT ((p, 77) TE, (p, 77) te, E), the following identities 

V{p,ri,h)R{X,Y)nZ =0, 
?^ (p, r/, /i) M (X, y) VZ =0, 



(5.7.4) 
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(5.7.5) 



and 



VDx{{p,7],h)R(Y,Z)HU) = 0, 
nDx{{p,v,h)R{Y,Z)VU) =0, 



(5.7.6) (p, f], h) R{X,Y)Z = n (p, f], h) M {X, Y)nZ + V (p, f], h) M (X, Y) VZ. 

hold. Using the formulas of Bianchi type from Theorem 4.2.3 and Remark 5.7.1, we 
obtain the following 

Theorem 5.7.4 The identities of Bianchi type: 

Y, {n {p, v) Dx Up, V, h) t {y, z)) - n {p, r,, h) m {x, y) z 

cyclic{X,Y,Z) 

+n{p,v,h)T{n{p,v,h)T{X,Y),Z) 

+n {p, V, h) T (V (p, 11, h) T {X, y) , z)} = 0, 



{Bi 



Y, {V (p, r?) Dx ((p, r?, h) T {Y, Z)) - V (p, r?, h) M (X, Y) Z 

cydic{X,Y,Z) 

+V{p,7i,h)T{n{p,7i,h)T{X,Y),Z) 

+V (p, r/, ^) T (V (p, r/, ^) T (X, Y) , Z)} = 0. 



and 



{B2 



Y {n{p,v)Dx{{p,V,h)R{Y,Z)U) 

cycUc{X,Y,Z,U) 

-n (p, r/, /i) M {% (p, r?, /i) T {X, Y),Z)U 

-n (p, r/, h) M (V (p, r?, h) T (X, y) , Z) ^} = 0, 

Y {Vip,v)Dxi{p,V,h)RiY,Z)U) 

cyclic{X,Y,Z,U) 

-V (p, r?, /i) M (7^ (p, r?, /i) T (X, Y),Z)U 

-V (p, r?, /i) M (V (p, r/, /i) T (X, Y) ,Z)U} = 0, 

hold good for any X,Y, Z £T ((p, rj) TE, (p, r/) te,E) . 

Corollary 5.7.1 Using the following sections {6Q,5-y,6p), the identities {Bi) become: 
J2 {{p,V,h)T-^^^^-{p,rj,h)R-^^, 

cyclic{l3 ,^ ,9) 



(Si 



+ 



(p, 77, h) T\, (p, V, h) T"^^ + (p, 77, /i) T''^, (p, r/, /i) T"^„} = 0, 



Y [{P^V:h) T- p^^^ + (p, 77, /i) T"^, (p, r/, /i) P«^^ 

cyc/ic(/3,7,0) 



+ 



(p,77,/i)P%(p,r/,/i)P-,^}=0, 
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and using the following sections {Sx,Sg,S^,5i3), the identities {B2) become: 



{B2)' 



J2 {{p,r],h)R-f,^,^^-{p,r^,h)T%^{p,v,h)R-^ 

cyclic(f5,'y,0,X) 

J2 {{p,V,h)R\ .^e,, -iP^V, h) T%^ {p, V, h) W^ 

cyclic{l3,'y,8,X) 



7/i 



(/>,7?,/l)T«,^(p,7?,/l)P°^^„} 



0. 



Using another base of sections, we shall obtain new identities of Bianchi type nec- 
essary in the applications. 

5.8 The (p, ?7)-(pseudo)metrizability 

We consider the following diagram: 

E {F,l]F,h,iP,v)) 



M- 



-^N 



where {E,7r,M) G |B^| and ({F,u,M),[,]pf^,{p,r])] G jGLAj . Let (/?, 77) T be a (p,r/)- 
connection for the vector bundle {E, tt, M) and let ((p, rf) H, {p, 77) V) be a distinguished 
linear {p, 77) -connection for the generalized tangent bundle ((p, rj) TE, (p, 77) te, E) . 

Definition 5.8.1 A tensor d-field 

G = g^pd-z'^ d~z^ + gabSr ® ^v' G ^7^^ ((p, v) TE, (p, r/) te, E) 

will be called pseudometrical structure if its components are symmetric and the matrices 
\\gai3 (^a;)||and \\gab iux)\\ are nondegenerate, for any point Ux G E. 

Moreover, if the matrices \\gai3 i'Ux)\\ and \\gab i'Ux)\\ has constant signature, then the 
tensor d-field G will be called metrical structure. 

Let 

G = gafsdz" ® dz^^ + gabSy"" 5y^ 

be a (pseudo) metrical structure. If a,/3 € l,p and a,b £ l,r, then for any vector local 

[m + r)-chart iU, suj of I E, vr, M ) , we consider the real functions 



and 






-gba 



such that 



TT-' {U) 



\~gP^ K)|| = \\g^p K)|r^ , Vu, € ^-1 (^7) \ {Oj 
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and 

ll^''^ K)|| = \\gab K)ir' , Vtx, G TT-i ([/) \ {OJ 

respectively. 

Definition 5.8.2 We will say that the (pseudo)metrical structure 

G = ga^dz'^ ® dz^ + gab^T ^ H^ 

is Riemannian (pseudo)metrical structure if around each point x G M it exists a 
local vector m + r-chart {U,su) and a local ?TT,-chart {U,^ij) such that ga/s o s^^ o 
{S,^^ X Id^"^) {x,y) and gab o s^^ o (^^^ x /dRm) (x,?/) depends only on x, for any 
n^j; G TT^i ([/) . 

If only the condition is verified: 

" 9a(S o s^ o (^^ X IdM.rri) {x,y) depends only on x, for any Ux G 7r~^ [U)" respec- 
tively "gab o s~^ o (^^ X /diRm) (x,y) depends only on x, for any u^ G vr^^ (f^)", then 
we will say that the (pseudo)metrical structure G is a Riemannian Ti- (pseudo)metrical 
structure respectively a Riemannian V - (pseudo)metrical structure. 

Definition 5.8.3 We will say that the (pseudo)metrical structure 

G = gaf^dz"" ^ dz^ + gabSy'' ^ by^ 

is a locally Minkowski structure if around each point x (z M there exists a local vector 
m + r-chart ([/, su) and a local ?n,-chart {U, S^jj) such that ga/s os^ o (^^ x IdM.rri) [x, y) 
and gab o s^ o (^~ x Id-^m.^ (x, y) depends only on y, for any u^ G vr"^ ([/) . 

If only the condition is verified: 

"gafS°s^ °{S,i} X Id^^) {x,y) depends only on y, for any Ux G vr^^ {U)" respectively 
"dab o Su o [^jj X Idwjn) {x,y) depends only on y, for any Ux G tt"-*^ {U)", then we 
will say that the (pseudo) metrical structure G is a (pseudo)metrical structure Ti-locally 
Minkowski and V-locally Minkowski, respectively. 

Definition 5.8.4 The generalized tangent bundle {{p,r])TE, {p,ri)TE,E) will be called 
{p,ri)-(pseudo)metrizable if there exists a (pseudo) metrical structure 

G = g^i^dz'^ <g) dz^ + gabSr «> Sy^ 

and a distinguished linear (p, 77) -connection 

iip,v)H,ip,v)V) 

such that 

(5.8.1) (p, r/) D^G = 0, VX G r ((p, 7?) TE, {p, 7?) r^, E) . 
Condition (5.8.1) is equivalent with the following equalities: 

(5.8.2) 5^/317 = 0, gabl-y = 0, gai3 \c= , gab \c= 0. 

If (7q,^I^=0 and 5'ab|7=0) then we will say that the vector bundle ((/?, ri)TE, (/>, 77)r£;, -E) 
is 'H-{p,r])-(pseudo)metrizable. 

If (7q,/3|c=0 and (70610=0, then we will say that the vector bundle ((/>, ri)TE, (p, ri)TE, E) 
is V-{p,ri)-(pseudo)metrizable. 
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/ 0\ 

Theorem 5.8.1 If I (p, r/) H, (p, r])V\ is a distinguished linear [p, 7])- connection for the 

generalized tangent bundle {{p,ri)TE,{p,ri)TE,E) and G = g^pdz'^^dz^ +gab^y°'^5lf' 
is a (pseudo)metrical structure, then the following real local functions: 



iP,r])H^^ =-r'[rip,IdE)[6^)gep 



+r (p, Me) {6/3 j ge^ - T {p, Me) [Ssj g^-y 
+9eeLf^l3 ohoTT - gpeL'^^e ohon - ge^L'^p^ oHott) , 



iP,v)H^ =ip,r])H,^ + lr9 
(5.8.3) 2 6c|7 



Pe\c 



(P> r,) V,l = \r (r (p, Me) [d^i 5e6 

+r (p, Me) (dA gee - T (p, Me) [ de 1 gbc 



are components of a distinguished linear [p^r])- connection such that the generalized tan- 
gent bundle {{p,ri)TE,{p,ri)TE,E) becomes {p,r])-(pseudo)metrizable. 

( ° °A 

Corollary 5.8.1 If the distinguished linear {p,r])- connection I {p,rj) H,{p,r])V 1 coin- 
cides with the Berwald linear {p,ri) -connection, then the local real functions: 

(p, v) il^fi^ = \r' (r (p, Me) (5^) gefi + r (p, Me) {l^ ge^ 



-T (p, Me) [5ej 5/37 + geeLZ^p o /i o vr 
-g^eL^^e ohoTT- ge-yL'^ps o ft, o vr ^ 
(5.8.4) . .^" d{p,v)r^^ 1,^^ 



(P>^)V=2r^^, 



Irae fdgeP , ^^ec ^^fec 



are the components of a distinguished linear {p,r]) -connection such that the generalized 
tangent bundle {{p,ri)TE,{p,ri)TE,E) becomes {p,rj)-(pseudo)metrizable. 

Moreover, if the (pseudo)metrical structure G is H- and V -Riemannian, then the 
local real functions: 
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dgpi^ 



+ge£Vi^poho'K - gpeVt^^ohoTT - ge^L^^^ohonj , 
ca dip,r^)T- 1 .,, / , dg,, dp^ dpT^^ \ 

[P, V) Hh^ = ^-r '- + -g p^ohoTT—- - -—r^gec - -TT-^Qeb , 



(5.8.5) 

(p,r?)F^, = 0, (p,r?)FL = 

are t/ie components of a distinguished linear [p^r])- connection such that the generalized 
tangent bundle {{p,ri)TE,{p,ri)TE,E) becomes (p,r])-(pseudo)metrizable. 

Theorem 5.8.2 Let {p,r])T be a [p^r])- connection for the vector bundle {E,tt,M) . Let 

0^ 

{p,v)H,{p,r])V 



be a distinguished linear {p^rf)- connection for {{p,ri)TE,{p,ri)TE,E) and let 

G = gaisdz"^ dzl^ + gah^y" ® 6y^ 

be a (pseudo)metrical structure. 
Let 

(5.8.6) -^ \ 

Oil = 2 (^t^c - %cD , OIT = - {5161 + g,,D , 

be the Obata operators. 

If the real local functions ^«^;^flc' -^'^c '^''^ components of tensor fields, then the 
local real functions are given in the following: 

(5_g_7) (p, v) HS, = {p, v) h\ + o,",^y4, 

{p,^)v- = {p,v)K+oiryec, 

are the components of a distinguished linear {p,r])- connection such that the generalized 
tangent bundle {{p,ri)TE,{p,ri)TE,E) becomes {p,r])-(pseudo)metrizable. 

Theorem 5.8.3 Let {p,r])T be a {p^rf)- connection for the vector bundle {E,Tr,M). 

If 

o^ 

{p,r])H,{p,r])V 



is a distinguished linear [p^r])- connection for the generalized tangent bundle 

{{p,r])TE,{p,r])TE,E) 

and 

G = g^pdz'' ® dz^ + gabSr «> Sf 
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is a (pseudo)metrical structure, then the real local functions: 

(5.8.8) ^ ^'1'^ 

{p.n)v:, = {p,v)K, + \r9eX 

are the components of a distinguished linear {p,rj) -connection such that the generalized 
tangent bundle {{p,ri)TE,{p,ri)TE,E) becomes (p,r])-(pseudo)metrizable. 

5.9 Generalized Lagrange (p, ?7)-spaces, Lagrange (p, ?7)-spaces 
and Finsler (p, r7)-spaces 

We consider the following diagram: 

E {F,l]p^h,iP,v)) 



M ^N 

such that {E, vr, M) = (F, v, N) and the generalized tangent bundle 

{{p,v)TE,{p,r])TE,E) 

is (/9, 77)-(pseudo)metrizable. 

Definition 5.9.1 A smooth Lagrange fundamental function on the vector bundle 
{E,Tr,M) is a mapping 

E -^ M 

which satisfies the following conditions: 

1. L o n G C°° (M), for any n G T {E, tt, M) \ {0}; 

2. L o G C° (M), where means the null section of {E, tt, M) . 

Let L be a Lagrangian defined on the total space of the vector bundle [E, tt, M) . 
If {U, sjj) is a local vector (m + r)-chart for {E, vr, M), then we obtain the following 
real functions defined on tt""'^ ([/): 

put uLi put ^ / T \ T P^^ P"* I /" r \ 

3x* 3x* * dx^dv^ dx^ \ du^ 

(5.9.1) 2 

pMi C'lv put U , put U Li put U I U , , 

Definition 5.9.2 If for any local vector m + r-chart {U, sjj) of {E, vr, M) , we have: 

(5.9.2) rank\\Lab{u3;)\\ = r, 
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for any Ux ^ it ^ (U) \ {Ox}, then we will say that the Lagrangian L is regular. 

Proposition 5.9.1 If the Lagrangian L is regular, then for any local vector m + r-chart 
{U,su) of {E,iT,M) , we obtain the real functions L"^ locally defined by 



(5.9.3) ^ (^) ' 

Ux I > L [Uxj 



' ab I 



where 



L^^iux) =\\Lah{ux)\\ ^ , for any Ux e TT ^ ([/) \ {0^} 



Definition 5.9.3 A smooth Finsler fundamental function on the vector bundle (£', vr, M) 
is a mapping 

E -^ IR+ 

which satisfies the following conditions: 

1. F o n G C°° (M), for any u G T {E, tt, M) \ {0}; 

2. F o € C° (M), where means the null section of {E, vr, M); 

3. F is positively 1-homogenous on the fibres of vector bundle {E, vr, M) ; 

4. For any local vector m + r-chart {U^ sjj) of (E, tt, M) , the hessian: 

(5.9.4) \\F\b{^x)\\ 

is positively define for any Ux € vr^^ {U) \ {Ox}- 

Definition 5.9.4 If the (pseudo) metrical structure G is determined by a (pseudo) metrical 
structure 

g ^T 1{V {p,r^)TE,{p,r^) ,TE,E) , 

then the (p, 77)-(pseudo)metrizable vector bundle 

((p,r/)rF,(p,r/)rs,F) 

will be called the generalized Lagrange {p,r]) -space. 

In particular, if the (pseudo) metrical structure g is determined with the help of 
a Lagrange fundamental function or Finsler fundamental function, then the {p, rj)- 
(pseudo)metrizable vector bundle 

{{p,r])TE,{p,r])TE,E) 

will be called the Lagrange {p,ri)-space or the Finsler {p,ri)-space, respectively. 

The generalized Lagrange {IdrM , IdM)-space, the Lagrange {IdrM, /(iM)-space, and 
the Finsler {IdTM,IdM)-space will be called the generalized Lagrange space, Lagrange 
■space, Finsler space. 

Definition 5.9.5 The normal distinguished linear {p, 77) -connections of a Lagrange or 
Finsler (/?, ?7)-space will be called Lagrange or Finsler linear {p,!^)- connections. 

The Lagrange and Finsler linear {IdTM,IdM)-corm.eci\OTis will be called Lagrange 
and Finsler linear connections, respectively. 
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Theorem 5.9.1 If the (pseudo) metrical structure G is determined by a (pseudo)metrical 
structure 

geT''^{V{p,v)TE,{p,r]),TE,E), 

then, the real local functions: 

{p, v) H-^ = hf^ (r (^, Ue) {h) 9ec + r (p, He) {5c) 9be - T (p, Me) (Se) gbc 

- gcdLte° (^°^) +9bdLic° (.hoTT) - gedLtc° (^o^t)) , 



{P,V)V{^C =\r{^{~pJdE){d)jgeb 

+r {p, Me) (dA gee - T {p, Me) ( de ] gbc 



are the components of a normal distinguished linear {p, r])- connection with {p, r])-T-L {T-LTi) 
and {p,r])-V (W) torsions free such that the generalized tangent bundle 
((/?, rj) TE, {p, rj) te, E) derives generalized Lagrange (/?, rj)-space. 

This normal distinguished hnear {p, 77)-connection will be called generalized linear 
{p,ri)- connection of Levi-Civita type. 

If the (pseudo)metrical structure g is determined with the help of a Lagrange and 
Finsler fundamental function, then the Lagrange and Finsler linear (p, ?7)-connections 
will be called canonical Lagrange and Finsler linear {p,r])- connection, respectively. 

The canonical Lagrange and Finsler linear (Jd-rMi-^'S^A^) -connection will be called 
the canonical Lagrange and Finsler linear connection respectively. 

Theorem 5.9.2 Let {{p,ri) H, {p,ri) V) be the normal distinguished linear {p,r])- connec- 
tion presented in the previous theorem. 

If 

TlX ® dz' d~z' G r^l" ((p, v) TE, {p, 7]) TE, E) 

and 

Steda ^ Sf 6r G 7^i ((/>, V) TE, {p, r,) te, E) 
such that they satisfy the conditions: 

then the following real local functions: 



{p, v) H-^ = {p, v) HI + -r [gedTt - gbd^t + gcdTt , , 



(5.9.6) 

(P, V) V,l = {p, 7?) y£ + -r [ged^te - ghdte + ffcrfS^ 

are the components of a normal distinguished linear (p, rj)- connection with {p, r])-T-L {%%) 
and {p,r])-V iyV) torsions a priori given such that the generalized tangent bundle 
{{p,ri)TE,{p,ri) Te, E) derives generalized Lagrange {p,r])-space. 
Moreover, we obtain: 

,,,,^ ^te=iP^V)HSe-iP^V)H^eb-Lte°hon, 

(5.9.87 

Sl={p,r^)V,%-ip,r^)V-. 
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5.10 Einstein equations 

We shall consider a metric structure 

G = gaf^dz'' ^ dzf^ + gabSy" ^ 6y^ 

and a distinguished linear (p, ?7)-connection ((/?, rf) H, (p, rf) V) compatible with the struc- 
ture metric G having % {WH) and V (VV)-torsions prescribed. 

Definition 5.10.1 If (/?, r/, /i) M ^ ^ and {p, r],h)§ a b are the components of tensor Ricci 
associated to distinguished linear (p, ?7)-connection 



then the scalar 
(5.10.1) 



{{p,v)H,{p,r])V), 



{p, 7],h)R = (p, V,h)Ra /35"^ + (P, V,h)Sa b^'' 



will be called the scalar of curvature of distinguished linear {p,ri)- connection 
{{p,r])H,{p,r,)V). 



Definition 5.10.2 The tensor field 

(p, r],h)T = (p, v,h)T a fsdz'^ ^ dz^ + (p, r/, /i) T „ ^di" ® 6f 
+ {p,7],h)T a^Sr^d2'^ + {p,r],h)T abSr^Sy'' 

such that its components verify the following conditions: 



(5.10.3) 



x{p,ri,h)T a 13 =(/>,??, ^) K Q /3 - 2 (P' V, h) R-gai3, 

->c{p,r],h)T ab = {p,r],h)F ab, 

x{p,ri,h)T a 13 = {p,r],h)F a 13, 

>c{p,r],h)T a b = {p,r],h)S ab- - (p, ??, h) R-gab, 



where x is a constant, will be called the energy-momentum tensor field associated to 
distinguished linear [p^rj)- connection {{p,ri) H,{p,ri)V) and metrical structure G. 

The equations (5.10.3) will be called the Einstein equations associated to distin- 
guished linear {p^rj)- connection {{p,r]) H,{p,ri)V) and metrical structure G. 

Formally, the Einstein equations will be written 



(5.10.3') 



Ric ((p, 7?) H, (p, 7?) y) - - (p, r/, h) R-G = x- (p, r/, h) T. 



5.11 Mechanical systems 

Using the diagram: 



(5.11.1) 



E 



EA,]E,h^iP^^) 



M- 



-^M 
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where f {E, vr, M) , [, ]^ /j , (/>, ??) ) is a generalized Lie algebroid, we build the generalized 
tangent bundle 

(((p, r])TE, {p, r])TE, E), [,](p^n)TE, (p, IdE))- 

Definition 5.11.1 A triple 

(5.11.2) ((i^,7r,M),Fe,(/9,7?)r), 
where 

(5.11.3) Fe = F" J^ G r (y (p, r/) TF, (p, r/) r^,, F) 

is an external force and (p, r/) F is a (p, ?7)-connection, will be called the mechanical 
{p, 7]) -system. 

A mechanical (p, 77) -system 

((F,7r,M),Fe,(p,7?)r) 

endowed with a (pseudo) metrical structure G determined with the help of a (pseudo) metrical 
structure 

9 = 9abdr ®dy^^T [J^ ((p, r/) TE, (p, r/) r^j, F) 

will be denoted 

(5.11.4) ((F,7r,M),Fe,(p,7?)r,G). 

and will be called generalized Lagrange mechanical {p,ri) -system. 

Any mechanical (/(iTM)-^(^M)-system and any generalized Lagrange mechanical 
{IdTM,IdM)-system. will be called mechanical system and generalized Lagrange me- 
chanical system, respectively. 

Definition 5.11.2 If L (respectively F) is a smooth Lagrange (respectively Finsler 
function), then we put the triples 

((F, TT, M) , Fe, L) ( respectively (F, F^, F)) 

where Fe = F""-—^ G F (y (p, 77) TF, (p, 77) te, E) is an external force. These are called 

Lagrange mechanical {p,ri)-system {Finsler mechanical {p,r])- system, respectively). 

Any Lagrange mechanical (JdT a/, 7^^) -system and any Finsler mechanical 
{LdTM,IdM)-systeioa will be called Lagrange mechanical system and Finsler mechanical 
system, respectively. 

5.11.1 (p, r/)-semisprays and (p, r/)-sprays for mechanical (p, r/)-systenis 
Let ((F, 7r,M) ,Fe, (p, r/)F) be an arbitrary mechanical (p, ?7)-system. 

Definition 5.11.1.1 The vertical section 

(5.11.1.1) C=y''da, 

will be called the Liouville section. 
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Definition 5.11.1.2 The section S G T {{p,r])TE,{p,7])TE,E) will be called (p,r/)- 
semispray if there exists an almost tangent structure e such that 



(5.11.1.2) 



e{S) = C. 



Let g € Man (E, E) be such that (5, h) is a locally invertible B^-morphism of 
{E, vr, M) source and {E, vr, M) target. 

Theorem 5.11.1.1 The section 

(5.11.1.3) S={gtoho vr) y^ A _ 2 (g'^ - If^) A 

is a {p, ri)-semispray such that the real local functions G", a £ l,n, satisfy the following 
conditions 



(5.11.1.4) 



{p, 7?) r^ =g^ohoTr 



d {G" - iF'^) 






-- (^g^ o h o TT ■ y^) L'^^o h o TT ■ g^ o h o TT, a,b £ l,r. 



In addition, we remark that the local real functions 



(5.11.1.5) 



{p,rj)tt '='~gtohon^^ 



■^ [gi o ho-iT ■ y^) L^^ o/iott-^^o/iott, a,bel,r 



are the components of a {p,ri) -connection {p,r])T for the vector bundle {E,tt,M) . 

The {p, r7)-seinispray S will be called the canonical {p, r])-semispray associated to me- 
chanical {p,r])-system {{E,Tr,M) ,Fe,{p,ri)T) and from locally invertible B^-morphism 
{9,h). 

Proof We consider the Mod-endoniorphism 



r{{p,7])TE,{p,7])TE,E) 

X 



r{{p,r])TE,{p,r])TE,E) 

Jig,h) [S, ^](p,,,)TE - [S, ^{9,h)^] (p,^)T£ 



Let X = Z"'da + y^da be an arbitrary section. Since 



[S,X] 



ip,v)TE 



{g^ohon- y^) da, Z'df, 



2{G''--F^]da,Z''db 



(p,T!)TE 



(p,ri)TE 



+ 



{g^,ohoTT-y^)da,Y% 



2(G'^--F")a„,y^9fe 



ip,n)TE 



{p,ri)TE 



and 



{g-oho7r-y-)da,Zbdb 



dZ'^ 

ip,,)TE =i9>ho^.y^)pl^oho^ — ^ 

7b j r dig^ohoTT-y'') ~ 
-Z ploho vr —. dc 

+ {g-,oho7T.y')Z'Ll,d,, 
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{g^oho7T-y^)da,Y% 



(p,r,)TE 



2{G--jF'']da,Z% 



{P,V)TE 



--{9e°hoTT-y^)ploho T^-g — dc 

^^b 9i9e°hoTr-y'') ~ 
V 4 J dy^ " 



it results that 



{P,V)TE 



2 {G'^ - IF^) ipS, - 2^^^ '-de, 



dZ^ 



7.d 



J{g,h) [S, X] (^ ,^)y^ ={glohoTT-y'')p\oho vr^ ■ g'^ o h o nda 
-Z p^oho TT —. g^ohoTTdd 



fPi 



+ {g-,oho7r-y')Z'Ll,.~gioho7:dd 



dyb 



1 \ f)Z'^ 

-2{G^--F^j — -gtohond,. 



Since 



and 



[S,J(g,h)X] 



ip,v)TE 



{gloho-K- y"") da,gl oho nZ'^dc 



2(G^--F'']da,gtohonZ>'d, 



(P,V)TE 



(p,r,)TE 



{g^oho-K ■ y^) da, gloho TiZ^dc 



{p,v)TE 



(5f> /i o vr • y^) p> /i o vr- 



o h o ttZ 



dd 



-g^ohoTT-Z -— '-dd, 

oy" 



2(G''-^F-]da,g'boho7TZ% 



{p,v)TE 



2 ( G" - -F" 



d(gfohoTT.Z^ 
~~dy^ 



d. 



-2~gl ohoTT- Z^^i^l-i^^rf 
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it results that 

-gbohoTT- Z — '-dd 



We remark that 



/ 1 X 5 ^b^o/iovr-Z" 
-2 C^ - -F'^ ^ '-d, 

~^d{G'^-\F'^)-~ 
+2~gl ohoTT- z'^-^-^-Ldd. 



dgfoho^Z^ __^_,_ ^_^ ..._5^^ ~d 



{glohoTl.y^)p\oho TX ^^. =g^ohoTT- y^ p\ oho TT^— ■ g^ O h O TT 

p^h i 1 d(g^ohoTT ■ y^) , , 



dx^ 



^ ^rbd{g'e°ho'K-y'^) 

and 



dy^ 



-.d _.c ,_ ~,a(fffo/io^-j/^) 



Z^ =gloho7r-Z'' 



dy" 
Using equahties (Pi) and {P2), we obtain: 



Z'^da + Y'^daj =Z''da + 

+ I-Y-- 2gl o h o vr^i^^^-^l^Z^ +(^gdoho7r- y^) Z^L^ o ho n ■ g^c o ho tt) B^. 

After some calculations, it results that P is an almost product structure. 
Using the equality 

P = /d-2(p,r/)r, 

we obtain that 






Y- + -glohoTT ' ^^^^ ' Z' --[glohoT:.y-] Z'L^ oho7r-rcOhoTr]da 



Since 



{p, v) r (z^Ba + Y'^Ba] = (y'^ + {p, v) r?^') Ba 

it results that relations (5.11.1.4) are satisfied. In addition, since 



1 riV' 

{p,ri)tl = {p,r^)Tl+-gioho^^ 
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and 



a, 1.6- . dF- 



= M>^(^p^o/iovr.^/+(p,ry)r^)M,^o/iovr 



(rlTVI'^ f 1 r)V^\ \ 

= M>7r (^p^/iovr . ^/ + (p, r,) T" J M^o/iOTr 

it results the conclusion of the theorem. q.e.d. 

Remarks 

1. If (p, ??) = (IdTpijIdM), ig,h) = {Me, IdM), and F^ 7^ 0, then we obtain the 
canonical semispray associated to connection T which is not the same canonical 
semispray presented by I. Bucataru and R. Miron in [7]. 

2. If {p,7]) = {IdrM, Mm), {g,h) = {Me, Mm), and F^ = 0, then we obtain the 
canonical semispray associated to connection T which is not the classical canonical 
semispray associated to connection T. 

Using Theorem 5.11.1.1, we obtain the following: 

Theorem 5.11.1.2 The following properties hold good: 

o 

1° Since Sc = dc — {p, r]) t^da, c G 1, r, it results that 



(5.11.1.6) 6c = Sc- -gcOhoTT ■ -T^da, c G 1, r. 



1-fe ^ dF-~^ _ 

— q^ o ft o vr • ——r_ 



2° Since Sy"" = {p, rf) T'^dz^ + dy"", it results that 
(5.11.1.7) hr = 5r + -/c ° h o vr^dr, a G T;7. 

Theorem 5.11.1.3 The real local functions 



d{ p,v)Tl d{p^T- 

Qyb ' Qyh 



(5.11.1.8) (^^^^'^^^%f^'0' ^\^-^b,c^—r, 

and 



(5.11.1.8') y ^^J \ YJ 'Q' OJ, a,6,cGl,r, 

respectively, are the coefficients to a normal Berwald linear {p^rf)- connection for the 
generalized tangent bundle {{p, rj) TE, {p, rj) te, E). 
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Theorem 5.11.1.4 The tensor of integrability of the {p,r]) -connection {p,r])T is as 
follows: 



(51119) 1 (~e r. dF". ^ d'F'' . ^ dF"^^ ^ a^F" \ 



where i^ is the h-covariant derivation with respect to the normal Berwald linear {p^rj)- 
connection (5.11.1.8). 

Proof. Since 

(p, r?, h) M^^ = r (p, Me) {l^j ((p, r/) f ") - T (p, Me) (s^^ ((p, v) f ? 
+Ll^oho{ho7T){p,r,)tt, 
and 



r (p, Me) { ~5c ] ( (p, v) ry = r (p, Me) (6,) ((p, ,?) r^) 

+ -T{p,Me)(Sc) {g^a°hoTT 



1 5F-/' 5 

4^" dy^ dyf ^^^ " '^' 



r (p, /d^) ri] ((p, r,) f") = r (p, Me) {Id) ((p, r/) r«) 



1 / \ / BW" 

+ -T{~pJdE){5d) {~glohoTT 



1 dFf d 

1 .e , dFf d / e , aF" 



16 ^"^ ay^ dyf V % 

L^,o/i07r-(p,r,)f- = L^, o /j o vr ■ (p, ,?) r« 

+L'^cd ° ho TT ■ I gl o ho IT 1 



dyf J 
it results the conclusion of the theorem. q.e.d. 

Theorem 5.11.1.5 Let 

Tl^6a ® dz' d2' G T^o'' ((p, r/) TE, (p, r/) r^,, E) 
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and 

StA ® Sf Sr G 7^i Up, v) TE, {p, r,) TE, E) 
such that they verify the following conditions: 



TL 



-Tl,, Sl = -S%, V6,cGl,r. 



V ({P}V) E[,{p,f])V j is the distinguished linear {p,r]) -connection presented in the 
Theorem 5.9.2, then the local real functions: 



(p, 7?) HI = ip, r,) H^, + ir (-9[ o /I o vr 



(5.11.1.10) 



dF'^dgbe 
dyf dy^ 



^.f , dF^dgbc .f , dF'^dgeA 
ip,r])Kc =iP,r])Kc 



are the components of a normal distinguished linear {p, r])- connection with {p, r])-7i {%%) 
and (/9, r/)-V(VV) torsions a priori given such that the generalized tangent bundle 
{{p, Tj) TE, (/9, rf) te, E) derives generalized Lagrange {p, r])-space. 
In addition, we have: 



(5.11.1.11) 



{p,r^,h)Tl = Tl 



Proposition 5.11.1.1 // S is the canonical {p,r])-semispray associated to the mecha- 
nical {p,ri)-system {{E,tt,M) ,Fe,{p,r])T) and from W -morphism {g,h), then 



(5.11.1.12) 



2G-' = 2G-M:oho7T-{g-b°ho7T)y'{ploho7:)^. 



Proof. Since the Jacobian matrix of coordinates transformation is 



M"; oho-K 







dM" O TT 
plo{ho^)^^—y- M«ovr 



and 



dx^ 



M^ohoTT 



M^ohoTT 



{9t oho7:)y^ 
-2 ( G'* - -F"" 



{g^' o h o tt) y'' 
-2 1 G"'-^F"' 



the conclusion results immediately. 

In the following, we consider a differentiable curve I ^ M and its (g, /i)-lift I ^ E. 
q.e.d. 

Definition 5.11.1.3 The curve c is a integral curve of the (p, r/)-semispray S of the 
mechanical (p, ry)-system {{E, vr, M) , Eg, (p, rf) F), if it is verifies the following equality: 



(5.11.1.13) 



dc{t) 
dt 



T{p,IdE)S{t{t)). 
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Theorem 5.11.1.6 All {g,h)-lifts solutions of the equations: 

(5.11.1.14) ^^^ + 2G"o n (c, c) {x (t)) =^i^"o u (c, c) (x (t)), ogT^, 

where x (t) = (rj o h o c) {t) , are integral curves of the canonical (p, rj)-semispray asso- 
ciated to mechanical {p,r]) -system {{E^n^M) , Fe,{p,rj)T) and from locally invertible 
'B^ -morphism {g, h) . 

Proof. Since the equality 

^ = T{p,IdE)S{c{t)) 

is equivalent to 

±({^ohocy{t),y-{t)) 

plor^oho c{t)gt o h o c{t)y\t), -2 Tg" - \f'^\ ((r, o /j o c)^(t), y'^(t))] , 



it results 



dy'' (t) ^ 2G- (x* it) , y- (t)) = If" (x* (t) , y» it)) , ael,n, 



dt V V ^'^ V // 2 

pior/o/ioc(t)56"o/ioc(t)t/''(t), 



'^2;* (i) i ^ „ ^ I, ^ „u\ „a ^ I, ^ „u\ „,b 



dt 
where x* (t) = (r/ o /i o c)* (t). g.e.d. 

Definition 5.11.1.4 If S* is a (/?, ?7)-semispray, then the vector field 

(5.11.1.15) [C,5](p,^)Ti?-5 

will be called the derivation of {p,r])-semispray S. 

The (/9, r7)-semispray S will be called {p,r]) -spray if the following conditions are 
verified: 

1. S" o G C^, where is the null section; 

2. Its derivation is the null vector field. 

The (p, ??)-seniispray S will be called quadratic {p,r]) -spray if there are verified the 
following conditions: 

1. 5 o € C^, where is the null section; 

2. Its derivation is the null vector field. 

In particular, if (p, r/) = (idrMi IdAi) and {g,h) = {IdE,IdM) , then we obtain the 
spray and the quadratic spray which is similar with the classical spray and quadratic 
spray. 

Theorem 5.11.1.7 // S is the canonical {p,ri)-spray associated to mechanical {p^rf)- 
system {{E,Tr, M) , Fg, {p,ri)T) and from locally invertible W^ -morphism {g,h), then 



2(G'^-\FA={p,v)Tt(g'}oho7r-yl 
.1.16) V 4 / 



(5.11.1.16) 

+ 2[9e°ho7r-y''jL''^^oho7:g^oho7^(^g'johoTT-yfj,ae T~f. 
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Then, we obtain the spray 



d 



(5.11.1.17) 



S ={glohoT,)y^— + {p,ri)Tl[g'^^oho^.yi 



d 

dy<^ 



+ 7: [ai ° h o TT ■ y^\ L\^o h o TT ■ gl o h o t: ig'j o h o TT ■ y^ 



This (p,rj) -spray will be called the canonical {p,rj) -spray associated to mechanical 
system ({E,tt,M) ,Fe,{p,ri)T) and from locally invertible W^ -morphism {g,h). 

In particular, if {p,rj) = (idrMi IdM) o^f^d {g,h) = {IdE,IdM) , then we get the 
canonical spray associated to connection T which is similar with the classical canonical 
spray associated to connection T. 



Proof. Since 



y''da,{glohoTT-y'')di 



y-da, [ G" - -F" ) db 



y''da,{gloho7r-y'')db 



{p,v)TE 

ad{gl°ho-K -y^ 
= y TT-a 

{p,v)TE ciy 

= y''gloho7r-6ldb-0=(gloho7r-y^)db 



{p,v)TE 



db-(glohoTr-y^)p'f^oho vr^ 



and 



y^da, (G' - iF^) Bb 



{P,V)TE 



J{G'-\F 
8{G^-lF^)^ 



-db -{G'--F'] Sida 



dy"" 



1 



it results that 

(^1) [C,S] 



MTE -S =2 ( -y/^l^l^i^ + 2{G'^-^F^]]da 



y 



f 



db- G"- -F" db 



Using equality (5.11.1.4), it results that 

a 1 jpa^ 



d (G'^ - IF" 



iS'. 



y 



f 



+ ^ [at ° h o TT ■ y^j L^a^ o h o TT ■ gl; o h o IT ■ gj o h o IT. 
Using equalities (Si) and (^2), it results the conclusion of the theorem. 



q.e.d. 



Remark 5.11.1.2. If (p, ry) = {idTM,IdM) and {g,h) = {IdE,IdM) , then we get the 
canonical spray associated to connection T. 

Theorem 5.11.1.8 All (g,h)-lifts solutions of the following system of equations: 
'^y\ip,v)K[gjohon.yf) 



(5.11.1.17) 



dt 



1 



e\ rb 



+ 7^[9e°ho-K-y j L^^0h0TT-gi,0h0TTigj:0h0TT-y 



.,/ 



0, 



are the integral curves of canonical {p,r]) -spray associated to mechanical {p,r]) -system 
{{Ejir, M) ,Fe, pT) and from locally invertible W -morphism {g,h). 
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5.11.2 The Lagrangian formalism for Lagrange mechanical (p, ?7)-systems 

Let {{E,TT,M) ,Fe,L) be an arbitrarily Lagrange mechanical (p, ?7)-system. 

/ d d \ 
The natural dual {p,rj)-base {dz°',dy"') of natural (p, ?7)-base I ^7—, -^z- 1 is deter- 
mined by the equations 

It is very important to remark that the 1-forms dz", a € l,p and dy'^, a G l,n are 
not the differentials of coordinates functions as in the classical case, but we will use the 
same notations. In this case 

(dz") / d(''''?)^^ (z") = 0, 

where d^^'^' is the exterior differentiation operator associated to exterior differential 
T (i?)-algebra 

{A{{p,7])TE,{p,7])rE,E),+,;A). 

Let L be a regular Lagrangian and let (^f, h) be a locally invertible B'^-morphism of 
{E, IT, M) source and [E, vr, M) target. 

Definition 5.11.2.1 The 1-form 

(5.11.2.1) eL = {9a°hoTT-Le)dz'' 

will be called the 1-form of Poincare-Cartan type associated to the Lagrangian L and 
to the locally invertible 'B^-morphism {g,h). 

We obtain easily: 

(5.11.2.2) ^L(J^)=go/,ovr.L„ 0,. ( A 

Definition 5.11.2.2 The 2-form 

will be called the 2-form of Poincare-Cartan type associated to the Lagrangian L and 
to the locally invertible 'B^-morphism {g,h). 

By the definition of d^^'^' , we obtain: 

ool{U,V) =T{~pJdE){U){eL{V)) 

(5.11.2.3) . N 

- r (p, idE) {V) {Ol (u)) - Ol [[u, T^](,,,)Ti^) , 

for any [7, F € P ((p, ??) TE, (p, 7?) te,E). 
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It follows: 



(5.11.2.4) 



WL 



WL 



WL 



d d 



d _d_ 
_a_ _d_ 

Qya ' ^yt 



(p*„ ohon) ■ Lib 

{plohon) ■ Lia - Lib o h o IT ■ g'^ o h o IT ■ Le 

-gl ohoTT ■ Let; 

0. 



Definition 5.11.2.3 The real function 
(5.11.2.5) £L = y''-La-L 

will be called the energy of regular Lagrangian L. 
Theorem 5.11.2.1 The equation 

(5.11.2.6) is (ojl) = -d^P'^^^^ {£l) ,Ser Up, t?) TE, (p, 7?) TE, E) 
has an unique solution Sl (g, h) of the type: 

(5.11.2.7) 

where 



^9toho.)y^±.-2(G'^-\F'^^ ^ 



(5.11.2.8) 
and 

(5.11.2.9) 



2^^ = gtohoTi ■ L-' ■ Eb{L,g,h) + -F^ 
EhiL,g,h) = plohoTT ■ Li - g'^ o h o TT ■ y^ ■ piohoTT - ^^ 



d {gl o h o -K ■ Le 



dx^ 



+ g^ohoTT -y^ ■ L^bo/iovr • (5^ o /i o vr • Lg) . 



Sl (g, h) will be called the canonical {p, r])-semispray associated to Lagrange mechanical 
{p,ri)-systeni {{E,it,M) ,Fe,L) and from locally invertible 'B^-morphism {g,h). 

Proof. We obtain 

is (ujl) = -d^^'")™ (Sl) ^^ OJL {S, X) = -T {p, Me) (X) (Sl) , 

yXer{{p,r])TE,{p,rj)TE,E) 
Particularly, we obtain: 



UJL S 



d 



d 
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-Tip,IdE)(^,]i£L). 



If we expand this equality by using (5.11.2.2) and (5.11.2.4), we obtain 

d{glohoTT ■ Le) j_i,__ d{glohoTi ■ Le 



g'^ohoTT-y'' 



p\ohoTT ■ " ' ^ Ij,^. " — - PfoO/lOVr • 



9x* 



9x* 



1 



Lt,oho^ ■ {raoho^ . L,)\+2[G- - -F- J {gloho^) . L 
-plohon -{gtohon. /) • ^^^""gj"/"^'^ + Pl°hoT, ■ L,. 



eb 
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After some calculations, we obtain 



2[G''-\F'']=gtohoT,.L^KE,{L,g,h) 



where 



d (a2 o h o TT ■ Lt>) 
Eh {L, g, h) = plohoTT .L,-g^,ohoTT-y^- p^/iovr • ^^^ ^^. ^ + 

q.e.d. 
Remarks 

1. If Fg = and rj = Mm, then Sl {IdE,IdM) = Sl is the canonical p-semispray 
associated to regular Lagrangian L which is similar with the semispray presented 
in [27] by M. de Leon, J. Marrero and E. Martinez. 

2. If Fg 7^ and (p, r/) = (IdTM^IdM), then SL{IdE,IdM) = Sl will be called 
the canonical semispray which is not the same canonical semispray presented by 
I. Bucataru and R. Miron in [7]. 

3. If Fe = and (p, r/) = (IdTM^IdM), then SL{IdM,IdE) = Sl will be called 
the canonical semispray which is not the same canonical semispray presented by 
R. Miron and M. Anastasiei in [41]. 

Theorem 5.11.2.2 The real local functions 

I ,j.a l~e , d{g-,oho7T-L-'-E,{L,g,h)) 
(5.11.2.10) 2 dy- 

- 2 [9e ° f^ ° ^ ■ yj L''ac o h o 7T ■ g^ o h o TT, a,ce l~f. 

are the components of a (p, rj)- connection (p, r]) T for the vector bundle {E, it, M) which 
will he called the {p,r])- connection associated to Lagrange mechanical {p,r])- system 
{{E,Tr,M) ,Fe,L) and from W -morphism {g,h). 

Corollary 5.11.2.1 The real local functions 

dG" 



(p,r/)f% = (5N/i0 7r) 



(5.11.2.11) ' ' ^y^ 

- ^[9t°ho7r-y''jL''a^oho7r-g^ohoTr, a,c£T~P 

are the components of a (p, rj)- connection (p, 77) T for the vector bundle {E, vr, M) . 
In addition, we have 

(5.11.2.12) (p,^)f« = (p,^)r« + _(g^^o/io^).^, Va,cGT;7. 
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Theorem 5.11.2.3 The parallel {g,h)-lifts with respect to {p,r]) -connection {p,r])T 
are the integral curves of the canonical {p,r])-semispray associated to mechanical {p,ri)- 
system {{E,tt, M) ,Ff,,L) and from locally invertible 'S^ -raorphism {g,h). 

Definition 5.11.2.4 The equations 

(5.11.2.13) ^^ + (^a o /i o vr • Z-" • E, (L, g, h)) o u (c, c) {x (t)) = 0, 

where x (t) = r]oho c(t), will be called the equations of Euler- Lagrange type associated 
to Lagrange mechanical {p,ri)-system {{E,Tr,M) ,Fe,L) and from locally invertible B'^- 
morphism {g,h) . 
The equations 

(5.11.2.13') ^^ + (l«^ . E, (L, LdE,LdM)) o u (c, c) {x {t}) = 0, 

where x (t) = hot] o c(t), will be called the equations of Euler- Lagrange type associated 
to Lagrange mechanical {p,rj)-system ({E,Tr,M) ,Fe,L). 

Remark 5.11.2.1 The integral curves of the canonical (/?, r/)-semispray associated to 
mechanical {p,r])-systeni {(E,tt,M) ,Ee,L) and from locally invertible B^-morphism 
{g,h) are the {g,h)-lifts solutions for the equations of Euler-Lagrange type (5.11.2.13). 
It is known that, in classical sense, a geodesic with respect to a Finsler metric 

TM -^ M+ 

is a curve c on the manifold M such that the components of its tangent lift 

dc* d 
dt 5x* 

are solutions for the Euler-Lagrange equations 

If 

((TM,rM,M),[,]^^^^,(p,r/) 

is a generalized Lie algebroid different by the generalized Lie algebroid 

{TM, TM, M) , [, \TMJdM ' i^^TM, IduYj > 

then, using the classical method by work, we can not determine the geodesies on the 
manifold M such that the components of their lifts (different by the tangent lift) are 
solutions for the Euler-Lagrange equations (5.11.2.14). 
Using our theory, we obtain the following 

Theorem 5.11.2.4 If F is a Finsler fundamental function, then the geodesies on the 
manifold M are the curves such that the components of their {g,h)-lifts are solutions 
for the equations of Euler-Lagrange type (5.11.2.13) . 
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Therefore, it is natural to propose to extend the study of the Finsler geometry from 
the usual Lie algebroid 

{{TM, TM, M) , [, ]y^^ , (IdTAf , Um)) , 

to an arbitrary (generalized) Lie algebroid 

\E,7r,M),[,]E,,ip,r])). 



6 The geometry of total space of the generahzed tangent 
bundle for dual vector bundle 

6.1 Adapted (p, r])-basis and adapted dual (p, 7])-basis 
In the following we consider the following diagram: 



E 



(f,[,]^^^,(p,7?)) 



M ^N 

where {E, vr, M) G |B^| and ( {F, u, N) ,[,]pf^, {p, i])] is a generalized Lie algebroid. 
Let {p, r/) r be a (p, ?7)-connection for the vector bundle ( E,tt,M 

If we put the problem of finding a base for the T i E ] -module 

t(h{p,7])TE,{p,7])t,^,eY+, 



of the type 






which satisfies the following conditions: 



(fi.Ll) 



r{(p.v)r.M.]\±:\ = o, 



then we obtain the sections 

(6.1.2) J_ - J_ I frt „)f, ^ . 

We observe that their law of change is a tensor ial law under a change of vector fiber 
charts. 
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Definition 6.1.1 The base 






will be called the adapted {p,ri)-base. 
The following equality holds good 



(6.1.3) 



r[~p,Id,^]{ 6r 



ohon] Si + (p, ?7) ^fe„a^ 



where I di, d"" I is the natural base for the J- I E J -module I F I TE,t * ,E\ , +, 

* * 

Moreover, if (/), rj) T is the (p, ?7)-connection associated to connection F, then we 

obtain 



T(pJd,J [5^] ={pl,ohon)6^, 



(6.1.4) 



where I 6i, da 1 is the adapted base for the J^ I E J -module I F I TE,t* ,E] ,+, 
Theorem 6.1.1 The following equality holds good 



(6.1.5) 
where 

(6.1.6) 



.b 



ip,v)TE 



^Ip °[hoTT\6^f + {p, r], h) Rb a/id , 



5a, 5/3 



{p,V,h)Rbap =T{p,Id,\ U^ (p,??)F 



ba 



+ T[p,Id^\ \^6aj [{p,r])Tbi3J - l^Ll^ohoTr) {p, rj) Tf,^, 



6a, d 



Moreover, we have: 
(6.1.7) 
and 



(6.1.8) r{p,id,^ 



ip,ri)TE 



6a, 6 13 



-T{p,Id.^] \d 1 {{p,7^)na]d , 



r{p,id,^ Ua ,rrp,id,^ 



{p,ri)TE 

If we consider the problem of finding a base for the J- [ E ] -module 



TE 



of the type 



F( {V{p,v)TE] ,({p,v)r^) ,E],+, 



Spa = Oaadz"" + UJ^dph, a G 1, r 
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which satisfies the following conditions: 

(6.1.9) Upa,d\=6iA/6pa,6a\=0, 

then we obtain the sections 

(6-1-10) 6pa = - (p, v) Ladz'^ + dpa, a G T;7. 

We observe that their changing rule is tensorial under a change of vector fiber charts. 
Definition 6.1.2 The base {dz"',6pa) will be called the adapted dual {p,r])-base. 

6.2 Remarkable endomorphisms 

Now, let us consider the following diagram: 



E 



(f,[,]^^^,(p,7?)) 



M ^N 

where {E, vr, M) G jB"^| and ( {F, u, N) ,[,]pf^, {p, 77) j is a generalized Lie algebroid. 
Definition 6.2.1 For any Mod-endomorphism e of 

r((p,r,)TE,{p,r,)T,^,E\,+, 
we define the application of Nijenhuis type 

2 Afe 



r ^{p, r/) TE, (p, r/) r^, Ej T ^{p, r,) TE, {p, r,) r^, E 

defined by 

NAX,Y) = [eX,eY] ,+e^[X,Y] ,-e[eX,Y] ,-e[X,eY] , 

(p,ri)TE (p,v)TE {p,v)TE (p,v)TE 

for any X,YgT Up, r/) TE, {p, r/) r^, E 

Remark 6.2.1 The vertical and the horizontal vector subbundles are interior differential 
systems for the Lie algebroid generalized tangent bundle 



{p,v)TE,{p,v)r,^,Ej,[,]^^^^^^^,^,^p,Id,^ 

These interior differential systems will be called vertical and horizontal interior 
differential systems. 
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6.2.1 Projectors 

Definition 6.2.1.1 Any Mod-endoniorphism e of 

T((p,r,)TE,{p,7])T^,E 

with the property 

(6.2.1.1) e2 = e 

win be cahed a projector. 

Example 6.2.1.1 The Mod-endomorphism 

* .a .a 

Z"l^ + Ya~d ^ Ya~d 
is a projector which wiU be cahed the the vertical projector. 

* f ■J\ :" 
Remark 6.2.1.1 We have V ( (5„ 1 =0 and V \ d \ = d . Therefore, it follows 



V(da] =-{p,v)had . 



Theorem 6.2.1.1 A {p,r])- connection for the vector bundle [ E,tt,M j is characterized 
by the existence of a Mod-endomorphism V of 

r({p,r,)TE,{p,r,)T,^,E],+, 



with the properties: 



Vi^ri^{p,r])TE,{p,rj)T.^,EJj CT i^i^V {p,r^)TE,ip,r^)T,^, E 
V{X) = X ^^ Xer(^(vip,r^)TE,ip,r^)T^,E 
Example 6.2.1.2 The Mod-endomorphism 

r(^(p,7?)T^,(p,7?)T^,^) -^ T(^ip,r])TE,{p,r])T^,E 

* ■ a * 

Z'^Sa + Yad ^ Z''5a 

is a projector which will be called the horizontal projector. 

*/;\; * -J * /t \ t 

Remark 6.2.1.2 We have Ti ISa) =Sa and ^{[d )=0. Therefore, we obtain Tilda) =So 
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Theorem 6.2.1.2 A [p, 7]) -connection for the vector bundle ( £',7r,M ) is characterized 
by the existence of a Mod- endomorphisni T-L of 



T[{p,7^)TE,{p,r,)TyE],+, 



r(ip,r])TE,ip,r])T.^,E\ CT iH {p,r^)TE,ip,r^)T,^, E 



n{X) = X^^Xer{H{p,r,) TE, {p, v)r^,E]. 



with the properties: 
(6.2.1.3) 



Corollary 6.2.1.1 A {p,r]) -connection for the vector bundle [ E,ir,M j is characterized 

* 
by the existence of a Mod- endomorphism 7i of 



r({p,r])TE,{p,r])T,^,E],+, 



with the properties: 
(6.2.1.4) 



n = n 



Ker(n] = {r{V{p,r])TE,{p,r])T,^,E],+, 



Remark 6.2.1.3 For any 



XeT(ip,r])TE,ip,r])T*^,E 



we obtain the following unique decomposition 

X= 'HX+ VX. 
Proposition 6.2.1.1 After some calculations we obtain 



(6.2.1.5) 



m{X,Y) = V 



nx, HY 



(P,V)TE 



N^{X,Y), 



for any X, y G r ( {p, 77) TE, {p, v)r,^,E 



Corollary 6.2.1.2 The horizontal interior differential system 



H{p,7])TE,{p,7])T,^,E 



is involutive if and only if N* = or N* = 0. 
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6.2.2 The almost product structure 
Definition 6.2.2.1 Any Mod-endomorphism e of 

with the property 

(6.2.2.1) e^ = Id 
win be cahed the almost product structure. 

Example 6.2.2.1 The Mod-endomorphism 

r(^{p,r^)TE,ip,r^)T^,E^ -^ T (^(p,r/) T^, (p,r/) r^, ^ 

Z^5a + Yad ^ Z°5, - Yad 

is an almost product structure. 

Remark 6.2.2.1 The previous almost product structure has the properties: 

V = 2n- Id; 

(6.2.2.2) V = Id-2V; 

* * * 

V = 'H-V. 

* /* \ * * / ' "\ ' '^ 

Remark 6.2.2.2 We obtain that V iSa] = ~5a and V [ d = -d . Therefore, it 



follows , ^ .6 



Theorem 6.2.2.1 A {p,ri) -connection for the vector bundle [ E,-it,M ] is characterized 
by the existence of a Mod-endomorphism V of 

r(^{p,r])TE,{p,r])T,^,Ey+, 
with the following property: 

(6.2.2.3) r(X) = -X ^^X er(v{p,r]) TE, {p,r])T,,E 

Proposition 6.2.2.1 After some calculations, we obtain 

N, {x,Y) = 4v nx,nY 

■p 



for any X,Y ^T \ {p, r/) TE, {p, 77) t^,E\ . 

Corollary 6.2.2.1 The horizontal interior differential system 

H{p,ri)TE,{p,ri)T.^,E 
is involutive if and only if N* = 0. 
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6.2.3 The almost tangent structure 
Definition 6.2.3.1 Any Mod-endomorphism e of 

with the property 

(6.2.3.1) 6^ = 

win be cahed the almost tangent structure. 

Example 6.2.3.1 If {E,-it,M) = {F,u,N) and g G Man [E,e\ such that {g,h) is a 
B'^ -morphism locally invertible, then the Mod-endomorphism 

r(^ip,r^)TE,ip,r^)T^,E^ ^ T (^{p,r^)TE,ip,r^)T ^,E 

* . b -b 

Z'^da + Ybd ^ (~gba oho^) Z^b 



is an almost tangent structure which will be called the almost tangent structure asso- 
ciated to 'B^ -morphism {g,h). (See: Definition 4.4.2.3) 

Remark 6.2.3.1 We obtain that 

J'(ciM) {~^a] = J (ah) ida] = ( (jba o h o n] d 



(9,h) I ''a I - J (g,h) \^a 

and 

Remark 6.2.3.2 The previous almost tangent structure has the following properties: 

* * * 

J'ig,h)°'P = J(g^y^ 
^°J{g,h) = -J{g,hy, 



(6.2.3.2) 



'^ {g,h) ^ rL - 
* * 


= 0; 


*^{9.h)-y -- 


= 0; 


^°*^(9.h) -- 


* 


•^(g.h) 


= 0. 
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6.2.4 The almost complex structure 

Let us consider in the case {E, tt, M) = {F, u, N). 

bkDefinition 6.2.4.1 Any Mod-endoniorphism e of 

T{{p,r])TE,{p,7])T, *E),+,- 

hi 

with the property 

(6.2.4.1) e2 = -Id 

win be called the almost complex structure. 

Example 6.2.4.1 If {g, h) is a B^-morphisni of ( i?, tt, M ) source and {E, it, M) target 
locally invertible, then the Mod-endomorphism 

* ■ a ^, . b 

ah 



Z-6a + Yad ^ (g^'ohoTr]YhSa-(gbaohon]Z-d 

is an almost complex structure. 
Remark 6.2.4.1 We have 



■^(9,h) ( ^a j = - (56a ohonj d 



and 

,,ab 



Therefore, we obtain: 

* /*\ */ \ * / \ -^ 

^ig,h) ( ^c j =-(/>, v) Tbc (5"^ ohonj6a- (dbc ohonjd . 

Remark 6.2.4.2 The previous almost complex structure has the following properties: 
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6.2.5 The (p, ?7)-tension endomorphism 

Since 

it results that 

* dip,?]) Tba n^b *L ^r 9{p,r])rba\ f.a . * 
[P, V) Tfe- - Pd g— = Mb-OTT \ (p, r]) Tba - Pa g \ A^-ohoTT, 

Therefore, we can introduce the fohowing 
Definition 6.2.5.1 The Mod-endomorphism 

T(^ip,r])TE,ip,r])T.^,E^ ^^ T (^ip,r])TE,ip,r]) r ^,E 
defined by 

{p,r])M(h) = (ip,r])Tba-Pa^^^^)d, 
(6.2.5.1) ).a{ 

(p,ry)M 9 =0 

* 
will be called the {p,r]) -tension of {p,r]) -connection {p,ri)T. 

In particular, if (p, r/, h) = {IdTM,IdM,IdM), then we obtain the tension of connec- 
tion r. 

Proposition 6.2.5.1 We obtain the following equalities 

[IdtJdM] {Idt,IdM 

6.3 The (p, 1], /i)-torsion and the (p, t], /i)-curvature of a (p, 7])-connection 

We consider the following diagram: 



E 



(^1 I ]F,h ' (P' V)) 



M ^N 

where (E, tt, M) € |B"^| and ( [F, v, N) ,[,]pf^, (p, ??) ) is a generalized Lie algebroid. 

Definition 6.3.1 If (£', vr, M) = (F, u, N), then the F ( E ) -bilinear application 



r ( (p, 7?) TE, (p, 7?) r^, e) ^^^^ r ( (p, r,) TE, (p, r/) r^, E 
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defined by 

(/>, T], h) T [^b, 5c j = I -^^ ^^- Lf,, o /i o vr I <5a; 

(6.3.1) (p,,?,/j)TU,,a J =0 = (p,r/,/i)Tfa,^J; 

(p,r/,/i)Tfa,9 j =0; 

will be called the {p,ri,h) -torsion associated to {p,r]) -connection {p,r])T. 

In particular, if /i = IcIm, then we obtain the {p,r]) -torsion associated to {p^rf)- 

connection (p, rf) T. 

Moreover, if (p, r/) = (IdTM^IdM), then we obtain the torsion associated to connec- 

tion r. 

Remark 6.3.1 If {p, rj, h) T is the {p, rj, /i)-torsion associated to (p, 77) -connection (p, rj) F, 
then 

(6.3.2) (p, ^, h) T(X, y) = - (p, r/, h) T(y, X), 



for any X, y G r ( (p, 7?) TE, (p, r/) r^, E 
Definition 6.3.2 If we consider the notation 

(noo\ ( u\^^ p«t d (p, rj) Tfce g (p, ??) Vch ja , * 

(6.3.3) (p, ??, /i) T 6, = ^- ^-- h^ohoTT 

then the tensor field 

(6-3-4) (p^ rj, h) T b^(5a «) dz^ ^ dF 

* 
will be called the {p,r],h) -torsion tensor field associated to {p,r])- connection (p, 77) F. 

Proposition 6.3.1 We obtain 

Jf ^o(p,^)T = 

id* ,IdM 
E 



and 






147 



for any X,Yerl {p, r,) TE, (p, r,) t,^,E\. 
Theorem 6.3.1 Using the {p,rj)-tension tensor field 

(6.3.5) (p, v) Mhad ^dz-={ {p, r/) f ,, - p.^i^^ll^ ] d ^ dz' 



and the (p^rj^h)- deflection of the {p^r})- connection {p^r})T 

(6.3.6) (p, r/, h) Obc = - {p, Vj) r^c + Pa ^^ — +Pa- Ll^°ho^, 

OPa 

we obtain that (p, r/, /x)D5c=0 if and only if {p^ri)M.i)c=0 and (p,r/, /i)T^c=0. 
Proof If (/), 77, /z) I3)5c=0, then deriving with respect to p^, we obtain: 

%^ 9pi^ + ^bc°ho7: = 0^^{p,r],h) Tfe, = 0. 

The equahty (p, /y, /i) B5c=0 impHes: 

(1) (P,??)r6c=Pa ^ +PaLf,^ohoTT. 

Since 

* 
9 (p, 77) Ffec 



(p, 77) Hbc = (P, ??) Tfec - Pa - 



dpa 



_ d{p,v)T,b d{p,v)nc .g , *_ ^,, „ .w" 

— Pa ^ Pa ^ rPa^bc o H o n — Pa (p,ri,n) li^^ 

CPa CrPa 

it results the equality (p, r/) ]HIf,c=0. 

Conservely, if {p,rj, h) T{,(,=0, then, multiplying with pa, we obtain: 

/o^ ^(P,^)rcb d{p,r])Tbc ra u * n 

(2) Pa a Pa a \-paLbcO hoTr = 0. 

OPa OPa 

* 

The equality (p, ij) El5c=0 is equivalent with: 
3 {p,v)^bc = Pa T. • 

OPa 

Using (2) and (3), it results the equality {p.,ri, h) D^c = 0. q.e.d. 
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Definition 6.3.3 The J- I E ] -bilinear application 

r {{p, ri) TE, (p, l^) r^, E^ ^^^^^ T [{p, r^) TE, (p, r/) r^, E 

defined by 

* ft t \ * ■} 

[p, ri,h)R{ Sa, Sfs j = {p, 7], h) M^ ^^5 ; 

(6.3.7) ip,r],h)Ri~6a,d = = ip,r],h)Rid ,K] ; 

ip,r],h)Rld ,d J =0; 

will be called the {p,r],h)- curvature associated to {p,ri) -connection {p,ri)T. 

In particular, if (p, rj, h) = {Mtm, Idu, Idu), then we obtain the curvature associa- 

ted to connection T. 

Remark 6.3.2 If {p,r],h)R is the (/?, 77, /i)-curvature associated to (p, ?7)-connection 

* 
{p,r]) r, then 

(6.3.8) (p, r], h) R {X, Y) = - {p, 77, h) R {Y, X) , 

for any X,Y eV ({p, r,) TE, {p, v)t^,E 

Definition 4.3.4 The tensor field 

(^•^•^) ip,V,h)Rbapd (^dz'^(^dz^ 

will be called the {p,ri,h)- curvature tensor field associated to the {p,r])- connection 

Using equality (4.1.5) we obtain 

(* * 

H [p, rj) TE, {p,rj)T * ,E 

is involutive if and only if the {p, rj, /i)-curvature tensor field associated to the {p, rj)- 
connection (p, rj) T is null. 

6.4 Tensor d-fields. Distinguished linear (p, ?])-connections 

We consider the following diagram: 



M >-N 
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where {E, vr, M) G IB"^! and f {F, u, N) ,[,]pf^, (/?, 77) j is a generalized Lie algebroid. 
Let 

be the J- i E ] -module of tensor fields by (g,'s)-type from the generalized tangent bundle 



H {p, ri)TEeV {p, ri) TE, {p, rj) r.^,E\. 
An arbitrarily tensor field T is written by the form: 



Let 



r( {p,v)TE,{p,r,)T^,E],+,-,^ 



be the tensor algebra of generalized tangent bundle I {p, rf) TE, {p,r]) t * ,E 

If Tie7Z]s7 Up, v) TE, (p, t?) r^, e\ and TaGT^^f/ ({p, r/) T^, (p, r,) r^, ^"j , then 

the components of product tensor field Ti (8> T2 are the products of local components of 
Ti and T2. 

Therefore, we obtain Ti Ts G 7;^^++^;^;;^^' ((P> ^) ^^, (P> ^) ^^, ^) • 

/ * * \ 

Let VT ( (/9, ??) TE, {p,rj)T* ,E \ be the family of tensor fields 



for which there exists 



and 



such that r = Ti + T2 . 



Ter{{p,v)TE,{p,ri)T.^,E 



TiGT^^i' (^{p,v)TE,ip,r^)T,^,E'^ 
T2€T^:: (^ip,r])TE,{p,r^)T,^,E^ 



The J-" I E I -module I T>T I {p, 77) T£^, {p,r])T* ,E I , -|-, • I will be called the module 
of distinguished tensor fields or the module of tensor d- fields. 

Remark 6.4.1 The elements of 



respectively 



T[{p,r^)TE,{p,r^)T,^,E 



r( [{p,v)TE] ,{{p,r,)T,^r,E 
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are tensor d-fields. 

* ( * * 

Definition 6.4.1 Let {p,r])r be a (p, 77) -connection for the vector bundle I E,tt,M 

and let 

(6-4.1) (X,T)^(p,,)f)xr 

be a covariant (p, r7)-derivative for the tensor algebra of generalized tangent bundle 

ip,r])TE,ip,7j)T*^,E 

which preserves the horizontal and vertical distributions by parallelism. 

If \U,si/] is a vector local (m + r)-chart for i E,7r,M \ , then the real local functions 



* « * a n: ac ^ be 

{p, V) Hp^, {p, T]) i^b^, (p, T]) Vp , (/), 77) V^ 



defined on tt {U) and determined by the following equalities: 



{p,r])D, 6p = {p,'n)Hp^5a, {p,v)D*d ={p,r])Hf,^d 
(6.4.2) ^-r ^^ , 

{p,i])D./5p = {p,ri)Vp5c,, {p,r])D.cd ={p,r])V^d 
d d 

are the components of a linear (p, ?7)-connection 

(p, r/) i7, (/9, 7?) y 



for the generalized tangent bundle I {p,ri)TE,{p,r])T* ,E I which will be called the 

distinguished linear {p^rf)- connection. 

If /i = Mm, then the distinguished linear (JtirM, 1^^-) -connection will be called the 

distinguished linear connection. 

(* * \ 
H,V \ will be denoted 

* 4 * a if ic if he 



Theorem 6.4.1 // ((p, r/) H, (p, rj) V) is a distinguished linear {p, rj)- connection for the 
generalized tangent bundle ( {p,r])TE,{p,ri)T* ,E \ , then its components satisfy the 
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change relations: 



(6.4.3) 



ip,v)Hffy' =K%ohoTT 



T(~p,Id, ][S^] (A'lohoTT] + 



/3 



+ {p,ri)Hsy- Ag.o ho TT 



• A^-o/iovr, 



(p,r?)i7,Y =Mfo7r 



T(~p,Id,^]{6,][M-o^] + 



+ {p,n)Hf^-Ml.o^ 



• AX o /i o vr, 



* ac 



* ac 



ip,v)yi3- =K°hoTT-{p,r])V,^ -A^pohoTT- M^ o vr, 

* ac * ac 



(6.4.3)' 



The components of a distinguished linear connection [ H,V ] verify the change re- 
lations: 



HjT,- = ^^ o vr 



3x* 
5x* 



^'°^l+^.^-9^'°- 



/7,^, =M"o^ 



ffeTc- 



^/ 



5 / dx' * 



dx'' * 



dx 



dx'' 



:- ° ^) 



5X* * *^^dx^ * i,^r * 



V^^- =M^'o^.V^ -MJio^M^o^. 



Example 6.4.1 If I E,tt,M \ is endowed with the (p, r/)-connection (p, r/)r, then the 
local real functions 

d{p,v)'^b'y d{p,r])Tb-y 



dpa 



dpa 



-,0,0 



are the components of a distinguished linear (p, r/) -connection for the generalized tangent 
bundle 



{p,v)TE,{p,r,)T^,E\, 

which will by called the Berwald linear {p^rj)- connection. 

The Berwald linear (/drM;-^'^M)-connection will be called the Berwald linear con- 
nection. 



Theorem 6.4.2 // the generalized tangent bundle I (p, ??) TE, {p,ri)T * ,E \ is endowed 
with a distinguished linear {p,r])- connection {{p,r])H, {p,r])V), then, for any 



X = Z^5^ + Yad er{{p,r])TE,{p,r])T*^,E 
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and for any 



we obtain the formula: 

(p, r/) Dx ( rg7;:;j;'^!;,C^«i ^ - ® K ® ^^^^ ^ -^ 

®dz^i®d (g)...(g)9 (8)(5pai (8)...(8)(5pa, I = 



where 



and 



l.../3„fei...fes|7'- 



* .bi.bs 



, / \ TT rrCiCX2...Cipai...ar . . ( \ rj TnOl...Op-iatti...ar 

r« ^\ n rpai...apai...ar , n jt rpai...apai...ar 

— ( n r,\ n rpai...apaa2...ar _ _ ( „ „\ tt '' rpai...apai...ar-ia 

\P^V)^a-tJ'P^...p b^...bs ■■■ yP^y)^a-/J'i3^...l3 bi...bs 



9 

^biy^l3^...l3 bb2...bs + ••• + yP^V)J^bs'y^l3^...l3bi...b,^i 



rj^ai...apai...ar ,c_ -p I 7, Trl \ I ft \ rpai...apai...ar 
^t3,...l3^b,...bs I -^ Y'^^h) \ ) ^/3l-/3,6i-b. + 

* aic ^, cipC 

if \ TA maa2---apai...ar , . , \^t „oi---Op-iaai---ar 

+ (p,7?)y, 7>^...^^fel...fe, +... + (/>,??) l^„ ^/3,.../3;fei...6, 

* /3c * /3c 

-[P,V) >//3iJ/3/32.../3,bi...fe, ---IP'^J >//3//3i.../3,_i/3bi...fe, 

* aiC ^, OrC 

/ \Tr rpOLi...apaa2...ar / \ -r^ rTiai---apai---ar-iQ. 

{P,'>l)Va -L I3^...l3^bi...bs ■■■ {P^VJ^a ^ l3^...l3^bi...bs 

^,bc ^,bc 

+ [P,V) ^bi'^(5,...(5^bb2...bs--- + yP^^> ^ bj fi^...p^b,...bs-ib- 

Definition 6.4.2 We assume that {E, tt, M) = {F, u, N) . 

* ( * * \ 

If (p, r/) r is a (p, ?7)-connection for the vector bundle I -E, vr, M I and 



* a * " ^, ac * "c 

(p, ri) H^^, (p, 7?) #bc> (.P, V) Vb > (P> V) Vb 
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are the components of a distinguished hnear (p, r/) -connection for the generahzed tangent 

(* * \ 

(/9, 7]) TE, (/9, 77) r . , -E I such that 

{p, V) Hi,^ = (p, 7?) ^fec and (/?, ??) y^ = {p, 77) y^ , 

(* * \ 

(/9, 77) T£', (/?, 77) r . , -E I is endowed 

with a normal distinguished linear {p,ri)- connection on components 



The components of a normal distinguished linear (/(iTM)-^rfAf)-connection ( //, y ) will 

6.5 The lift of accelerations for a differentiable curve 

We consider the following diagram: 



E 



F^ I ]F.h ' (P' V) 



M ^N 

where {E,tt,M) € [B^] and {{F,u,N) ,[,]pf^ ,{p,r])) G |GLA| 



Let (p, r/) r be a (p, r/)-connection for the vector bundle I i?, vr, M 1 . 

We admit that I (p, r/) ff, (p, 77) y I is a distinguished linear (p, ?7)-connection for the 



vector bundle I (p, r/) TE', {p,r])T, ,E 

Let (7 G Man [ E,E ] be such that (5, h) is a B'^-morphism of [ E,7r,M ] source 



and {E, vr, M) target. 
Let 

T ^ V XT' 

t ^ Pa(i)s"(77o/loc(t)) 

be the {g, /i)-lift of differentiable curve / — >M. 
Definition 6.5.1 The differentiable curve 
I -^ {p,v)TE\i^^ 
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will be called the dijferentiable {g,h)-lift of accelerations of the differentiable curve c. 
The section 

,, , ,, Im (c) ^^^ (p, V) TE\ ijn(c) 

c (t) ^ ^"'^ (7? o /i o c (t)) • p, (t) a, (c (t)) + ^^a (c (t)) 

will be called the canonical section associated to the triple (c, c, c) . 
Remark 6.5.1 For any t (^ I, we obtain: 

u (c, c, c) (c (i)) = 5"" (r/ o /I o c (t)) • Pa (t) i (c (t)) + ^^3 (c (t)) 

(6.5.4) «* 

+ (p, 7?) f b„ o n (c, c) o r/ o /i o c (t) • 5"" o /i o c (t) • pa (i) 9 (c (t)) . 

* * 

We observe easily that u (c, c, c) (c (t)) € H (p, r/) TE'i im(c)if and only if the compo- 
nents functions (pa, a G l,r) are solutions for the differentiable equations 

(6.5.5) — h (p, r/) r^Q, o u (c, 6) o rj o h o c ■ 51"" oho c- Ua, a £ l,r. 

Remark 6.5.2 In particular, if (p, r], h) = {Mtm, IdM-, IdM) ■, then, using the differen- 
tiable (5, /(iM)-lift 

/ -^ TM 

i ^ ^^.^(c(t))^li.dx*(c(t)), 

we obtain the (5,/dM)-lift of accelerations of the differentiable curve c as being 

* 
I — ^ {IdTM,IdM)TE\i^^i^f^-^ 

(^■^■^) dd (t) d dc^ (t) d 

Definition 6.5.2 If the component functions 

{{g"''ohoc)-pa, aei;^) 
are solutions for the differentiable system of equations 

(6.5.8) — h (p, 7?) Hfj^ o u {c, c) o rj o h o c ■ z^ ■ z'^ = 0, a £ l,p, 

then the differentiable curve c will be called horizontal parallel with respect to the dis- 
tinguished linear (p, rj)- connection I (p, r/) H, (p, 77) y 



If the component functions (pa, a G l,r) are solutions for the differentiable system 
of equations 

duh * ""^ * 

(6.5.9) — {p,il)^b ° u {c, c) o T] o h o c ■ Ua • Uc = 0, b £ l,r. 
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then the difFerentiable curve c will be called vertical parallel with respect to the distin- 
guished linear (p, r])- connection I (p, 77) H, [p, rj)V ] . 



Remark 6.5.3 In particular, if {p,r],h) = {IdTM,IdM,IdM) ; then the differentiable 
((7, /(iM)-lift (6.5.6) is horizontal parallel with respect to the distinguished linear con- 

nection I //, y j if the component functions I — - — , i G l,r« ] are solutions for the 

differentiable system of equations 



dz^{t) 
~dt 



(6.5.11) 2, + ^jk o ^i (c, c) o c • z^ • z" = 0, i el,m. 



Moreover, the differentiable ((7,/(iM)-hft (4.5.6) is vertical parallel with respect 

H,V ] if the component functions 
dc^ 



9ji ° ^ ' ~T~) i G 1, w. 1 are solutions for the differentiable system of equations 

duj * *'^ 



(6.5.12) — -^ + ^1 ° ^ (c, c) o c ■ Ui ■ Uk = 0, J € 1, m. 

dt -^ 

6.6 The (p, 77, /i)-torsion and the (p, t], /i)-curvature of a distinguished 
Hnear (p, r7)-connection 

We consider the following diagram: 



M ^N 

where {E,Tr,M) G |B^| and ({F,u,M),[,]p,,^,{p,r])) G [GLA] 

Let (/?, 77) r be a (/?, ?7)-connection for the vector bundle ( £", tt, M ) and let 

{p,r])H,{p,ri)V 



be a distinguished linear (p, ?7)-connection for the generalized tangent bundle 

{p,r,)TE,{p,r,)T^,E 

Definition 6.6.1 The application 

r(^(p,r/)T^,(p,r/)T^,^) ^^^^ ri^{p,r,)TE,{p,rj)T,^,E 
{X,Y) ^ {p,r,,h)T{X,Y) 
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defined by 

(6.6.1) (p, r/, h) T (X, Y) = (p, 7?) DxY - (p, r/) DyX - [X, Y] * , 

(P,V)TE 

for any X,Y gF I {p, 77) TE, (p, 77) r . , -E j , will be called the [p, 77, h) -torsion associated 



to distinguished linear {p,ri) -connection ( {p,ri) H,{p,r])V 
The applications 

n{p,r],h)T(n{-),n{-)],n{p,v,h)T{n{-),n{-)],...,v{p,v,h)T{v{-),v{-) 



are called Ti ( T-LT-L I , V ( TiTi j , ..., V ( W ) (p, 7/, h) -torsions associated to distinguished 

(p, 7/) //, (p, 77) V 

Proposition 6.6.1 The {p,r],h) -torsion (p, 77, /i) T associated to distinguished linear 
(p, 77) //, (p, 7/) V^ I , is M.-bilinear and antisymmetric in the lower in- 
dices. 



, a * 



Using the notations: 

* * /; I \ 
n{p,ri,h)T Uy,5(s\ ={p,ri,h)T f^^Sa, 

* * /; I \ * i'' 

V{p,r],h)T l5j,5(^\ = {p,ri,h)Tbf^^d , 



*a c* 



(6.6.2) 



n{p,v,h)T\d ,6^] ={p,r,,h)¥ ^5a, 



,..b 



V(p,7/,/7)T(5,<5/3l =(p,r/,/i)P,^ a, 
V{p,v,h)Tld ,d j =(p,7/,/i)S, 9 , 

we can easily prove the following 

Theorem 6.6.1 The {p,r],h) -torsion (p, 7/,/i)T associated to the distinguished linear 
{p,ri) -connection [ {p,ri) H,{p,ri)V ] , is characterized by the tensor fields with local 
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components: 

(p, ?7, /i) T ^^ = (p, 77) Hp^ - (p, 7?) i7^^ - L°^ o /i o 7T, 

(p, ?7, /i) Tb/37 = -(p,?7,/i)]Rb /37, 
(6.6.3) (/>,^,^)IP/3 = {p^ri)Vp , 

(p, 77, /i) Pfe^ ^~d~\ ^^' '^^ ^^'^ J ~ ^^' ^^ ^'"^' 

(p, 7?, /i) s„ = (p, 77) y„ - (p, 7?) y„ . 

In particular, when {p,r],h) = (IdTM^IdM^IdM) , we regain the local components of 
torsion associated to distinguished linear connection I H, V 









* 


= -^6 jk 


* J c 

p, 


* Jc 






dhk 
dpc 


* be 


* 6c 


* be 
-Va- 







(6.6.3/ P, =y,, n, =_^-i7,„ 



Definition 6.6.2 The application 

r(^(p,r/)Tl;,(p,r/)T^,l;)) ^^^^^ r (^(p, 77) Tl;,(p,r/)T^,i5; 
((y,z),x) ^ (p,r,,/i)M(y,z)x 

defined by: 



(p, 7?, /i) M y, Z X = (p, r/) Dy (p, r/) i?^X 

(6-6.4) . / . X . 

- (p, 7?) i?^ (p, r/) D^X - (p, r/) Z)r^ ^1 ^ X, 

V / ^ ' -'(p,r,)Ti5 

^ ~ ^ / * * \ 

for any X,Y ,Z € F I (p, r/) TE, {p,ri)T* , E ] , will be called the (p, 77, h)-curvature as- 
sociated to distinguished linear {p,r])- connection ( {p,ri) H,{p,ri)V 



Proposition 6.6.2 The {p,r],h) -curvature (p, ?7,/i)]R associated to distinguished linear 
(p, 77) H, (p, 77) y I , zs ^.-linear in each argument and antisymmetric 
in the first two arguments. 
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Using the notations: 



(6.6.5) 






'* 1 \ i'^ * "■ 'J' 

{p,r],h)R{~6e,dj]d = {p,r],h)Rf, d , 



{p,r],h)R [6^,8 ]~6e = ip,V,h): 



e ■y'^aj 



ip,V,h)R{~6^,d ]d ={p,r],h)¥,^ J 



c .b\ 



^a be* 



{p,r],h)R[d ,d \ 5f} = {p,r],h)S /^ 6a, 

/ . c . b\ .a g^ij^ . d 

{p,il,h)R(d ,d \~d =ip,r],h)S^ B . 



we can easily prove the foUowing 

* 
Theorem 6.6.2 The {p,r],h) -curvature {p,r],h)R associated to distinguished linear 

(/?, 7]) H, [p, rj)V ] , is characterized by the tensor fields with local 

components: 



(6.6.6) 



E 
a 



{p, V, h)R p ^, =r(p, Id,) 5e {p, v)Hfs^-T{p, Id,) 6^ {p, 7^)H p_ 



+ (p, v)Hesip, r])Hs -{p, r])Hg Jp, r])H 



ab 



-{p, r], h)Rb s-y{p, V)y(5 -Ll^ ohoTT-{p, r])Hijg, 



ip,V,h)Rh^, =r{p,Id,^)\6ejip,r])Hf,^-{p,Id^)Uyj ip,r])Hf,^ 

^ C ^ 0, ^C 1^ Ci 

+ ipi v)Hbe{p, r])H^^-{p, r])Hi,^{p, 7])H^ 

-(/9, ??, h)Rc ejip, r])Vb -LL ohoTT-{p, r])Hi,g, 



(6.6.7) 



, a b 



ip,r],h)F 



e 7 



ab 

s 



rip,Id,^){6,){p,rj)V, -r{p,Id,^)\d Up,v)H^^ 



ab 



+ {p,v)H0y-{p,r])V, -{p,r])Vg ■ {p,r])H^^ 
+T{p,Id^)ld i{p,r])r,A-{p,r,)V, , 



ab 



ip,r^,h)¥, ^ =rip,Id.){6^]ip,r^)V, -Tip, Id,) 1 8 \{p,r^)H 



E 
^ d ^ ab jf db ^ a 

+ {p,ri)H^.^{p,ri)Vj^ -{p,r])V^ {p,ri)H^^ 

* /-^\ / * \ *'"'■ 

+T{p,Id^)ld\ ({p,r])r,A{p,rj)V, , 



C7 
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(6.6.8) < 



ta be 



. ab 



(p, v,h)S^ =Tip,Id^)ld \ (p, r/) V^ - r{~p, Id,^) \d Up, v) Vp 

if ac if 9b ifOh * Sc 

+ {p,^)Ve {p,r])Vp -ip,r])Vg ip,r])Vp, 

>t abc ^ f ' '^\ *"'^ * / \ * "''^ 

{p, V, h) s^ = r(p, id.^) [d Up, v) v^ - r{p, id^) id Up, v) v^ 



+ {p,r])Va {p,r])V^ - (p, r/) F^^ (p, 77) 1/^ . 
In particular, when {p,rj,h) = {MtMi IdM,IdM) , we see the local components of 
the curvature associated to distinguished linear connection [ H,V ] in the followings: 



(6.6.6)' 



=(= ^ 



* / * 



j ki - ^i [ Hjk ] - h A H^ 



k Hji 



+Hhi • Hjk - ^hk ■ Hji -^bik- Vj , 
61 H,,]-6k H, 



^b kl 



^bl 



^ c ^ ct 



+Hhi ■ -f^cfc - -^bfc • H^i -M.C lk■V^J , 



(6.6.7)' 



fi b * / * *\ / * J 

'ik =6AVi]-~d [Hi,, 



if: % ^ rib if: 10 if: ri ' /^ \ if: 1C 

+HHk-Vi -V^-Hi^+~d [T,A-Vi, 



: ab 



kiv, \-d [H, 



f ab 

^c k - 'Jk \v c j - '-' \^^ck 

*rf i, ab n: db *a /* \ * "■'^ 

+H,,-V, -V, ■H,, + d Tak]-V, , 



(6.6.8)' 






abc 



ab 
^ d 



■ CtC\ ^ Cie. if: U,U ^ CU ^ 

9 ( y^ 1 - a ( y . + y . • y, - y. • y, 



eb ^, ac 
d ■ •' e ~ ^ d '^d ■ 



Definition 6.6.3 The tensor field 



(6.6.9) 



Ric Up,r]) H,{p, 7]) V 

* *Q! */3 * b 

= (p, ri,h)R a pdz ^ dz + (p, r],h)W ^ dz (g) 6ph 

* a ^,(3 >f a b 

+ {p,r],h)F p5pa®dz +{p,r],h)S 6pa<S)6pb, 



(6.6.10) 



(p, 7], h) M„/3 = (p, ?7, /i) M„ ^^ (p, ?7, /i) P„ = (p, 77, /i) P „ ^ 

*a * ac ^afe ^ acb i 

{p,ri,h)¥ p = {p,r],h)¥^ p {p,r],h)§ = {p,r],h)S^ 
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will be called the Ricci tensor field associated to distinguished linear {p,r]) -connection 

ip,v)H,ip,r])Vy 
This tensor field will be used for writing the Einstein equations in Subsection 6.10. 



6.7 Formulas of Ricci type. Identities of Cartan and Bianchi type 

We consider the following diagram: 



E 



M' 



F, [, ]Rh ' (P' V) 



-^N 



where {E,tt,M) G |B^| and {{F,u,M) ,[,]pj^,{p,r])) £ |GLA| . 

* / * * 

Let {p, ?]) r be a {p, ?7)-connection for the vector bundle [ E,tt,M \ and let 



{p,r])H,{p,r])V 



be a distinguished linear (p, ?7)-connection for the generalized tangent bundle 



{p,rj)TE,{p,r,)T^,E 



Theorem 6.7.1 Using the definition of (p, 77, /i)-curvature associated to the distin- 

/ * * \ 

guished linear [p, ?7)-connection I [p, rj) H, {p, r])V ] , it results the following formulas: 



(Bi 



{p,r])D, {p,r])D, 'HZ-{p,r])D, {p,J])D, UZ 

HX HY UY nx 

= {p,r],h)R(nx,nYjnz + {p,r])b,r, .1 nz 



HX,HY 



(p,v)TE 



+ {P,V)D^ 



HXMY 



nz, 



(p,v)TE 



(p, v) D^^ {p, v) D^^nz - {p, n) D^^ {p, n) D^^nz 

= {p,r],h)R(vX,'HYjnZ+{p,r])D,r, .1 TIZ 



VX,HY 



(P,V)TE 



+ {P,V)D^ 



VXMY 



nz, 



I,P,V)TE 



{p,v)D, {p,v)D, nZ-{p,r])D* {p,7])D, nZ 

VX VY , VY VX 



(p, r/, /i) M ( VX, VY]nZ+ {p, ri) D^ 



VX,VY 



nz, 



(P,V)TE 
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and 



iB2 



{p, v) D^^ {p, rj) D^^VZ - {p, r,) D^^ {p, r,) D^^VZ 

= {p,r],h)R('HX,nYjVZ + {p,7])b,r. .1 VZ 



nx,HY 



(p,v)TE 



+ ip,v)D, 



V 



HX,HY 



VZ, 



* * 



{p,r))TE 

{p, v) D^^ {p, r/) D^^VZ - {p, ry) D^^ {p, r,) D^^VZ 
= {p, V, h) M (VX, iiY\ VZ + {p, r?) D^ 



VXMY 



VZ 



(P,V)TE 



+ (/9,r?)Z).r*,_. 



VX,HY 



VZ, 



Hp,v)te 
{p, v) D^^ {p, r,) b^^VZ - {p, r,) D^^ {p, r,) D^^VZ 

{p, ry, h) R (vX, Vy) VZ + (p, ry) D 



VZ. 



{p,v)TE 



Using the previous theorem, the horizontal and vertical sections of adapted base and 
an arbitrary section 



we can propose the following 

Theorem 6.7.2 We obtain the following formulas of Ricci type: 



(7^l 



- (p, r/, h) Tb^p • Z"|^ - (p, ry, h)T ^^ ■ Z^ ,„ 
Z«|/-Z°|^,^ ={p,r,,h)¥s^-Z'-{p,r,,h)¥,^ -Z^l- 

*ct cb _ ^: be _^ 

yct\c\b yoi\b\c 



{p,V,h)Se ■Z'-{p,7^,h)S, -ZT, 



and 



(^2 



Ya |7|/3 - Ya |/3|^ = (p, T], h) M„ ^/3 ' ^c " (^^^^ o /l o VT j • F^ 

- (P, Tl) ^nl3 ■ Ya\'' - {p, 7], h)T ^^- Ya \0, 
* cb * b 



Ya pl'-Yal^^ =ip,V,h)Fa ^■Y,-ip,7J,h): 

*e b 
-{p,r,)r ^■Ya\e, 

* dbc * 



V |c|f' _ V l^|c 
^ a\ \ -'all 



C7 



be 



■Yn 



ip,V,h)Sa ■Yd-{p,r],h)§,a -Ya] 
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In particular, if {p,r],h) = {IdTM,IdM,idM) and the Lie bracket [,]tm ^-^ ^^^ usual 
Lie bracket, then the formulas of Ricci type (TZi) and (7^2) become: 



in,)' 



yi yi 

ryi \h '7i\b 

^ \k\ ~ ^ \ \k 



~ * ~ * ~ 






1/1' 



^i|c|6_^i|6|c ^g^ •^''-Sa -ZT 



and 



(^2)' 



^ |A:|j — Ya ^j^k — '^a kj ' ^c — ^ckj ' ^| ~^kj '^a \e: 

* c6 ^, b ifh b 

a k'-^c — i^ck ' Ya\'^ — f k ''^a \hi 

* dbc * be 
c\b \r \b\c s \^. s \r \d 



V , \b _ V lb — P .V 

^ a |fe| ^ a\ \]^ — "- n h ^ r 



(6.7.2) 



^a\ I ~ i-a\ I — Sa ^d~ ^d '- a\ • 

(p, r/) i?, (p, r?) y 

^ a * a * etc 

. „ ^ (P> ^) '^/s = (P, V) Hfi^dr' + (p, rj) Vp 5pc, 

\^- ' -^J u * a ^, ac 

the torsion 2-fornis 

(p, ??, /i) T = i (p, r/, /i) T i^^dz^ A dz'' + (p, v,h)^ 13 dz^ A (5pc, 

* * ^ C 

(p, ?7, /i) Tfe =\ (p, ?7, /i) Tbi3^dz^ A dz'^ + (p, 77, h) P^^ dz^ A (5pc 

* ac 
+ i(p,?7,/l)Sf, 5paA5pc 

and the curvature 2-fornis 

(p, ??, /i) M ^ = i (p, r/, /i) M ^ ^gdiT A df + (p, r/, /i) P ^ ^dz^ A 5pc 

if a be 

+^{p,r],h)S 13 5pbA5pc, 
(p, 7], h)Rf, = i (p, r/, h) Mf, ^ed^T A di'^ + (p, ??, /i) P;, ^dz^ A (5pc 

^a cd 

+l(p>^>^)S6 6pcA6pd, 
we obtain the following 

Theorem 4.7.3 Identities of Cartan type hold good: 



(6.7.3) 



(Ci 



(p, ??, ^) T = d^^.*?)^^ (dz") + (p, 77) wj^ A dz^ 
(p, 7?, /i) i = (i(A'')^^ (5pfe) + (p, 7?) ul A (Jp, 



(C2) 



*7 



(p, r/, /i) M ^ = d(^''?)^^ ((p, 77) ^p) + (p, 77) i^ A (p, 77) i^ 

(p, 7?, /i) i," = dMTh (^p^ ^) ^n + (p^ ^) ^; ^ (p^ ^) ^;;. 
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In particular, if {p,rj,h) = {IdTM,IdM,IdM) and the Lie bracket [,]tm i^ ^^^ usual 
Lie bracket, then the identities of Cartan type (Ci) and (C2) become: 



{CiY 



, Id t,Id, \TE , ., *j 

T =dV TE eJ (^(iz') +u)jAdz3 

* (id ,,Id-ATE 

Tfe = dV Ti. e) (Sph) + LJ'I a 5pa 



and 



(C2)' 



Id 



,,IdATE ( ^ 



^ _CI\ TE' Ej / J;^. I ^^\/\u. 



Id ,,Id, ]TE /*a\ *a *c 

dV Ti5 is; a;J +tj^ Aojf,. 



Remark 6.7.1 For any 

X,Y,Zer((p,r,)TE,{p,r,)T^,E 
the following identities hold good: 

V{p,ri,h)R{X,Y)nZ =0 
n{p,r],h)R{X,Y)VZ =0, 



(6.7.4) 



(6.7.5) 



and 



VDxi{p,V,h)R{Y,Z)nU] =0 
nDx({p,V,h)^{Y,Z)Vu] =0, 



(6.7.6) (p, ?7, /i) M (X, y) Z = ?^ (/?, ?7, /i) M (X, y) ?^Z + V (/9, ?7, /i) M (X, y) vz. 

Using the formulas of Bianchi type presented in Subsection 4.2 of our paper and the 
Remark 6.7.1 we obtain the following 

Theorem 6.7.4 The identities of Bianchi type: 

Y, {n {p, v) Dx ({p, V, h) T (y, z)] - n {p, 7?, h) r {x, y) z 

cyclic(X,Y,Z) ^ ^ ^ 



(61 



+n{p,ii,h)T[n{p,ii,h)T{X,Y),Z 
+n{p,v,h)T (v {p,ri,h)T {X,Y) , Z 



Y, \v{p,7i)Dx({p,V,h)T{Y,Z) 

cyclic{X,Y,Z) 



+V ip,v,h)T in{p,V,h)T iX,Y) , Z 
+V{p,r],h)T(v{p,v,h)T{X,Y),Z 
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0, 



V{p,v,h)R{X,Y)Z 



0. 



and 



{B2 



J2 \n{p,v)Dx({p,V,h)^{Y,Z)U 

cyclic{X,Y,Z,U) 



-n {p, r/, h) M in {p, f], h) T (X, Y),Z\U 

-n (p, 7], h) M (v ip, V, h) T (X, Y) ,z]u\= 0, 



Y, \v{p,n)Dx[{p,V,h)^{Y,Z)U 

cydic(X,Y,Z,U) 



-V (p, r?, h) M (7^ {p, r?, /i) T (X, Y),Z\U 

-V (p, r/, /i) M fv (p, r/, /i) T (X, Y) ,z]u\= 0, 



hold good for any X,Y, Z €z T I (p, rj) TE, {p,'r])T* ,E 1 . 

Corollary 6.7.1 Using the following sections ((5^, (5-y,(5/3), the identities (Bi) become: 
^ I (p, r/, /i) T ^^1^ - (p, r/, /i) M ^ ^0 

cj;ciJc(/3,7,0) 

+ (P, V, h) T ^g (p, 7], /i) T ^^ + (p, r?, /i) Tfo^e (p, r?, /i) P ^ |> = 0, 
^ <j (p, r?, /i) Tfe/3^ j^ + (p, r/, /i) T ^g (p, r/, /i) Tfe/j^ 

cyclic(l3,'y,d) 



+ {P, V, h) Tc^e (p, r?, /i) : 



6/3 



and using the following sections {6x, 6^,6^,613), the identities (B2) become: 



{B2)' 



*M 



^ j (p, ??, /i) K /3 ^e,;, - (p, ^, h) T e;, (p, r?, h) T^^^ 



(p, r?, /l) TfoSA (P, ^, /l) IP /3 



7f ^0' 



*M 



* a 



Y^ <j (p, r/, h) Mf, ^0|^ - (p, J], h) T g;, (p, ry, /i) M,, ^^ 

cj/c/ic(7,0,A) 



(p, r?, /i) TceA (p, ^, /i) IPfo 



0. 



Using another base of sections, we shall obtain new identities of Bianchi type necessary 
in the applications. 
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6.8 The (p, ?7)-(pseudo)metrizability 

We consider the following diagram: 



E 



M' 



F. 



' Li JP 



h^ip^v) 



-^N 



where {E,tt,M) € 1B^[ and {{F,iy,M) ,[,]p,^,{p,r])) G |GLA| . Let ip,r])T be a (p,r/)- 
connection for the vector bundle I E, vr, M ] and let I (p, rj) H, {p, r])V ] be a distin- 
guished linear {p, 77)-connection for the generalized tangent bundle 



{p,r,)TE,{p,r,)T^,E]. 



Definition 6.8.1 A tensor (i- field 

G = Qasdz" C 



+ g'^'Spa Spb € VTfo ( {p, 7]) TE, {p, 7i)t*^,E 



will be called a pseudometrical structure if its components are symmetric and the ma- 



trices 



9al3 I Ux 



and 



g^'in^ 



are nondegenerate, for any point Ux (z E. 



Moreover, if the matrices 



gai3 I Ux 



and 



g^'inx 



has constant signature, then 



the tensor d-field G will be called metrical structure. 
Let 

G = gapdz'^ ® dz^ + g^^Spa Spb 

be a (pseudo) metrical structure. If a,/3 G l,p and a,b £ l,r, then for any vector local 
(m -|- r)-chart ( [/, S(7 ) of I iiJ, vr, M I , we consider the real functions 



,-1 



and 



such that 



n (U) 



n (U) 



f" (k) ■ ga-y (k) = S?,, Vn, €7^ {U)\ {OJ 



S)9« 



9ba 



and 



,* * " 



respectively. 

Definition 6.8.2 We will say that the (pseudo)metrical structure 

G = gapdz'^ (g) dz^ + g"-^Spa ^ Spb 
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is Riemannian (pseudo) metrical structure if around each point x £ M it exists a lo- 
cal vector m + r-chart lU,sij] and a local m-chart {U,S,u) such that g^/s o s^ o 
(.^^ X Id^m) {x,p) and g"-^ o s^ o (,f^ x Id^m.^ {x,p) depends only on x, for any 

* *~^ /TT\ 

Ux<£tt (U) . 

If only the condition is verified: "gap o s^ o (^^^ x /dum) (x,p) depends only on x, 

for any u^ £ n {U)" (respectively "g"'^ o s~ o (,f^ x Id]^m) {x,p) depend only on x, 

for any Ux (z n (U) "), then we will say that the (pseudo) metrical structure G is a Rie- 

mannian Ti- (pseudo) metrical structure respectively a Riemannian V- (pseudo)metrical 
structure. 

Definition 6.8.3 We will say that the (pseudo)metrical structure 

G = gapdz"^ ® dz^ + g^-^Spa (E> 6pb 

is locally Minkowski structure if around each point x G M it exists a local vector m + r- 
chart [U,su] and a local ?n,-chart {U, ^jj) such that g^/s o s^ o (,f ~ x IdiRm) {x,p) and 



g"''^ o Sjj o (^^jj X /dij™) {x,p) depends only on p, for any Ux £ it (U) . 

If only the condition is verified: "(7q,/3 o s~ o (,f~ x Id^m^ {x,p) depend only on 



,-1 



p, for any u^ £ it {Uy^ respectively "5"^ o s^^ o (,f^ x /diRm) (x,p) depends only on 
p, for any n^; G tt (f/)", then we will say that the (pseudo)metrical structure G is a 
(pseudo) metrical structure Ti-locally Minkowski and V-locally Minkowski, respectively. 



Definition 6.8.4 The generalized tangent bundle I (p, r])TE, (p, ri)T * ,E j will be called 
{p,ri)-(pseudo)metrizable if it exists a (pseudo) metrical structure 

G = ga/sdz'^ ® dz^ + g^^dpa 6pb 
and a distinguished linear (/?, 77) -connection 

such that 



(6.8.1) (p, r/) DxG = 0, VX G r Up, 7?) Ti^, (p, 7?) r^, i^J . 

The condition (6.8.1) is equivalent with the following equalities: 

(6.8.2) 5a/3|7 = 0, 9"' 1^ = 0, <7a^r = , g"'']' = 0. 

If 5^/31^=0 and g i =0, then we will say that the vector bundle 



{p,ri)TE,{p,r,)T.^,E 



is T-L-{p,rj)-(pseudo)metrizable. 
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If gap\'^ = and g \'^ = 0, then we will say that the vector bundle 

is V-{p,rj)-(pseudo)Tnetrizable. 

Theorem 6.8.1 // 

(* * \ 

ip,r^)H,ip,v)Vj 

is a distinguished linear {p^rf)- connection for the generalized tangent bundle 

((p,r])TE,{p,7])T^,E 

and 

G = gaf}dz°' ® dz^ + g^^Spa 6pb 

is a (pseudo)metrical structure, then the real local functions: 

+r(p,Id,] iSi3Jgej-T(p,Id,] iSejgi3j+ 
+g0eLf^i3 ohon- gjseL^je ohon - ge-yL^^e oho^j , 



a *"■ I 



(6.8.3) 



{p, V) Hiy^ = {p, f]) H^ + -gbcg""" 



7 



*ac *ac ^ qc 

{P,V)V^ ={p,v)Vf, +-gper' I , 
{P,V)K =\9beU{~pJd,\ (9 ]/ 



are components of a distinguished linear [p^rj)- connection such that the generalized tan- 
gent bundle 

\p,ri)TE,{p,7])T^,E 

becomes {p, rj)- (pseudo)metrizable. 

Corollary 6.8.1 If the distinguished linear {p^rj)- connection 

/ * * \ 

[{p,ll)H,{p,1^)v\ 
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coincide with the Berwald linear {p,r]) -connection, then the local real functions: 



c a 



+Tip,Id,^\ i6i3Jge-y-Tlp,Id,^\ Uelff/?^ 



(6-8.4) ^" d{p,7^)h, , 1. ., 

(yPa ^ 1 7 

c QC 

* 1 ar^ 

c ^c 

, ,* 1 (dg''^ dg^^ dg'>^ 



2 V dpc dpb dpe 

are the components of a distinguished linear {p,r]) -connection such that the generalized 
tangent bundle 

\p,rj)TE,{p,7])T^,E 

becomes (p, rj)-(pseudo)metrizable. 

Moreover, if the (pseudo)metrical structure G is %- and V-Riemannian, then the 
local real functions: 

c a 

t \TJ ^ ae f k , dgep j dgsy g 9^/37 

{p,r])Hp^ = -g Ip^^ohoTT^-j^ + p'^ohoTT-^ - p^0h07T-^ + 



+9ee^(S°hoTT - g/^g^^ohoTT - ge^L'^^^ohoTT j , 

(^•^•^) ^" d{p,v)^ I ac( ^ . d9bc dp^ 5pr^ \ 

c « c ct 

are t/ie components of a distinguished linear {p,7]) -connection such that the generalized 
tangent bundle 

\p,r])TE,{p,7])T^,E 
becomes (p, r])- (pseudo)metrizable. 

Theorem 6.8.2 Let {p,r])T be a {p,r])- connection for the vector bundle [ E,tt,M ] . 

Let 

(* * ^ 

{p,v)H,ip,r])V 

be a distinguished linear [p^rf)- connection for 



{p,v)TE,{p,7])T-^,E 
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and let 

G = ga^dz"^ ® dz^ + g^Hpa ® 6pb 
be a (pseudo)metrical structure. 



Let 



(6.8.6) ^ 

Oae /'X«xe 7, J^^\ r^*ae 1 /rare , ~ „ae\ 

be - 2 ^"b^'c - 9bcg j , (->bc - 2 (.'^6°c + 9bcg ) , 

be the Obata operators 

If the real local functions Xg ,Xo'^,Y^,Y^'^ are components of tensor fields, then 
the local real functions are given in the following: 

c ct 

{p, V) Hfi^ = (p, r/) Hp^ + O^^X^p, 

c a. 

(6.8.7) 



{p,r,)V, =(/9,7?)n +0,Tn^ 



ac 

*ae\rdc 



are the components of a distinguished linear [p^r])- connection such that the generalized 
tangent bundle 

((p,7])TE,{p,7])T*^,*E 

becomes (p, rj)-(pseudo)metrizable. 

Theorem 6.8.3 Let {p,ri)T be a {p,rj)- connection for the vector bundle IE,tt,M] . 
If 

{p,v)H,ip,v)Vj 

is a distinguished linear {p^rf)- connection for the generalized tangent bundle 

{{p,r,)TE,{p,r,)T,^,E 

and 

G = gaf^dz"" (S) dz^ + g'^^dpa O 5pb 
is a (pseudo)metrical structure, then the real local functions: 



*a *" 



(P> n) Hi3j = (P, V) H/S-y + 291^69"°' ' 

7 
* a *^ 

,„ ^ ^, (.P, v) Hb^ = {p, ri) Hb^ + Igbeg""" > 

(6.8.8) |7 



1 „ „ zea 



O'^ 



{P, V) y^ = {P, V) yp + 29lieff 
{p,7l)V, =(/9,7?)n +ifffeeff"" 
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c 



are the components of a distinguished linear {p,r]) -connection such that the generalized 
tangent bundle 

\p,r,)TE,{p,r,)T*E 



becomes (p, rj)-(pseudo)metrizable. 

6.9 Generalized Hamilton {p,ri)-spaces, Hamilton (p, ?7)-spaces 
and Cartan (p, ?7)-spaces 



We consider the following diagram: 



E 



M' 



F^ I ]Kh ' (P^ V) 



N 



such that {E, it, M) = (F, u, N) and the generalized tangent bundle 

{p,r,)TE,{p,r,)T,^,E 

is (/9, 77)-(pseudo)metrizable. 

Definition 6.9.1 A smooth Hamilton fundamental function on the dual vector bundle 
i E,TT, M ] is a mapping 

E -^ M 
which satisfies the following conditions: 

1. HoueC°°{M), for any u G r (k, n, M j \ {0}; 

2. F o € C° (M), where means the null section of | £^, tt, M | . 

Let H he a differentiable Hamiltonian defined on the total space of the vector bundle 

E,n,M 

If [U, su] is a local vector (m + r)-chart for I E,tt, M \ , then we obtain the following 



real functions defined on tt ([/): 
(6.9.1) 



put dH put d 1^ put d H put d f d 

dx'- dx^ * dx''dpb dx^ \dpb 



H 



dH put d , „, ^^^^ put d'^H put d f d 



^ put On put 



7^ = j^iH) H" 

OPa OPa 



dpadpb dp a \dpb 



Definition 6.9.2 If for any local vector m + r-chart [U,si/] of [ E,tt, M ] , we have: 



(6.9.2) 



rank 



H^" u^ 
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for any Ux (z n (U) \ {Ox}, then we say that the Hamiltonian H is regular. 

Proposition 6.9.1 If the Hamiltonian H is regular, then for any local vector m+r-chart 
U,su] of { E,-ir,M ] , we obtain the real functions Hi,a locally defined by 



(6.9.3) 



where 







TT 


{U) 


* 
Ux 


Hba [Uxj 


= 


H-' [ux) 


-1 



Hh. 



Hba ( Ux 



, for any ti^^ G tt (U) 



Definition 6.9.3 A smooth Cartan fundamental function on the vector bundle ( E,Tr,M 
is a mapping 

E -^ M+ 
which satisfies the following conditions: 

1. KoueC°°{M), for any n G r (k, n, M j \ {0}; 

2. K oO £ C^ (M), where means the nuU section of | E', tt, M J ; 

3. K is positively l-homogenous on the fibres of vector bundle i E,7:,M ] ; 

4. For any local vector m + r-chart [U, su) oi [ E,7:,M ] , the hessian: 



(6.9.4) 



K 



2 ah 



U,, 



is positively define for any u^^ G vr {U) \ {Ox}- 

* 
Definition 6.9.4 If the (pseudo) metrical structure G is determined by a (pseudo) metrical 

structure 

g (^Tl(v {p,r,)TE,{p,7^)T,,E 



then the (p, 7?)-(pseudo)metrizable vector bundle 

{p,7^)TE,{p,r,)T,^,E 

will be called the generalized Hamilton {p,r]) -space. 

In particular, if the (pseudo) metrical structure g is determined with the help of 
a Hamilton fundamental function or Cartan fundamental function, then the (p, rf)- 
(pseudo)metrizable vector bundle 



{p,ri)TE,{p,r^)T,^,E 



will be called the Hamilton (p,ri) -space or the Cartan {p^rj) -space, respectively. 
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The generalized Hamilton (Mtm, IdM)-space, the Hamilton {Mtm, IdM)-space, 
and the Cartan (IcItm, IdM)-spa.ce will be called the generalized Hamilton space, Hamil- 
ton space, Cartan space. 

Definition 6.9.5 The normal distinguished linear (p, 77)-connections of a Hamilton or 

Cartan {p,ri)-spa,ce will be called Hamilton and Cartan linear {p,r]) -connections. 

The Hamilton and Cartan linear {IdTM,ddM)-connections will be called Hamilton 

and Cartan linear connections, respectively. 

* 
Theorem 6.9.1 If the (pseudo) metrical structure G is determined by a (pseudo) metrical 

structure 

gerl(v{p,r,)TE,{p,r,)T^,E 

then the real local functions: 

(p, r/) hI = \^g-' [y (^, Id^j {l^ 5ec + r [],, Id^ ][6c] gte 
T {p,Id.^] [6e] gbc- Qcd ■ Lf^ohon 



(6.9.5) 



+gbd ■ Lj^ohoi - ged ■ Lf^oho^ 
(P,^)V^r =\9ae\T{p,Id,^ id\g^' 

+r {},Id,\ [d \g^'-T (*p,Id.^ ]{d \g 



be 



are the components of a normal distinguished linear (p,rj) -connection with 
{p,ri)-H j T-iT-l\ and {p,rj)-V I W) torsions free such that the generalized tangent bundle 

\p,r^)T*E,{p,r,)T,^,E 

derives generalized Hamilton {p,r])-space. 

This normal distinguished linear [p, 77)-connection will be called generalized linear 
{p,r])- connection of Levi-Civita type. 

If the (pseudo)metrical structure g is determined with the help of a Hamilton or Car- 
tan fundamental function, then the Hamilton and the Cartan linear [p, r/)-connections 
will be called canonical Hamilton and Cartan linear {p,r])- connection, respectively. 

The canonical Hamilton and Cartan linear (/d^'M) -^t?M)-connection will be called 
the canonical Hamilton and Cartan linear connection respectively. 



Theorem 6.9.2 Let [{p,r])H,{p,rj)V\ he the normal distinguished linear {p,ri)- 

connection presented in the previous theorem. 
If 

Tja ^ dz' ^ dz' G Tio^ ({p, r,) TE, {p, v)t^,E 
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and 

S^d 6pb Spc G 7?i' ({p, v) TE, {p, ri) r^, E 

such that they satisfy the following conditions: 



* a * a * be ^ fee 

Tfoc = -Tcfe, Sa = -Sa 1 V6,c G l,r, 



i/ien t/ie rea/ /oca/ functions: 



(6.9.6) 



t" *a-[^ / ifd *d ^,d 

(P> ^) -H'tc = (P, ??) ^6e + 2^'""' • ( 5edT;,^ - ^ferfTg^ + 5cdTbe ) , 



6c 



* fee 1 / ^ fee * ee 



(p, r,) y, = (p, 7?) V, + ^5ae • ( /"§, - /"S, + g'^^d 



2^ 



are t/ie components of a normal distinguished linear (p,r]) -connection with 
(p, rj)-'H I 'H'H I and (p, r/)-V I W I torsions a priori given such that the generalized tan- 
gent bundle 

\p,v)TE,{p,r,)T,^,E 

derives generalized Hamilton {p,ri)-space. 
Moreover, we obtain: 

^bc = (P, V) Hi,^ - (p, T]) H^^ - L'^^ohon, 

y ' ' ' ^ fee * fee * cfe 

6.10 Einstein equations 

We shall consider a metric structure 

G = gapdz"^ (g) dzl^ + g"-''5pa (E> 5pb 

(p, 77) -ff, (p, 77) V I compatible with the 
structure metric G having 7i I T-LH | and V ( VV j -torsions prescribed. 

Definition 6.10.1 If (p, r/, /i) M ^ ^ and (p, r/, /i) S are the components of tensor Ricci 
associated to distinguished linear (p, r/)-connection 

iip,v)H,ip,v)V), 

then the scalar 

(6-10.1) (^^ r], h) M= (p, 7?, /i) i „ ^^^'^ + (P, ^, /i) S " 5afe 



will be called the scalar of curvature of distinguished linear {p,ri)- connection 
{{p,v)H,{p,7i)V). 
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Definition 6.10.2 The tensor field 

(b.iU.z) , 

+ (p, r/, h) T p5pa dz^ + (p, 77, /i) T 5pa ® 5ph 

such that its components verify the following conditions: 

* * ]^ * 
M:{p,r],h)T o, 13 = {p, V, h) Mq/? - - {p, r],h)M.- g^p, 

* b * 6 

.„^„„^ -^(P,^,^)T« =(p,r?,/i)P^ , 

(6.10.3) 

x(p,r/,/i)T ^ =(p,r?,/i)P ^, 
x(p,r/,/i)T" =(p,r?,/i)s" _ i (p,,^, /j) R . (^'^^^ 

where x is a constant, will be called the energy-momentum tensor field associated to 

(/?, 77) i7, (p, r/) y I and metrical structure G. 
The equations (4.10.3) will be called the Einstein equations associated to distin- 

{p, 77) -ff, (p, 77) y I flTid metrical structure G. 
Formally, the Einstein equations will be written 

(6.10.3)' Ric ({p, 77) H, (p, r/) y") - i (p, 77, /i) M . G = X . (p, r/, /i) T. 

6.11 Dual mechanical systems 

Using the diagram: 

(6.11.1) , 

M ^M 



where f [E, vr, M) , [, ]^ /j , (p, 77) j is a generalized Lie algebroid, we build the generalized 
tangent bundle 

(((p,77)T^,(p,r,)r*,^),[,] ^Xpjd,)). 

E (p,T])TE E 

Definition 6.11.1 A triple 

(E,n,MJ,F„{p,r])T 
where 
(6.11.3) F, = Fj) GT(v{p,v)TE,{p,r])T,^,E] 

* 
is an external force and (p, 77) F is a (p, 77)-connection, will be called dual mechanical 

{p,r]) -system. 
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A dual mechanical (p, r7)-system 

E,n,M],Fe,{p,v)^ 



endowed with a (pseudo) metrical structure G determined with the help of a (pseudo) metrical 
structure 

g = g''''6pa(^ Spa G T '^ol ( {p,v)TE,{p,r])T,,E 



will be denoted 

(6.11.4) {{E,n,M],F„{p,ri)T,G]. 



and will be called generalized Hamilton mechanical {p,r])-system. 

Any dual mechanical {IdTMiIdM)-systeiQ and any generalized Hamilton mecha- 
nical {IdTM,IdM)-SYstem. will be called m^echanical system and generalized Hamilton 
mechanical system, respectively. 

Definition 6.11.2 If H respectively i^ is a smooth Hamilton respectively Cartan 
function, then we put the triple 



E,TT,M\,TT,M\,F,,H 



E,7r,M\,F,,K 



respectively 



where 

k = Fj eT(v{p,v)TE,{p,r,)T.^,E 

is an external force. These are called Hamilton mechanical {p,r]) -system and Cartan 
mechanical {p,ri) -system respectively. 

Any Hamilton mechanical {IdTM,IdM)-systeioa and any Cartan mechanical 
{IdTMiIdM)-systeiQ will be called Hamilton mechanical system and Cartan mechanical 
system, respectively. 

6.11.1 (/9, ?7)-seniisprays and (p, ?7)-sprays for dual mechanical (p, 77)-systenis 
Let I i E,TT, M \ , Fe, {p, ?]) r ] be an arbitrary dual mechanical (p, ?7)-system. 

Definition 6.11.1.1 The vertical section 

(6.11.1.1) t=pS, 
will be called the Liouville section. 

Definition 6.11.1.2 The section 5 € F ( {p,r])TE,{p,r])T, , e) will be called (p,r/)- 
semispray if there exists an almost tangent structure e such that 

(6.11.1.2) eis 
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Let {g, h) be a locally invertible B"^-morphism of ( i?, vr, M ) source and {E, vr, M) 
target. 

Theorem 6.11.1.1 The section 



S=(g^'oho*^p,^-2{Ga-\Fa)^^ 



(6.11.1.3) 



is a {p, ri)-semispray such that the real local functions Ga, a G 1,"^, satisfy the following 
conditions 



(6.11.1.4) 






+ 1 (g'^" ohoTT -pe] L'^f^ohoTT ■ gacohoTT, b,cel,r. 



In addition, we remark that the local real functions 

put 



(6.11.1.5) 



9Gc 



(P, V) Tbc -' - [9eb°ho^j ^ 



+ \ (g'^'' ohoT[ -pA L%ohoT: -gacohoTi, a,b£l,r 



are the components of a (p, rj)- connection [p, 77) f for the vector bundle i E,tt,M \ . 

The (/O, r/)-seinispray S will be called the canonical {p,ri)-semispray associated to 
mechanical {p,r])-system I |£',7r,Mj , Fg , (p, ??) T J and from locally invertible W- 
morphism (g, h) . 

Proof. We consider the Mod-endomorphism 



T[{p,ri)TE,{p,ri)T.^,E 



T{ip,r])TE,ip,r])T,,E 



X I >J{g,h) 



s,x 



(P,V)TE 



S,J{g,h)X 



ip,v)TE 



Let X = Z"'da + Yad be an arbitrary section. 
Since 



S,X 



ip,v)TE 



+ 



g"-" o h o -K ■ pA da,Z^d, 



5r«e o/iovr-pe) da,Ybd 



■ a * ■ 

2 (Ga - iFj d , Z% 



2(Ga-lFa)d ,Ybd 



(p,r,)TE 



J {p,n)TE 



ip,v)TE 



{p,v)TE 
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and 



(^g^^ohoi.p,^da,Z'>db 



ip,ri)TE 



g"^ ohoTi:-pe) p\oho n^dc 



* d(g'"'ohow-pe) *~ 



-ZV^^ oho n ^^ Z:^^^ dr 

+ (g^^ o hoir ■ pA Z" (Ll^o ho n] dc, 



g"-^ ohoi: -pA da,Ybd 



(p,n)TE 



-Y. 



g"""" ohon-pej ploho TT^d 
d(g'^''ohov-pe 



2{Ga-lFa)d ,Z% 



dpb ^' 

2 {Ga - jFa) ^Bc 



(P,V)TE 



-2Z 






.a . b' 

2{Ga-lFa)d ,Ybd 



{p,v)TE 



-HGa- \F,) gf 5 

C 



it results that 



•^(gA) 



S,X 



.d 



(p,ri)TE 



g"-^ ohoi: -pA p^oho-K^ ■ [gdcohoTT] d 



bj ^^^t^J^^!°!^°h^ 



(Pi) 



Z p^ oho t: 
'^^ oho IT 

d(g'^''ohon-pe ) 



dx^ 



.d 

gdcoho^] d 
d 



+ \g--oho^.pAZ^L--\~gdcoho^]d 



-Y 



dyb 



gdcohoTT)d 



2 [Ga - iFa) g • [~gdc oho7T]d . 



Since 



S,J(g,h)^ 



{p,v)TE 



C/"'^ o /l o TT • pej da, [gcb o h o nj Z^d 

.a . c 

2 {Ga - iFa) d , (gcb oho^) Z'd 



{p,V)TE 



{p,v)TE 



and 



g"''' ohoTT ■pAdaAgcbohoTT) Z''d, 



ip,v)TE 



g''^ ohoTT-pej ploho vr^ g^, ^d 

h * f^b^{9''"°^°^-P<)% 

-gcb ohoTT ■ Z°^ — 3- '-dd, 



.d 
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2{Ga-lFa)d ,ga,ohonZbd 



2 {Ga - \Fa) ^^. h 



(fi,v)TE 



-2gch oho 



dpa 






it results that 

{P2) 



(P,V)TE 



g"-" ohoTT -pe] p\oho TT^ —, ^-d 



dx'^ 



-9cb 



^ ° ^ • ^ dp. -^d 



-2 (Ga - iFa) -^^^ h 



dpa 



.d 



+2gcb oho-K ■ Z^^-g^ — '-d 



We remark that 



ae u - \ i u * disidbohoTT-Z'' 
g""" ohoTT -pe] p'^oho vr^ g-i 



9'''' ohon -pei^paohonj ^ ■ gdcohon 

~ • * dig^^oho^-pA ^ * 

-Z V^ oho TT^ g^3 ^ ■ gdcOhoTT, 



Yd =Yb 



dig'^'^ohoTT-p:, j 



dpb 



(jdcOhoTT 



and 



* ~^^d[^g''''ohoi-peJ 



^ =gcbohoTT- Z" g^ 

Using the equahties (Pi) and (P2) we obtain: 



P Z-da + Yad = Z^da + 

+ (-Ya - 2g,b o h o ^^(^^i£»iz'' + (5^- ohon-pe) Z^L% o h o n ■ g^cO h o ^ ] d . 

After some calculations, it results that P is an almost product structure. 
Using the equality 

F = Id-2{p,r])T, 
we obtain that 



ip,r])T{Z-da + Yad 



*d(Gb-lFb) -^ ifde^r^* ^\^CTf 



Ya + gacohoTT q^* — ^-Z" - ^ ig'^'^ o h o t: ■ pA Z^'U^^ oko-K-gafohoTrjd 
Since 

(p, 7?) r ( z^da + Yad] = (y, - {p, 7?) hcZ') d 
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it results that relations (4.11.1.4) are satisfied. In addition, since 

(p, 7]) f be = (p, V) Tfoc - Igdb oho 77 1|^ 

and 

* * 

{P, V) Tbc = (P, V) Tfec - Igec °ho^^ 

= M^.o*T, (-p^ oho*T,. ^Pa + {P,V) he) M-,oho^ 

= M^.on(-pioho;r- ^pa + (p, 7l) he J M^,ohon 

it results the conclusion of the theorem. q.e.d. 

Theorem 6.11.1.2 The following properties hold: 

1° Since 

* h 

lc = dc + (p, r]) thcd , c £ T~f, 



it results that 
(6.11.1.6) 
2° Since 

it results that 



o * 

^c = Sc- jQec ohoTT ■ j^d , c G 1, r. 



.b 
dpe 



Spb = - (p, r]) Tbcdz" + dpb, 



(6.11.1.7) °6pb = 6pb + Igec o h o n^dz', bel,r. 
Theorem 6.11.1.3 The real local functions 

(6.11.1.8) (^^(^,^(^,0, o), a,b,cGi;V 
and 

(6.11.1.8)' /'^(^^ao^^Q^ A a,b,cei;¥ 

respectively are the coefficients to a normal Berwald linear [p^rf)- connection for the 
generalized tangent bundle I (p, r/) TE', {p,r])T * , E ] . 
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Theorem 6.11.1.4 The tensor of integrability of the {p,rj) -connection {p,ri)t is as 
follows: 

* * / \ 

{p,r],h)Rb cd = {p,V,h)'Kb cd+ 4 [9ed°ho7r-^ - g^^ohoTr-^ j + 
(6.11.1.9) +!_ ^g^^ o h o n^Jf, o h o ^^ - 5/c o /i o ;^5,, o /, o ^^) + 

+ l{LL°hon)(^g,fohon)^, 

where i^ is the h-covariant derivation with respect to the normal Berwald linear p- 
connection (6.11.1.8). 

Proof. Since 



{p, f], h)Rbcd= r ( p, Id^] \5c\ \ (p, ??) r^ I - r ( p, Id,^] \dd\ { (p, r]) The 




and 




L^. o/ioTT- {p,r])rbe, 



(p, V)'^bd\ = r ( p, Id.^] [6c] ( (p, ri) Tbd 



-\gec o h o T^lg Jj (^(p, ??) Tbd J 
1 - , * dFf d ( ~ u * dFt 




igyec-'^- "d^d^ yyed-'"- " g^ 



(P, ^) Tfoc 1 = r ( p, Id^] [6d] [ {p, v) ^bc 



dF\ 
dpe 



+ ir f p, /d|^ ) ( ^rf ) (^ec o /l o 7T 

-iffed o h o T^lg- Jy (^(p, r/) Tbcj 
1 - , * dFf d ( ^ , * aFj, 



* 

^cd ° ^ ° ^ • (P' ^) Tbe =Ll^ohoTT- (p, r/) r^e 

+^cd o /l o ^ • (5/e o /l o T^U 

it results the conclusion of the theorem. q.e.d. 

Theorem 6.11.1.5 Let 

Tb,5a ® d~z^ dz" G Tio^ ( (p, r/) TE, (p, r/) r^, ^ 
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and 



ibc ■ 



§a da ® Sf Sr G 7?? ( (/>, T]) TE, {p, r,) r^, E 



such that they verify the following conditions: 



* a 

T 



be 



* a * be ^ fee 

-Tcfe, Sa = -Sa > V6,cG l,r. 



// ( {PtV)H} {PiV) ^ ) ^-5 ^/^e distinguished linear {p,r])- connection presented in the 
Theorem 6.9.2, then the local real functions: 



(p, v) Hb, = (p, v) Hbc + h""' (-5/e o /i o ^^^ 



(6.11.1.10) 



dpf dpd 

+ gf^oho T^l^f^ -gfboho nlf^f^ 
^ J e opf apd ^J opf apd 



* a 



(p, V) Vbc = (p. V) Vbc 



»„.e_„.„;„.™...„.„...,„^^^ 



* / * * 



and (p, 77)-V( VV) torsions a priori given such that the generalized tangent bundle 



{p, ri) TE, {p,ri)T* ,E ) derives generalized Hamilton {p, r])-space. 



In addition, we have: 
(6.11.1.11) 



{p, T], h) Tbc = Tfec 

^bc 



The local functions gfc, g/e, dfb o,i"s the local functions associated to the locally 

invertible 'B^-morphism {g,h) . 

* 
Proposition 6.11.1.1 // S is the canonical {p,r])-semispray associated to the me- 
chanical {p,r])-system { i E,7:,M ] , F(.,{p,rj)T ] and from locally invertible B^-mor- 
phism {g, h), then 

(6.11.1.12) 2Gb' =2Gb-M^^ohoi- (^g^^ ohoi^p, (p^„ oh 0*7,^ gf. 

Proof. Since the Jacobian matrix of coordinates transformation is 



and 





M^'ohon 






M^ohoi 





Pa°hoTT qI, Pa M^^ o VT 




Ploho^r'^ 


M^-oi 




M^'ohon 


f (g""^ ohon) 


"') = 




pioho 7^|a- M^- ^ 


■ Iv -2 {Gb - \Fb) 


1 


_/ {g'''oho*T:yA 




\-2{Gb-\Fb) y' 








18 


2 







the conclusion results immediately. q.e.d. 

In the following we consider a differentiable curve I ^ M and its (g, /i)-lift c. 

Definition 6.11.1.3 The curve c is an integral curve of the (p, ?7)-semispray 5 of 
the dual mechanical (p, r/)-system | ( £', vr, M j , Fg, {p, 77) F J , if it is verify the following 
equality: 

(6.11.1.13) m = r(}>,id.^ys{c{t)). 

Theorem 6.11.1.6 The integral curves of the canonical {p,r])-semispray associated 
to the mechanical {p, 7])- system { (i?, 7r,M| , Fg) (Pi ??) T I and from locally invertible 
'B^-morphism {g,h), are the {g,h)-lifts solutions of the equations: 

(6.11.1.14) M + 2G,o ^ (c, c) {x (t)) =\F,o *u (c, c) {x {t}), 6eT7, 

where x{t) = {rj oho c) (t) . 



Proof. Since the equality 



is equivalent with 



^ = r[p,id^^]s{c{t)) 



M{r,ohocy{t),pb{t)) 



= (p> r? o /j o cit)g''^ o h o c{t)p,{t), -2 [G^ - \F,) {{tj o h o c)(t),p (t))) , 

it results 

^ + 2Gi>{x (t) ,p{t)) =^F,{x (t) ,p{t)), 6G17, 

£^ = p\o r] o h o c{t) g'^" o h o c {t)pe (t) , 
where x* (t) = {ij o h o c)* (t). q.e.d. 

Definition 6.11.1.4 If 5 is a (p, ?7)-semispray, then the vector field 



(6.11.1.15) 



,S 



* -5 

(P,V)TE 



will be called the derivation of {p,ri)-semispray S. 

The (/9, 7?)-semispray S will be called {p,ri)-spray if there are verified the following 
conditions: 

1. S" o G C^, where is the null section; 

2. Its derivation is the null vector field. 

The (p, 7?)-semispray S will be called quadratic {p,r]) -spray if there are verified the 
following conditions: 
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1. S" o G C^, where is the nuh section; 

2. Its derivation is the null vector field. 

In particular, if (p, r/) = (idTM^IdM) and {g,h) = (Me, IdM) , then we obtain the 
spray and the quadratic spray which is similar with the classical spray and quadratic 
spray. 

* 
Theorem 6.11.1.7 // S is the canonical {p,r])-semispray associated to mechani- 
cal {p,r])-system I i E,7r,M \ ,Fe,(p, ??)r j and from locally invertible 'B>^ -morphism 
(g, h), then 



{Gb - \Fi) = {p, r/) he [g^^ ohon-pf'^ 



+ i Ig'^'^ohoTT-pej L'^^ ohoTT 

■gbaoho^ig^'f ohoi -pA ^ 5Gl,r. 



(6.11.1.16) 



Then we obtain the spray 

(g^^^_^_^7) S = {r ohoi)p,§, + [p, ^) he {ff oho^.pf)^^ 

+ i L'^^ oho^ -pA L'^^oho^ ■ gi^^oho^ (g^f o h o n ■ pA ^. 

This (p,rj) -spray will be called the canonical {p,rj) -spray associated to mechanical 
system I I iiJ, vr, M j ,Fe,{p,r])T j and from locally invertible 'B>^ -morphism {g,h). 

In particular, if {p,ri,g,h) = {Mtm, IdM, Idpi, IdM) , then we get the canonical 
spray associated to connection T which is similar with the classical canonical spray 
associated to connection T. 

Proof. Since 



.S 



{p,v)TE 



-2 



Pad , f 5^^ ohoir-pe) db 

■ .a .1 

Pad , {Gb - iFb) d 



{P,V)TE 



Pad Ag''' oho-K ■Pe]db 



{p,v)TE 

d(g'"'ohoi-pA *~ 
^ Pa f,„.. -Ob 



dpa 



ip,v)TE 



J ohon^d 



g>'^ohoTT-pejp'p^..^,.g^. 

Pa-g'^oho^r- Sl^ db-0 

g'"' ohoTT -pe] db 
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and 



Pad , (Gb - iFfe) d 



— JC^ O 



ip,v)TE 



^« 3p7 



(G, - If,) 5ld 

. b 



Pa 



d{G„-^Ft) 



.b 



d -{Gb- iFt) d 



it results that 






{p,v)TE 

Using the equality (6.11.1.4) it results that 



S =2(-p;%i^ + 2(G,-|F,))a 



Pf 



.b 



iS2 



"/ = - {p, V) Tbc o n (c, c) o (r/ o /i o c) • /^ o /i o 



vr 



1 / „de 



+ i(5"-o, 



^ \ ^ ^ f ^ 

h o IT ■ pg\ ■ L"j o ho IT ■ gija o ho IT ■ g'^' o h o n. 



Using the equalities (5i) and (5*2) it results the conclusion of the theorem. q.e.d. 

Remark 6.11.1.2. If (p, rj, h) = {idTM,IdM, Id-M:) , then we get the canonical spray 

associated to connection T. 

Theorem 6.11.1.8 The integral curves of canonical {p,r])-spray associated to me- 
chanical {p, r])-system I i E,tt, M \ , F^,, (p, rj) F ] and from locally invertible 'S^ -morphism 
{g,h) are the {g,h) -lifts solutions of the following system of equations: 

^-{p,ri) Tbc o n (c, c) o (77 o /i o c) • ( /^ oho^-pA 
(6.11.1.17) , * \ * */f*\ 

+ 2 U ohoTi -pA ■ L'^^ohoTT ■ ghaOhoTT ■ {o^-f O h O TT ■ p A =0, 

where x{t) = rjo ho c{t) . 

6.11.2 The Hamiltonian formalism for Hamilton mechanical (p, ?7)-systems 

Let I { E,TT,M \ ,Fe,H ) be an arbitrary Hamilton mechanical (p, r/)-system. 



The natural dual {p,ri)-base {dz°',dpa) of natural (p, r/)-base (gf^igf-) is deter- 



mined by the equations 



[d~z'^,4,) = 5»„ (d.",4) = 



dpb , 



,dpa,Q^)=0, {dpa,9^^ 



It is very important to remark that the 1-forms dz", a € l,p and dpa, a € l,r are 
not the differentials of coordinates functions as in the classical case, but we will use the 
same notations. 

In this case 

(d5") / d'^P''^^^^ (r ) = 0, 
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where dSP^^i'^^ is the exterior differentiation operator associated to exterior differential 
J^ \ E\ -algebra 



A(^(/>,7?)ri^,(p,7?)r^,i^j,+,-,AJ. 

Let H he a, regular Hamiltonian and let ((7, h) be a B'^-niorphism locally invertible 
of \E,tt,M\ source and [E, tt, M) target. 
Definition 6.11.2.1 The 1-form 

(6.11.2.1) eH= (gea°hon-HAdz'' 

will be called the 1-form of Poincare-Cartan type associated to the regular Hamiltonian 
H and to the locally invertible 'B^-morphism {g,h). 

We obtain easily: 

(6.11.2.2) eH{^) = ~gehoho*T:.H^, ^^ (^ J-) = 0. 

Definition 6.11.2.2 The 2-form 

u:h = d^P^^^^^'eL 

will be called the 2-form of Poincare-Cartan type associated to the regular Hamiltonian 
H and to the locally invertible W -morphism {g,h). 

By the definition of d'^''')^^, we obtain: 



(6.11.2.3) ^ ^ 

-Tip,idE){v)ieH{u))-eHl[u,v] . 

for any U,Ver Up, r/) TE, (p, r/) r^, ^ j . 

It follows: 
(6.11.2.4) 

ft U *\ dUeaOhoi-nA U * (~ U * Ue\ 

- \j)l ohoTTJ ■ -^ — g^, ^ - Ll^oho-n ■ [^g^^ ohon- H^ j 

^l(A,A) =geaOho^.H^^; 



^L ( Sz^Tm:) - 0- 



d _dj 

^ dpa ' dpb ^ 

Definition 6.11.2.3 The real function 
(6.11.2.5) £H=Pa-H''-H 

will be called the energy of regular Hamiltonian H. 
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Theorem 6.11.2.1 The equation 



(6.11.2.6) i* (loh) = -dMTE (^^) , 5 e r f (p, r/) TE, {p, r,) r^,E], 



(6.11.2.9) 



has an unique solution Sfj {g, h) of the type: 

(6.11.2.7) 

where 

(6.11.2.8) 

and 



9'^^oho^U^^-2{G.-lFa)^^ 



2Ga = (g''' ohon-Hea]-Ef, {H, g, h) + \Fa 



Ei,{H, g, h)=p\oho'K ■ Hi — g""^ o h o n ■ Pe ■ p\ohoT: 



d{gebohoiT-H' 



dx^ 



+g'"' ohoTT -pe- Ll,ohoTT ■ [gedohoTT ■ H""] . 



Suig-ih) will be called the canonical {p,ri)-seniispray associated to Hamilton me- 
chanical {p,7])-system I I i?, 7r,M ] ,Fe,H ] and from locally invertible 'B>^ -morphism 
i9,h). 

Proof. We obtain 



i.^{uJH) = -dM^^{£H)^^ 

UH (*s,x] = -r (kid A {X) {£h) 



yXeT{{p,7^)TE,{p,7^)T.^,E 



Particularly, we obtain: 



ooh{S, ^ 



Tip, Id, 



a 



{£ 



H) 



If we expand this equality using (6.11.2.2) and (6.11.2.4), we obtain 



g°-'^ o h o IT ■ Pe 



^, digstohon-H") ^, d(geaohon-Hn 
plohoTT ■ ^ ^ - plohoTT ■ a,. '- 



+ 2{Ga- \Fa) (geb o h o ^) ■ H 



L'^hoho^ ■ hjed oHot: ■ H' 

* ( * \ digEaOhoTT-H'^ 

= -plohoTT ■ ig"-'' ohoTT -pej ■ -^ g^, ^ + plohoTT ■ Hi 



After some calculations, we obtain 



1 



2{Ga-^Fa ] = (g'^ohoTT-H.a) ■Ei,{H,g,h), 
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where 



Eh {H, g, h) = plohoTT ■ Hi- g""^ ohoTT -pe- p^o/iovr g^ 



q.e.d. 
Theorem 6.11.2.2 The real local functions 

(6.11.2.10) (P'^ll^bc =^gecOhoTT^^ ^ ^ 

-2 [9 ohoTT -p^j L'^^ohoTT ■ (jabohoTT, h,C£ 1, T. 



are the components of a {p,ri)- connection {p,ri)T for the vector bundle IE,tt,M 
which will be called the {p,ri) -connection associated to Hamilton mechanical {p^rf)- 
system I {E,it,M\ ,Fe,H j and from locally invertible B^-morphism {g,h). 

Corollary 6.11.2.1 The real local functions 
(6.11.2.11) ip,r])nc=igecohon)^ 



~h {9'^'' O h O TT ■ Pej L'^^O h O TT ■ gab O h O TT, 6, c G 1, r 



are the components of a {p,r])- connection (p, 77) f for the vector bundle I i?, 7r,M 1 . 
In addition, we have 

* 
(6.11.2.12) (p^ r])tbc= (p, V) Tfcc + \{9ec o /i o vr) • g, Va, c G T;7. 

Theorem 6.11.2.3 The integral curves of the canonical {p,r])-semispray associated 
to I E,F(,,H ) mechanical {p,rj)-system and from locally invertible 'B>^ -morphism {g,h) 



are the autoparallel lifts with respect to [p^rf)- connection {p,rj)T. 
Definition 6.11.2.4 The equations 

(6.11.2.13) ^^ + (5- ohon-H,b-Ea {H, g, h)) o*u{c,c) o {^ oho c (t)) = 0, 

will be called the equations of Hamilton-, J acobi type associated to Hamilton mechanical 
{p,r])-system I E,Fe,H I and from locally invertible 'B>^ -morphism {g,h) . 



Remark 6.11.2.1 The integral curves of the canonical (p, r/)-seniispray associated 
to dual mechanical (p, r7)-systeni I i Ejir, M ] ,F(,,H ) and from locally invertible B'^- 



morphism {g, h) are the {g, /i)-lifts solutions for the equations of Hamilton- Jacobi type 
(6.11.2.13). 
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7 The (horizontal) Legendre (/?, 77, /i)-equivalence 

Let {E, TT, M) be a vector bundle. 

We take (x*,y"") as canonical local coordinates on (£■, 7r,M), where i G l,m and 
a G l,r. 

Consider 

a change of coordinates on (E, vr, M). Then the coordinates y" change to y" by the rule: 
(7.1) 2/" = M,V. 



Let I E,TT,M \ be the dual vector bundle of {E, vr, M). 

We take (x*,pa) as canonical local coordinates on I E,it,M \ , where i ^ l,m and 



[X',Pa) > [xUxn ,Pa:(x\pc 



a € l,r. 
Consider 



a change of coordinates on I £', vr, M J . Then the coordinates Pa change to pa- by the 
rule: 

(7.1') Pa = M^.pa. 

If ([/, s^/) and [U,si/] are vector local [m + r)-charts then 

M^- (x) ■ M^{x) = 51, Vx G [/. 

Let L be a differentiable Lagrangian defined on the total space of the vector bundle 
(E,7r,M). 

If ([/, su) is a vector local {m + r)-chart for (£', tt, M), then we obtain the following 
real functions defined on vr^^ ([/): 



put g^ put q2j^ 

\ ■ ) put Qx^ put q2^ 

^a Qya J^ab dy'^dy'' 



We build the fiber bundle morphism 





E 


> 


E 




TT 4, 




i TT ) 




M 


/dM 


> M 






ifj^ is locally defined 








vr" 


-'(u) - 


Vl 
> 


^~' (u) 



Ux I — ^ Lb (Ux) s" (x) 
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for any vector local {m + r)-chart (U, sjj) of (E, vr, M) and for any vector local (m + r)- 
chart (u, *su] of ( E,7r,M 



Using the differentiable Lagrangian L, we build the differentiable Hamiltonian H, 
locally defined by 



-1 



(7.2') 



H 



77 ([/) -^^^ R 

Ux = Pas'" I > Pay"" - L{Ux) 



for any vector local {m + r)-chart {U,sjj] of I iiJ, vr, M ] , where (y", a G 1, r) are the 
components solutions of the differentiable equations 

Pb = Lb (ux) , Ux £ vr~^ ([/) . 



If I t/, S(7 I is a vector local {m + r)-chart for I i?, vr, M ) , then we obtain the following 
real functions defined on it (U): 



^'■"^f jja ^ dH_ Jjab _ d^H 



dpa dpadpb 

Using this Hamiltonian, we build the fiber bundle morphism 

E — ^^^ E 



where cpjj is locally defined 



M -"^^^^ M 



-1 • Vh 



Ux I > H"- (ux) Sa (x) 



for any vector local (m + r)-chart (U, su) of (E, vr, M) and for any vector local {m + r)- 
chart (u,*su] of ( ^,7r,M) . 



Using the B-morphism {(fi, Mm), we build the B"^-morphism ((p, r/) T(y9^, (/9^) given 
by the diagram 

{P,V)TE -^^^^^'^^ {p,,)Tk 

(7.5) {p,ri)TE i i{p,v)'r* , 

Vr * 

E ~ > E 

such that 

r {{p, r?) Tv^i, (^i) (Z^~da) = (Z" o (^^) da + Upl^ohoTr) Z^lJ o y^^d , 

(7.6) / ■ \ ■* 
r {{p, r/) T^i, (^i) Y-d, = {Y-Lab) o <^^a , 
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for any Z^B^ + Y^da £ T {{p, r,) TE, {p, r/) r^, E) . 

The B^-morphism {{p,ri)T(p^,ip^) will be called the {p,r]) -tangent application of 
the Legendre bundle morphism associated to the Lagrangian L. 

Using the B-niorphisni {ipfj,IdM), we build the B^-morphism {{p,ri)Tipfj,ipfj) 
given by the diagram 

ip,v)Tk -i^^^!'^^^ ip,rj)TE 
(7.5') {p,v)r*i i{p,ri)TE 

E* — > E, 

such that 



(7.6') > .a< 



for any Z^d^ + Yad G F ( (p, r/) TE, (p, r/) r^, ^ 

The B^-niorphisni {{p,ri)Tipfj,ipfj) will be called the {p,r])-tangent application of 
the Legendre bundle morphism associated to the Hamiltonian H. 
Let 

(7.7) [d^^dr^J = {9i,da 

be the natural base for sections Lie algebra (L {TE, te, E) , +, •, [, ]j.^) . 
Let 

CV 7/\ /_0 d_\ Pii* /^_| d\ P^^ ff) f) 



dx^ 1 dpa \ dx^ ' dpa 



be the natural base for sections Lie algebra I T I TE, t * ,E ] ,+,-,\,] . 

y y E J TE 

Using the diagram: 

E {F,[,]p^^,{p,r]) 

(7.8) ;r ; iu 

M '^ > N 



where f {F, u, N) ,[,]pf^, {p, ??) ) is a generalized Lie algebroid, we build the generalized 
tangent bundle 

(7.9) {{p,7i)TE,{p,rj)TE,E) . 

The natural {p, ri)-hase of sections is denoted 
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Using the diagram: 



M ^ > N 



(7.8') 



where ( (F, v, N) , [, Jp^/j , (p, ??) ) is a generahzed Lie algebroid, we build the generahzed 
tangent bundle 

(7.9') (^(p,r/)TF,(p,r/)T^,F 

The natural (/?, ?7)-base of sections is denoted 



7.1 The duality between mechanical systems 

Let ((£^,7r,M) ,Fe, {p,ri)T) be a mechanical (p, ?7)-system. 

Let g € Man (£?, £^) such that [g, h) is a B"^-morphism locally invertible of (i?, vr, M) 
source and {E,7r,M) target, on components g^,. 

The Mod-endomorphism 

.^^^. r((p,r/)Ti?,(p,r/)ri,,i?) '^ F ((p,r/) Ti?, (p,r/) r^,, i?) 

Z"4 + y^a^ ^ (g'^ohoTr) Z'^db 

is the almost tangent structure associated to B"^-morphism (g, h) . 
The vertical section 

(7-1-2) C=y^da 

is the Liouville section. 

Let I i E,7:,M ] , F(.,{p, r])r ) be a dual mechanical (p, ?7)-system. 



Let g € Man I i^jii^ I be such that {g,h) is a B"^-morphism locally invertible of 



E,tt,M\ source and {E,tt,M) target, on components g"'^. 
The Mod-endomorphism 

T(ip,r])TE,ip,r])T. e) ^ T ({p,r^)TE,{p,r])T*E 

(7.1.1)' V ^ ^ ;^ V 

Z-da + Yhd ^ (gba ohon) Z-d 



is the almost tangent structure associated to B"^-morphism (g, h) . 
The vertical section 



(7.1.2)' 



C=pbd 
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is the Liouville section. 
Let 

(7.1.3) S = y\g-,oho7T)4^-2 {G^ - ^F" 



Qya 



be the (p, ??)-semispray associated to mechanical (p, ?7)-system ((£', vr, M) , Fg, (p, ??) F) 
and from locally invertible B^-morphism [g, h) and let 

(7.1.3)' S = p, [g-" o /, o ;) J, - 2 (G, - ^F,) J^ 

and from locally invertible B^-morphism {g, h) . 
Theorem 7.1.1 // 

then we obtain: 

(7.1.5) y^{gt°ho'K)oipjj =pi,[g''^ ohoPj 

and 



(7.1.6) 



2 (Gfe - \Fk) = 2 [(G" - iF'^) . Lab] o ^h 



Theorem 7.1.2 Dual, if 

(7.1.4)' T{{p,ri)TvH,VH){s^ = S, 

then we obtain: 

(7.1.5)' Pb (^''^ O /i O 7^) O (p^ =yb(^g-oho7r) 

and 

2(G'^-iF«) =2[(G5-iF6).i7«'']o^^ 



(7.1.6)' 

-p. 



(5'^^.pj,)o/i0 7^] .F^}o(p^. 



7.2 The duality between Lie algebroids structures 

The generalized tangent bundle 

{{p,r])TE,{p,r])TE,E) 
can be endowed with a Lie algebroid structure 
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The Lie bracket [■,]!„ n)TE i^ defined by 

701. _d _|_ \ra d_\ I 7/3 _9 _|_ \rh _d 
.^\ dz<^ ^ ^l dy'^J ' \^2 dW ^ ^2 dyb 



(7.2.1) 



^1 -La, ^2 ^13 



■K'{h'F) 



e 



(p,r,)TE 

d I \^a d 



{Pa°hon)Zf£, + Y,-^, 



P^ohon)z^,£ + Y,^^ 



TE 



for any sections (zf J, + Y^^'^ and (^Z^^ + Y^^ 

Tfie ancfior map {p,IdE) is a B"^-niorphisni of {{p,ri)TE,{p,r]) te,E) source and 
{TE,te,E) target, where 



f5 2 2) ^^'''^^^ ^^ 



The generahzed tangent bundle 



{p,v)TE,{p,r,)T,^,E 



can be endowed with a Lie algebroid structure 



1 * , [ p,Id* 



The Lie bracket [,1 .is defined by 



Izf 


d 

dz" 


+ ^i«apa 


)'( 


^2 dz^ 


+ ^2.J^^ 


\ ' 


= 


A 






/ \ 






/ 


(P,V)TE 


= 


Zf 


'Ta 


Z^T^_ 


IT 


(h'F) 


e 


[(^' 


^ /i vr j 


■^1 dx^ + -^l" 
















^° 


^ vr j Z2 


6 


^+y^^m_ 



(7.2.1)' 



for any sections ( Zf g|r + Yi^^ ] and iz^-£p+Y2b^ 



TE ' 



The anchor map ( p, /d. J is a B^-morphism of I {p, rf) TE, (p,ri)T* ,E ) source and 
TE, T* ,E ] target, where 

E 



(5.2.2)' 



{p,r])TE ^ TE 



Theorem 7.2.1 If the W -morphism {{p,rj)T(pi^,ipi^) is morphism of Lie algehroids, 
then we obtain: 



(7.2.3) 



Llg o h o tt) o (fjj = Lli^ o h o n. 
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(7.2.4) 



[{'^ll3pX)°^°'^'^kb]°'PH 



=pl,ohoi--^[[p>pohoiT-Ljb)oVH\ 

+ {pa°h0TT-Lia)0ipij--^[[fy>p0h0TT-Lj,,)0ipfj\ 



(7.2.5) 

and 

(7.2.6) 



= p^o/lOTT • ^ {Li,a o ifu) 



d " 



^bc °fH--d^ (Lad ° fn) ■ 



Proof. Developing the following equalities 

T{{p,r])TifL,fL) 



and 



da, 9/3 



{P,V)TE 
r ((p, r]) TifL, fL) da, r ((/?, 7?) TlfL, Vl) df: 



ip,v)TE 



^{{p,V)T(pL,fL) 



dc,d^ 



'a,(Jb 



(P,V)TE 
r ((p, V) TifL, fL) 9a, r ((/9, 7?) TlfL, Vl) 4 



(p,V)TE 



^i{p,V)TVL,fL) 



da,db 



(P,V)TE 

T {{p, T]) T(Pl, (Pl) da,T {{p, T]) T(Pl,Vl) db 



(P,V)TE 



it results the conclusion of the theorem. 



q.e.d. 



Corollary 7.2.1 In particular, if {p,ri,h) = {IdTM,IdM,IdM), then we obtain: 

(7.2.4)' 



= ^ (^i& °^h)-^ (Lib ° Vh) 



+Lia OLPjj-q- {Ljb O iPh) - Lja OifH- g- {Lib o ^h) 



(5.2.5)' 

and 
(7.2.6)' 



^ = ^ (Lba o ipu) + LbcOipH--i;; {Lba ° fn) 



-Lbc o'Ph ■ 9^ (Lia o (fn) 



Lac °^H- -£: (Lbd o ipn) 

dpc 



-Lbc °Vh-^ (Lad o (Ph) 
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Theorem 7.2.2 Dual, if the the 'B^-morphism {{p,r])Tipfj,(pjj) is morphism of Lie 
algebroids, then we obtain: 



(7.2.7) 



^aB ohoTl) Oip^ = Lip ohoTT 



(7.2.e 






(7.2.9) 

and 
(7.2.10) 



=pl^ohon-£,{H'-o^^) 



rbc 



d ( ijba 



+ p^o/iovr-if- ov9^^(i7-o(^^ 



H''°Vl-^ (p'aOho7r-Hf]o^^ 



=H--o^^.^{H^'^o^^) 



Proof Developing the following equalities 



and 



da,d 



{p,v)TE 

r {{p, v) T(PH, fn) da, r ((/9, 7?) T(pH, fn) df. 



ip,v)TE 



T{{p,r])T(pH,(PH) 



dn,d 



{p,v)TE 



r ((p, r]) TifH, (Ph) ^a, r ((p, r]) T^^, fn) d 



{p,v)TE 



T{{p,r])TipH,iPH) 



' . a . b' 

B ,3 



{P,V)TE 



it results the conclusion of the theorem. 



(P,V)TE 



q. e. d. 



Corollary 7.2.2 In particular, if {p,ri,h) = {IdTM,IdM,IdM), then we obtain: 



(7.2.8)' 
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and 



=^{H'-o^^)+H''-o^^.^{H'>-o^^) 



Definition 7.2.1 If {{p,rj)Tipi,{pi) and {{p,ri)Tipfj,ip^) are Lie algebroids mor- 

phisms, then we will say that [E, tt, M) and { £', tt, M J are Legendre [p, i], h) -equivalent. 

We will write 

c 



{E,TT,M)-^JE,n,MJ. 



Theorem 7.2.3 // 

{E,TT,M)-^JE,n,M 

then, using the equalities (7.2.3) and (7.2.7) it results that for any vcetor local (m + r)- 
chart [U, su) of {E, vr, M) and for any vector local {m + r) -chart iU,su] of i E,Tr, M \ 
we obtain: 

(7.2.11) LpHOip^=Id^-i(jj) 
and 

(7.2.12) ^L°VH = Id,^-i^^y 

Therefore, locally, Lpi^ is diffeomorphism and ipj^ = ipjj. 

7.3 The duality betwen adapted (p, ?7)-basis 

If (/9, 7?) r is a (/9, ?7)-connection for the vector bundle (£', vr, M) , then the adapted {p, rj)- 
base of sections is 

(7 Q \\ ( _d_ _ /'„ „^^«^- -AS\ p^^ (a qJ\ p^* (s a 



If (/9, 77) r is a (p, 77) -connection for the vector bundle I £', tt, M J , then the adapted 
(/9, ?7)-base of sections is 

(".1)' (J. + (P,.)f^4r,4:) '= (i.i) 'S (I./) . 

Theorem 7.3.1 // 



r ((p, r/) TvJj^, ipL) [5a j = 5a, 
then 

('^•3-2) (p, 7?) f ,, = [(pj,o/i07r) • L,5 - (p, 7?) r^ • Lab] o Vh- 
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Proof. After some calculations, it results the conclusion of the theorem. q.e.d. 

Corollary 7.3.1 In particular, if {p,rj,h) = {IdTM,IdM,IdM), then the equality 

implies the equality 

(7-3-2)' Thk = [Lkb - n ■ Lab] o ifH- 

Theorem 7.3.2 Dual, if 

r ((p, r]) TifH, ^h) \^A = ^"' 



then 



(7.3.3) 



{p,ri)K 



p\oho^\.H- + {p,^)Tba-H 



ba 



fL- 



Proof After some calculations, it results the conclusion of the theorem. q.e.d. 

Corollary 7.3.2 In particular, if {p,ri,h) = (IdTMiIdM^IdM), then the equality 



implies the equality 
(7.3.3)' 

Definition 7.3.2 If 

and 

(7.3.4) 



^iip,v)T(pH,VH) ih =h, 



m + Tfefc • Hb- 



Vl- 



{E, TT, M) ^p^^^h) [E,TT,M 



r{{p,r])TipL,^L) f^a) =S, 



(7.3.4)' 



^{(.P,ri)T(PH,^H) [^a] =S 



then we will say that {E, vr, M) and I E,tt,M j are horizontal Legendre {p, rj, h)- equivalent. 

We will write 

nc 



{E,TT,M)^p^^^h){E,TT,M\. 
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The dual natural (p, ?7)-base of the natural (/?, 77)-base I d^, da 1 is denoted (dz", dy"") 
and the dual adapted (p, ?7)-base of the adapted (p, ?7)-base ( 5a, da ] is denoted 



(7.3.5) {dz'',6r) =* {d-z'^^dr + (p, v) ^% ■ d~z'^) ■ 

ft :'^\ 
The dual natural (p, 77)-base of the natural (p, 77)-base \ da,d is denoted (dz", dpa 

and the dual adapted (p, ?7)-base of the adapted (p, ?7)-base [Sa,da] is denoted 



(7.3.5)' 



put 



(dz"", 5pa) = (dz°', dpa - (p, r]) Taa ■ dz^ 



Theorem 7.3.3 The equality (7.3.4) is equivalent with the equality: 
(7.3.6) r ((p, 7]) TifL, (PlT {5pa) = Lab ■ 5t 

and the equality (7.3.4)' is equivalent with the equality: 
(7.3.6)' r ((p, r,) TipH, ^hT im = H^' ■ Spb 

Theorem 7.3.4 // 

{E,^,M)'^)[E,*7,,My 

then we obtain: 

('^•3-'^) (P, ri) Tba = [(p^o/io^) . Ub - (p, r/) r^ • Lab] o ^H 

and 

'plohoi) ■H^ + {p,r])rba-H'^ 



(7.3.7)' 



iP,r])r% 



'Vl- 



If the Lagrangian L is regular, then we will define the real local functions L such 



that 



L'^^ (U,) = \\Lab M\r' , yu, e TT~^ (U) 



If the Haniiltonian H is regular, then we will define the real local functions Hab such 



that 



Hab ( Ux 



H""^ [ u 



, \/ux G vr ([/) . 



Remark 7.3.1 If the Lagrangian L is regular and 






{E,Tx,M)u..r.^ I E,n,M 



then, using the equalities (7.3.7) and (7.3.7)', we obtain: 



(7.3.8) 



(p^o/iovr) • Lib ■ L 



ab 



pj^o/io^ .H\ 



°'Pl 
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and 

(7.3.9) L"''' = H"-'' o if^. 
Therefore, the Hamiltonian H is regular and 

(7.3.10) Hab = LabO^H- 

It is known that the fohowing equaUties hold good 

(7.3.11) [^,,5/3 
and 



{p,v)TE 



Lis ohoTr) 6^ + {p, T], h) W ^.da, 



(7.3.11)' 






{p,n)TE 



Lip o /i o vr j (5^ + {p, f], h) Mfe ^^pd , 



-HC 



fH 



Theorem 7.3.5 // 

(^,7r,M)f^,;X)(^'^'^ 
then, we obtain: 

(7.3.12) (p, r/, h) Mfe ^p = [(p, r/, /i) M« „^ • L^b 

and 

(7.3.12)' (p, r?, h) W ^p = [(p, r?, /i) M, ,^ • H^^] o ^^. 

Theorem 7.3.6 // 

{E,7i,M)\ 

then we obtain 



iE,7T,M)^p.^^h)[E,^,M 



'-^^^■lJo^^ =Lb.o^^.^-iE£. 



dyb 



(7.3.13) 



and 



(7.3.13)' 



+ ( p'^oho^ ) • ^ {Lbc o ifu) 



d 



+ {p, V) Tao • Q^ {Lbc o Vh) 



5 ^ac I o fH — ^ba ° fH 



dy'' 



Proof. Developing the following equalities 



^iip,V)T(pL,fL) 



dpa 

+ (^pl^ohonj ■ ^ {Lbc o Vh) 

+ {p, V) Taa • -^ {Lbc ° Vh) 



5 a, da 



(P,V)TEJ 
r ((p, V) T(Pl, ^l) ^a, r {{p, 7?) Tv9i, 99^) da 



(P,V)TE 
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and 



{p,v)TE 



(p,V)TE 



it results the conclusion of the theorem. 



q.e.d. 



iX,T)'^^ip,,)DxT 



7.4 The duality between distinguished hnear (p, 7])-connections 

Let (/9, 7?) r be a {p, 77)-connection for the vector bundle {E, ir, M) and let 

(7.4.1) 

be a covariant (p, ?7)-derivative for the tensor algebra of generalized tangent bundle 

((p,r/)ri?,(p,r/)rs,i?) 

which preserves the horizontal and vertical IDS by parallelism. 

If ([/, su) is a vector local {ra + r)-chart for {E, tt, M) , then the real local functions 

Up, 7?) H^^, (p, r,) H^^, (p, 7?) y^"„ (p, 7?) V,-,) 

defined on n^^ (U) and determined by the following equalities: 



(7.4.2) 



(p, 7?) D-,_6fs = (p, 7?) H^^5^, (p, r?) Dj^^b = (p, 7?) H^^da 

(p, 7?) Z) J^ = (p, 7?) V^K, (P, r/) D, ^5 = (p, 7?) y^a, 
9c '^ dc 



are the components of a distinguished linear (p, ?7)-connection ((p, 77) //, (p, 77) V) . 

* / * * \ 

Let (p, 77) r be a (p, r/)-connection for the vector bundle i E,tt,M ] and let 

(7-4.iy (X,T)^(p,77)i)xT 

be a covariant (p, 77)-derivative for the tensor algebra of generalized tangent bundle 

{p,v)TE,{p,r,)T,^,E 

which preserves the horizontal and vertical IDS by parallelism. 

If [UjSi/] is a vector local (m + r)-chart for i E,7r,M \ , then the real local functions 



* o ^, a If ac if ac 

{p, V) Hp^, (p, 77) H^^^, (p, 77) Vp , (p, 77) Vi, 



:-! 



defined on tt {U) and determined by the following equalities: 

(7.4.2)' 



{p,r])D, 6p = {p,r])Hf^^6a, ip,r])D,d =ip,r])Hh^d 
(p, ??)£',= 5^3 = (p, 77) y^ 5a, {p,r])D.cd ={p,r])V^d 



d 
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are the components of a distinguished Hnear (p, r/)-connection 
Theorem 7.4.1 // 

{e,7t,m)-{;;^Je,^,mj 

and 

r ((p, 7]) TifL, lpl) {{p, 7]) DxY) = {p, 7]) £'r((p,r,)T^i,^i)xr {{p, ri) Tip^, ip^) Y, 
for any X,Y &T {[p, rj) TE, (p, rj) tei E), then we obtain: 

(7-4-3) ip,r^)H^^o^^ ={p,r,)H]^, 

(.P, n) H^y ■ Lac) °^H = (^p'^ohonj ■ -^ {Lbc o ifn) 
(^•^•^) +ip,r^)hyi;iUcO^H) 

- (P, V) Hby ■ {Lac ° ^h) , 

C^-^-S) {p,v)Vp"^o^j, ={p,rj)vJ.{L,ao^^) 

and 

((Pi V) Vhc ■ Lad) °fH= {Lee ° fn) ' ]&: {Lbd o '^h) 

(7.4.6) '^'^^ ,e/ 

- {Lee o Vh) ■ {p, V) Vd ■ {Lbf ° Vh) ■ 
Theorem 7.4.2 Dual, if 

{E,ti,M)-{^){e,*tt,M 
and 

r ((/3, v) T^H, Vh) f (Pi V) DxYj = {p, ri) DY({p^r,)T^jj,^^)x^ {{p, v) Tifn, Vh) Y, 

(* * \ 

(y9, 7]) TE^ {p^r])r * ,E ] ^ then we obtain: 

(7-4-3y (p,7?)f" o(^^ =ip,r])m^, 



a 



^{p, v) H,^ . H^'^j o y,^ = (p^o/iovr) • ^ (i/- o ^^) 

-{p,r^)H-^-{H'-o^^), 

* cic 

(7.4.5) (p,r/)y^ ov^i =(p,7?)v;f,.(i:f-'^o(^^) 

and 

/ *be \ 

-{H'^-o^^).{p,r^)V^j.{H^fo^^). 
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(N 

{3JQ. Abstract 

In this paper we introduce the notion of generahzed Lie algebroid and we develop 
a new formalism necessary to obtain a new solution for the Weistein's Problem [61]. 
f^ ■ Many applications emphasize the importance and the utility of this new framework 

determined by the introduction of generalized Lie algebroids. 

We introduce and develop the exterior differential calculus for generalized Lie 
(~| \ algebroids and, in this general framework, we establish the structure equations of 

Oh' Maurer-Cartan type. In particular, we obtain a new point of view over the exterior 

(— I \ differential calculus for Lie algebroids. 

Using the (generalized) Lie algebroids theory, we build the Lie algebroid gene- 
ralized tangent bundle and, using that, we obtain a new method by determining 
the (linear) connections for fiber bundles, in general, and for vector bundles, in 
particular. 

^S| ■ Using the linear connections theory we develop the study of the geometry of 

^ I vector bundles. Moreover, using the connections theory, we develop the geometry 

of total space of the generalized tangent bundle for a vector bundle. 

We present a geometric description of metrizability for the total space of the Lie 
algebroid generalized tangent bundle, where we extend the notions of generalized 
i,^_^ ^ Lagrange space, Lagrange space and Finsler space. Using the Lie algebroid gene- 

^— N . ralized tangent bundle of a generalized Lie algebroid, we introduce and develop a 

("^ I mechanical systems theory and we present a Lagrangian formalism for these me- 

chanical systems. In particular, using the Lie algebroid generalized tangent bundle 
of a Lie algebroid, we obtain a new solution for the Weinstein's Problem. 

A geometric description of metrizability for the total space of the Lie algebroid 
generalized tangent bundle for dual vector bundle is presented. We extend the 
S . notions of generalized Hamilton space, Hamilton space and Cartan space. Using 

the Lie algebroid generalized tangent bundle of dual of a generalized Lie algebroid, 
we introduce and develop the dual mechanical systems theory and we present a 
Hamiltonian formalism for dual mechanical systems. 

Finally, we introduce and develop the concept of (horizontal) Legendre equiva- 
lence between a vector bundle and its dual vector bundle. 

We remark that, if the morphisms used are identities morphisms, then we obtain 
similar results to the classical results, but which are not classical results though. 

2000 Mathematics Subject Classification: 00A69, 58A15, 53B05, 53B40, 
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tinguished linear connection, generalized Lagrange (Hamilton) space, Lagrange 
(Hamilton) space, Finsler (Cartan) space, (dual) mechanical system, semispray, 
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1 Introduction 

The motivation for our researches was the 

Weinstein's Problem: 

Develop a Lagrangian formalism directly on the given Lie algebroid similar 
to Klein's formalism for ordinary Lagrangian Mechanics [25] . 

This problem was formulated by A. Weinstein in [61], where the author gave the 
theory of Lagrangians on Lie algebroids and obtained the Euler-Lagrange equations 
using the dual of a Lie algebroid and the Legendre transformation defined by a regular 
Lagrangian. 

In [28], P. Liberman showed that such a formalism is not possible if one consider 
the tangent bundle of a Lie algebroid as space for developing the theory. Using the 
prolongation of a Lie algebroid over a smooth map introduced by P.J. Higgins and 
K. Mackenzie in [15], E. Martinez solved the Weinstein's Problem in [61] (see also 
[13], [27]). 

Finding an other space for developing the theory, we discovered the generalized Lie 
algebroids which are presented in Subsection 3.3. 

Since any Lie algebroid can be regarded as a generalized Lie algebroid, we proposed 
to obtain a new solution for the Weinstein's Problem using the new notion of generalized 
Lie algebroid. 

To solve this problem it was necessary to introduce and develop a new formalism. 
In order to develop our researches, new and interesting notions and results appeared, 
which determined the apparition of new theories which are naturally integrated in our 
paper. In particular, using identity morphisms, we obtain similar results with S. Vacaru 
[59] (see also [56], [57], [58]) and L. Popescu (see: [45]-[49]). 

So, in Subsection 3.2 we introduce and develop the exterior differential calculus 
for generalized Lie algebroids and, using that, we establish the structure equations of 
Maurer-Cartan type for generalized Lie algebroids. In particular, we obtain a new 
point of view over the exterior differential calculus for Lie algebroids. We introduced 
the notion of interior differential system of a generalized Lie algebroid in Paragraph 
3.1.3 and we obtain a theorem of Cartan type. In addition, we introduced the notion 
of exterior differential system of a generalized Lie algebroid and we characterized the 
involutivity of an interior differential system in Subsection 3.3. 

Inspired by the general framework of Yang-Mills theory, presented synthetically in 
the following diagram: 



(i?,(,)^) (TM, 



,]tm, {IdTM,IdM),g) 



Mm 

M ^M 

where: 

1. {E,TT,M) is a vector bundle, 

2. (, )^ is an inner product for the module of sections F {E, tt, M) , 

3. {{LdTM, IdM) , [i]tm) ^^ ^^^ usual Lie algebroid structure for the tangent vector 
bundle {TM,tm,M) and 



4. g e T{{T*M,tIj,M) {T*M,tIj,M)) such that {M,g) is a Riemannian mani- 
fold, 

we build the Lie algebroid generalized tangent bundle in Subsection 3.3. 

Using this in Subsection 3.4, we introduce and develop a (linear) connections theory 
for fiber bundles, in general, and for vector bundles, in particular. 

We can define the covariant derivatives with respect to sections of the generalized 
Lie algebroid 

In particular, if we use the generalized Lie algebroid structure 



(1 



^WnjdM ,{IdTM,IdM) 

for the tangent bundle (TM, tm, M) in our theory, then the linear connections obtained 
are similar with the classical linear connections for the vector bundle (E, vr, M), but not 
classical linear connections. 

It is known that in Yang-Mills theory the set 

of covariant derivatives for the vector bundle (E, vr, M) such that 
^ {{u, v)e) = {Dx (u) , v)j^ + {u, Dx {v))e , 

for any X £ X (M) and u,v (z T (E, it, M) , is very important, because the Yang-Mills 
theory is a variational theory which use (cf. [6]) the Yang-Mills functional 






Dx ^ ^I 



1 . M_n.M2 



2 M 



Vn 



where MP^ is the curvature. 

Using the linear connections theory, we succeed to extend at maximum the set 
Cov^^^ TT M) °^ Yang-Mills theory, because using all generalized Lie algebroid structures 
for the tangent bundle (TM,tm,M), we obtain all possible linear connections for the 
vector bundle (E,it,M). 

We emphasize the importance and the utility of linear connections theory for vector 
bundles in Chapter IV of our paper, where we present many applications. In particular, 
we obtain similar results to the classical results, but which are not classical results 
though. 

After that we study the geometry of total space of the Lie algebroid generalized 
tangent bundle for a vector bundle in Section 5 of our paper, where we emphasize the 
importance and the utility of connections theory presented in Subsection 3.4. 

The geometry of Lagrange spaces, introduced and studied in [24] and [35], was ex- 
tensively examined in the last two decades by geometers and physicists from Romania, 
Japan, Hungary, Canada, Germany, Italy, Russia and USA. Many international con- 
ferences devoted to debate this subject, proceedings and monographs where published 
[3], [4], [41], [42]. A large area of applicability of this geometry is suggested by the 



connections to Biology, Mechanics and Physics and also by its general setting as a 
generalization of Finsler and Rieniann geometries. 

As the (generalized) Lagrange space has been certified as an excellent model for some 
important problems in Relativity, Gauge Theory and Electromagnetism, in Subsections 
5.8 and 5.9 we continue and we present a geometric description of metrizability for the 
total space of the Lie algebroid generalized tangent bundle for a vector bundle. We 
extend the notions of generalized Lagrange space, Lagrange space and Finsler space 
and we define the Einstein equations in this general framework. 

Subsection 5.11 is devoted to introduce and study of a new class of mechanical 
systems called by us mechanical {p,ri) -systems, generalized Lagrange mechanical {p,ri)- 
systems, Lagrange mechanical {p^rj)- systems and Finsler mechanical {p,rj) -systems. 

For these mechanical systems we develop a theory of semisprays and sprays. We 
develop a Lagrangian formalism for Lagrange mechanical systems. 

We determine and we study the (p, r/)-semispray associated to a regular Lagrangian L 
and external force Fe which are applied on the total space of a generalized Lie algebroid 
and we derive the equations of Euler-Lagrange type. 

In particular, using the Lie algebroid generalized tangent bundle of a Lie algebroid, 
we obtain a new solution for the Weinstein's Problem different by the Martinez's solu- 
tion [61]. 

Moreover, if the Lie algebroid used is 

{{TM, TM, M) , [, ]y^ , {LdTM, Ldu)) , 

then we obtain similar results to those presented by I. Bucataru and R. Miron in [7]. 

It is known that in 1918, immediately after the birth of general relativity, Weyl 
proposed the first unified theory of gravitation and electromagnetism, by generalizing 
the Riemannian space. 

We are interested in finding the answer to the following question: 

• Could we to extend the study of the Riemannian geometry from the usual Lie 
algebroid 

{{TM, TM, M) , [, ]tj^ , {LdTM, LdM)) , 

to an arbitrary (generalized) Lie algebroid and can we obtain a general framework 
necessary to unify the theory of gravitation with the theory of electromagnetism? 

The future will show how far our theory can be used in this direction. 

Our researches continue in Section 6, where we study the geometry of total space 
of the Lie algebroid generalized tangent bundle of a dual vector bundle and so, we 
emphasize the importance and the utility of the generalized connections theory presented 
in paragraph 3.4.1. 

We present the adapted (p, r/)-basis and adapted dual (p, r7)-basis and remarkable 

endomorphisms of {T{{p,ri)TE,{p,rj)T* ,E),+,-) module (projectors, almost product 

E 
structure, almost tangent structure, almost complex structure, (p, r/)-tension endomor- 

phism) and we present the (p, ry)-torsion and the (p, r7)-curvature of a (p, ?7)-connection 
(p, rj) r. We introduce and studied distinguished linear (p, r/)-connections and we build 
the {g, /i)-lift of accelerations for a differentiable curve. Using the distinguished li- 
near (p, r/)-connections theory, we introduced and study the (p, r7)-torsion, the (p, r/)- 
curvature and we present the formulas of Ricci type and the identities of Cartan and 
Bianchi type. 



The concept of Hamilton space, introduced in [36], [40], was intensively studied in 
[19], [20], [21], and it has been successful, as a geometric theory of the Hamiltonian func- 
tion. The modern formulation of the geometry of Cartan spaces was given by R. Miron 
([36], [38]) although some results where obtained by E. Cartan [9] and A. Kawaguchi 
[23] . Since the fundamental entity in Mechanics and Physics is the (generalized) Hamil- 
ton space, in Subsections 4.8 and 4.9 we continue to present a geometric description of 
metrizability for the total space of the Lie algebroid generalized tangent bundle of dual 
vector bundle. We extend the notions of generalized Hamilton space, Hamilton space 
and Cartan space and we define the Einstein equations in this general framework. 

Subsection 4.11 is devoted to the introduction and the study of a new class of 
mechanical systems, called by us dual mechanical [p^rj)- systems, generalized Hamilton 
mechanical {p,r])- systems, Hamilton mechanical {p^rf)- systems and Cartan mechanical 
{p,r])- systems. For dual mechanical systems we develop a theory of semisprays and 
sprays. For Hamilton mechanical systems we develop a Hamiltonian formalism. We 
determine and study the (p, 77)-semispray associated to a regular Hamiltonian H and 

external force Fg, which are applied on the total space of the dual of a generalized 
Lie algebroid and we derive the equations of Hamilton- Jacobi type. One remarks that, 
if the morphisms used are identities, then similar results can be obtained by classical 
results, but not classical ones. 

The classical Legendre's duality makes possible a natural connection between La- 
grange and Hamilton spaces. It reveals new concepts and geometrical objects of Hamil- 
ton spaces that are dual to those which are similar in Lagrange spaces. The geometrical 
theory of Hamilton (Cartan) spaces was investigated from the Legendre duality point 
of view in the papers [36], [38], [20], [21]. 

In our paper, we propose a new point of view over the Legendre duality. We intro- 
duce and develop the notion of (horizontal) Legendre {p,r]^h)- equivalence between an 
arbitrary vector bundle and its dual. For this new theory it was necessary to build the 
(/9, r]) -tangent application of the Legendre bundle morphism associated to a Lagrangian 
or a Hamiltonian. 

We consider that this new theory can be used in the develop of the Poisson Geometry 
and Symplectic Geometry. 

2 Preliminaries 

In general, if C is a category, then we denoted by \C\ the class of objects and we denoted 
by C the class of arrows (morphisms). For any A,B^ \C\, we denote by C {A,B) the 
morphisms set of A source and B target. 

Let Vect, Liealg, Mod, Man, B and B"^ be the category of real vector spaces. Lie 
algebras, modules, manifolds, fiber bundles and vector bundles respectively. 

2.1 The category of Lie algebroids 

We assume that N € |Man| and let [,]xn ^® ^^^ usual Lie bracket such that 

(F {TN, TN, N), +,-,[, ]tj^) G |LieAlg| . 
Definition 2.1.1 If {F,u,N) G |B'^[ such that there exists 

(p, Mn) G B- ((F, V, N) , {TN, TN, Nj) 



and an operation 

r{F,iy,N)xT{F,u,N) % r{F,iy,N) 
{u,v) I — y [u,v]p 

with the fohowing properties: 
LAi. the equality holds good 

[^> f ■v]p = f [u, v]p, + r {p, Mn) (u) f ■ V, 
for aU u, t; € r (F, v, N) and / G 7" {N) , 
LA2. the 4-tuple 

(r(F,z.,iv),+,.,[,]^) 

is a Lie F (A^)-algebra, 
LA3. the Mod-niorphisni F {p,IdN) is a LieAlg-morphism of 

(r(F,z/,iv),+,.,[,]^) 

source and 

{r{TN,TN,N),+,-,l]TN) 

target, 
then we will say that the triple 
(2.1.1) {{F,u,N),[,]^,{p,IdN)) 

is a Lie algehroid. 
The couple 

is called Lie algehroid structure. 

Definition 2.1.2 We define the morphisms set of 

{{F,u,N),l]p,{pJdN)) 

source and 

{{F\y\N'),[,]^,,{p',IdN')) 

target as being the set 

{{v,^,)eW{{F,u,N),{F',u\N'))} 
such that the Mod-morphism F (99,(^0) is a LieAlg-niorphisni of 

(F(F,z/,iV),+,.,[,]^) 

source and 

(F(F',z.',iV'),+,.,[,]^,) 



target. 

Remark 2.1.1 Note that we can discuss about the category of Lie algebroids. This 
category is denoted by LA. 
If 

{{F,u,N),[,]^,{p,IdN)) 

is a Lie algebroid, then we assume that {F, i/, N) is a vector bundle with type fibre the 
real vector space (R^, +, •) and structure group a Lie subgroup of (GL {p, M) , •) . 

We take (j<*,z") as canonical local coordinates on {F,iy,N), where i€l,n, a G l,p. 

Consider 



a change of coordinates on (F, u, N). Then the coordinates 2" change to 2" by the rule: 
(2.1.2) z°'=A2z°. 

The coefficients p^ change to /C^- by the rule: 



where 



I A" 1 1 

I all 



A" 



-1 



Locally, we obtain 

(2-1-4) [t^,tp]F'= LlpW 

The real local functions 

^I/3> a,/3,j e l,p 

will be called structure functions of the Lie algebroid 

{{F,u,N),[,]^,{p,LdN)). 
It is easy to prove that 

2.2 The pull-back Lie algebroid of a Lie algebroid 

We consider the following diagram: 

(F,[,]^,(/>,/djv)) 
(2.2.1) iu 

E '^ > N 

where {E, vr, M) is a fiber bundle and ((F, v, N) , [, ]^ , (p, Ldj\f)) is a Lie algebroid. 

We assume that {E, tt, M) has the type fibre a manifold of dimension r and structure 
group a Lie group (G, •) . 

Proposition 2.2.1 Using the tangent 'B^ -morphism (TtTjTt) of {TE,te,E) source and 
{TN,Ti\f,N) target, we obtain that 



and 

(2.2.3) ^ = 0, V/€J-(iV). 

Let AJ^F be a representative of vector fibred (n + p)-structure for the vector bundle 
{F, ly, N) and let AJ-e be a representative of fibred (n + r)-structure for the fiber bundle 
(£', TTjiV). Let {tt*F,tt*i', E) be the pull-back vector bundle through tt. 

If {U,^jj) € ATe and {V,sv) G ^J-'f such that U CiV ^ 4>, then we define the 
application 

Tr*u-\7r-^ {UnV)) '-^111^^ vr-i (C/ny) xMP 

(u,Z{u)^ ^ (^'*y,l(«)^(^))- 

Proposition 2.2.2 The set 

is a vector fibred [m + r) + p-atlas for the vector bundle (vr*F, 7r*i^, E) . 

If 

z = z'^ta G r [F, u, N) , 



then, using the vector fibred (m + r) + p-structure AJ-'tt*f 

Z = (z" o vr) t„ G r {tt*F, iT*iy, E) 

such that 

Z{ux) = z{x), 

for any Ux G vr^-*^ {UfW) . 

The set <Ta, a ^ l,p> is a, base for the module of sections 

{T{tt*F,t:*u,E),+,-). 
Let ( p , IdE I be the B'^-morphism of 



we obtain the section 



{7r*F,7T*u,E) 

source and 

{TE,TE,E) 

target, where 

n*F 

7r*F -^ TE 
(2.2.4) _ /~ - 5 



Z-T^{ux) ^ l^z^.p^vr^jM 
We consider the operation 

T{Tr*F,iT*iy,E)xT{iT*F,TT*iy,E) """-^ ) T {Tr*F,TT*iy, E) 
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defined by 

(2-2.5) [faj% 

for any f ^ T (E) . 

Lemma 2.2.1 The following equality holds good 






UJV =f 



TT*F 



u,v 



Tr*F 



+ T(^7,IdE]{U]f-V, 



for any U,V £T {it*F, Tr*iy, E) and for any f ^ J- (E) 
Proof. We observe that for any a,l3 £ l,p, we obtain 



Ta, fTp 



TT*F 



f 



Ta,Ti3 



TT*F 



h*F 



+ r p ,idE]T^{f), yfeT{E). 



Using this equahty and the definition of the operation [, ]^.^ it results the conclusion 
of the lemma. q.e.d. 

Lemma 2.2.2 The T (E)- algebra 

{r{7T*F,7:*l^,E),+,;[,l,p) 

is a Lie J^ (E) -algebra. 

Proof Using the definition of the operation [, ]^*^ it results that 



U,V 



VM 



for any U,V (zT {tt*F, TT*iy, E) . Therefore, we obtain 



(1) 
Since 



U,U 



n*F 



0, yU er{Tr*F,Tr*u,E). 



{T{F,U,N),+,;{,]^) 

is a Lie J-" (A^)-algebra, we obtain the equality: 



2-^ \ '^01^ae~^ Pa~aZr 



cyclic{a,f),'y) 

Using (2.2.2), we obtain the equality: 



E 

cyclic{a,l3,^) 



((L^^o7r)(LLo7r)+pL°vr 



0. 



9{lU°-) 



0. 
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and multiplying with Ts, we obtain 



cj/ciic(a,/3,7) 



which is equivalent with 



cj/ciic(a,/3,7) 



T T 



7r*F 



+ Z'" ° ^^^^5 ) = 0. 



Since this equality implies 



cyclic{a,l3,'y) 



7'Q,(L|^07r) Te 



n*F 



0, 



it results that the following Jacobi identity is satisfied 



E 

cyclic{a,f5,'y) 



r„ 



Ti3,Ty 



n*F. 



TT*F 



In general, for any U,V,Z (^T {it*F, 7r*z/, E), we obtain the Jacobi identity: 



u. 


v.z 




+ 


z. 


ij.v 




+ 


V. 


ZM 








■e*f\ 


7r*F 






tv*f\ 


TT*F 






tt*f\ 



TT*F 



Using the affirmations (1) and (2) it results the conclusion of the lemma. 
Lemma 2.2.3 The Mod-morphism 



is a Ijiealg-morphism of 



source and 



T("p,IdE 



{r{TT*F,7,*l^,E),+,;[,l,p) 
iT{TE,TE,E),+,;[,]TF) 



target. 

Proof. As the Mod-morphism T{ffIdN) is a Liealg-morphism of 

(r(F,z.,iv),+,.,[,]^) 

source and 



iI{TN,TN,N),+ 



' 5 h \TN) 



target, then we obtain 



r 7 „fc _ „J rW _ J !fe|) 

^al3P"/ - Pa a^« Pp Q^j 



Using relations (2.2.2), we obtain: 



^Ib°^]\P%°^] =Pa°^^ 



d{p)M 



P'P 



o vr- 






q.e.d. 
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Multiplying with -^, we obtain the equality 



d. 



Lip o ^j (p^ o ^j ^ = p> ^ 
which is equivalent with the equality 

Ta,Tp 






r [ p ,IdE 



T Tp , Me] fa, r rp , Me ) Ta 



TAT 



for any base sections Ta,Tp. 

In general, we obtain the equality 



Tip, Me 



U,V 



Tr7,ME)u,T(''7,ME]V 



TN 



for any f/,y er(/i*F,/iV,M). q.e.d. 

Using Lemmas 2.2.1, 2.2.2 and 2.2.3, we obtain the following 
Theorem 2.2.1 The couple 

is a Lie algebroid structure for the vector bundle {■k*F,'k*u,E) . 

This Lie algebroid will be called the pull-hack Lie algebroid of the Lie algebroid 

{{F,u,N),[,]^,{p,LdN)). 

3 Generalized Lie algebroids, exterior differential calculus 
and (linear) connections 

3.1 The category of generalized Lie algebroids 

We assume that A^ € |Man| and let [, J^tv ^"6 the usual Lie bracket such that 

(r {TN, TN, N) , +, ■, [, ]y^) G |LieAlg| . 
Let h G Man (M, N) be a surjective application. 
Definition 3.1.1 If {F,v,N) G |B'^[ such that there exists 

{p,7^) eW {{F,u,N) ,{TM,TM,M)) 
and an operation 

V{F,u,N)>iT{F,u,N) "^ T{F,v,N) 
{u,v) I — > [u,v]p^f, 

with the following properties: 
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GLAi. the equality holds good 

[^' / • v]F,h = f [^' v]F,h + r (T/l o p, /l o 77) {u) f ■ V, 

for all u,v eT (F, ly, N) and / G 7" (iV) . 
GLA2. the 4-tuple 

(r(F,z.,iv),+,.,[,]^,) 

is a Lie J-" (A^)-algebra, 
GLA^. the Mod-morphism T (Th o p,h o rj) is a, LieAlg-morphism of 

source and 

(r(TiV,rjv,iV),+,-,[,]TJv) 
target, 

then we will say that the triple 

(3.1.1) ((F,z.,iV),[,]^_^,(p,r?)) 

is a generalized Lie algebroid. 
The couple 

[AfmAPiV) 



will be called generalized Lie algebroid structure. 
Definition 3.1.2 We define the morphisms set of 

source and 

[{F',u',N'),[,]^,,^,,{p',v')) 

target as being the set 

such that the Mod-morphism T {ip, ipo) is a LieAlg-morphism of 

(r(F,z.,iv),+,.,[,]^^,) 

source and 

target. 

Remark 3.1.1 Note that we discuss about the category of generalized Lie algebroids. 
This category will be denoted by GLA. 

In the following we will build some examples of generalized Lie algebroids. 
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We assume that {{F, v, N) ,[,]p , (p, Mn)) is a Lie algebroid and let h G Man {N, N) 
be a surjective application. 

Let AJ-'f be a representative of vector fibred (n + p)-structure for the vector bundle 
{F, I/, N) and let AJ-tn be a representative of vector fibred (n + n)-structure for the 
vector bundle {TN,tn,N). 

If iU,^u) € ATtn and {V, sy) € ATp such that U fl /i"^ (V) / (/), then we define 
the application 

T]^\unh-Hv))) ^-Ei^!i:m {unh-Hv))xi 



(x,n(x)) I — > \^K,ijj^^u{Kyj . 



Proposition 3.1.1 The set 

{u,^ij)<^ArTN, (v,sv)(^ArF ^^ ^ ' 

is a vector fibred n + n-atlas for the vector bundle {TN, tn, N) . 

If 

X = X'£^eT{TN,TN,N) 

then, using the vector fibred n + n-structure \^AFtn'\ , we obtain the section 

x = X'oh^er{TN,TN,N), 

such that 

X{k) = X{h{>c)), 

for any >i: £ U (1 h^^ {V) . 

The set {^, i £ T~n} is a base for the T (7V)-module (L {TN, tn, N) ,+,•)• 
We consider the operation 

r {F, u,N)xr {F, u, N) — ^^^^ r {f, u, n) 

defined by 

[ta,ft/3]p^h =f[Lll3°h)h + ploh-^^tf}, 

for any / G J" {N) . 

Lemma 3.1.1 The following equality holds good 

[^' f'^]F,h = f [^' ^]F,h + r (T/l o p, h) (z) f ■ V, 

for any z,v €T {F, u, N) and f £ T (N) . 
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Proof. We obtain easily that 

[ta, ft(5]F,h = [*"' */3]f,/i + r (T/l o p, h) (t„) / • tp 

for any V/G J^(Af). 

Using this equahty and the definition of the operation [, Ip'^ it results the conclusion 
of the lemma. q.e.d. 

Lemma 3.1.2 The T {N)- algebra 

(r(F,z.,iV),+,.,[,]^,) 

is a Lie J^ (N)-algebra. 

Proof. Using the definition of the operation [,]pfi it results that 

for any u,v (zT {F,iy,N) . Therefore, we obtain 

(1) [u,u\p^^ = o,yuer{F,i^,N). 

Since (F (F, v, N) , +, •, [, ]p) is a Lie T (A^)-algebra, it results that 



cyclic{a,f),j) 



dLi 



Z^ ( -^^7-^ae + P'a^;^ 



0. 



Therefore, 



E 

cyclic{a,(5,'y) 



[{^,oh){Lloh)+pioh'-%!^ 



0. 



diL$-,oh)_ 



ts ]=0 



Multiplying with ts, we obtain the equality 

E ((L'f,^°h]{Li,oh)ts + ploh 

cycUc{a,j3,^) \ 
which is equivalent with the following equality: 



E [[L%oh] [t^M.H + p\ o h'-%^ts ] = 0. 



cyclic{a,l3,f) 

Therefore, we obtain the Jacobi identity 



cyclic{a,l3,'y) 



0. 



FM 



For any u,v,w (zT {F, v, N), we obtain the Jacobi identity 



U,[v,w]F,h ^ ,+ vAw,u]p. + W,[u,v]p,, 



F,h 



F,h 



F,h 



Using (1) and (2) it results the conclusion of lemma. 



q.e.d. 



16 



Lemma 3.1.3 The ISAod-morphism T (Tho p^h) is a 'Liealg-morphism of 

(T{F,u,N),+,;l]F,h) 
source and 

iT{TN,TN,N),+,;[,]TN) 

target. 

Proof. As the Mod-niorphisni T {p, Id^) is a LieAlg-morphisms of 

{T{F,U,N),+,;1]f) 

source and 

ir{TN,TN,N),+,;[,]^^) 

target, then we obtain 

t7 ~k _ „? ^P% J dpi 

Therefore, we obtain 

{Li,oh){p^oh)=pioh'4;^-^^oh'j^. 

Moreover, we obtain 

[^afS ° ^) [P^ °fl)l^-Pa° ^^^^^ - Pp ° /^^iT^- 

After some calculations, we obtain that 

r {Th o p, h) [ta,ti3\p^^ = [T {Th o p, h) ta, T {Th o p, h) ti3\j,j^ . 

We obtain easily that 

r {Th o p, h) [n, v]p^j^ = [r {Th o p, h) u, T {Th o p, h) v]j,j^ , 
for any u, f € F {F, u, N) . q.e.d. 

Using Lemmas 3.1.1, 3.1.2 and 3.1.3 we obtain the following 
Theorem 3.1.1 (example of generalized Lie algebroid) The couple 

[,]p^f^,{p,IdN)^ 
is a generalized Lie algebroid structure for the vector bundle {F, v, N) . 
Definition 3.1.3 The generalized Lie algebroid 

\F,u,N),[,]p,,{p,IdN) 



given by the previous theorem, will be called the generalized Lie algebroid associated to 
the Lie algebroid 

{{F,u,N),[,]p,{p,IdN)) 
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and to the surjective application 

h G Man {N, N) . 
In particular, if /i = Idj^, then the generahzed Lie algebroid 

will be called the generalized Lie algebroid associated to the Lie algebroid 

i{F,u,N),[,]^,{p,IdM)). 

Note that any Lie algebroid can be regarded as a generalized Lie algebroid. 

Theorem 3.1.2 (example of generalized Lie algebroid) Let M G |Manj„| and g,h ^ 

LsOMan (M) . 

Let [, ]j,j^ be the usual Lie bracket such that 

(r {TM, TM, M) , +, •, [, ]^^) G |LieAlg| . 
Using the tangent W -niorphisnn (Tg,g) and the operation 

' T A / h 

r{TM,TM,M)xr{TM,TM,M) — ^ r{TM,TM,M) 

{U,V) I > [u,v]TM,h 

where 

[^' v]TM,h = T (T{ho gy^ , {h o gy^j ([F {T {h o g) , h o g) u,T (T {h o g) , h o g) v]j,j^) , 
for any u,v (z T{TM,tm,M), then we obtain that 

(TM, TM, M) , [n, v\j,j^y^ , {Tg, g) 



is a generalized Lie algebroid. 

Proof: As the operation [, ] ^j^^ ^ is biadditive, then we obtain that 



^r {TM, TM, M) , +, •, [, ]^^^^j G I Alg| . 

Using the definition of the operation [, ]tm/i ^® obtain that 

T{T{hog) ,hog) [[u, f ]rM,/i) =[^iTihog),hog)u,T(T{hog),hog) v 

for any u,v eT {TM, tm, M) . 

1) Therefore, T {T {ho g) ,ho g) is a Alg-morphisni of 

{t{TM,tm,M),+,;[,]^j^^^ 

source and 

{T{TM,tm,M),+,-,[,]tj^) 

target. 
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TM 



For any u,v gT (TM, tm, M) and f G T (M) we obtain that 

[^' f^]TM,h = r f T (/l o gy^ , {h o gy^j ([r {T {h o g) ,h o g) U,T {T {h o g) ,h o g) fv]j.j^) 
= T (T{ho gy^ , {h o gy^j {f ■[T{T{hog),hog)u,T(T{hog),ho g) V^j^) 
+T {t {ho gy\{ho gy^yV {T {ho g) ,ho g)u){f) -T {T {ho g) ,ho g)v 
= f -r (t {ho gyy{ho gy^yr {T {ho g) ,ho g)u,r {T {ho g) ,ho g)vyj^ 
+ {T{T{hog),hog)u){f)-V 

2) Therefore, we obtain that 

[^' f'"]TM,h = f -[u, v]TM,h + {^{T{hog),hog) u) (/) • v 

for any u,v GT {TM, tm, M) and / € J" (M) . 
We remark that 

r(r(/io5)-i,(/i0 5)-i)(o) = o. 

As 

(r {TM, TM, M) , +, •, [, ]^j^) G iLieAlgl 

and 

["'[^'^iTM.hlrM.h =r{Tihog)-\(hog)-^)[r{T(hog),hog)u,riTihog),hog)lv,z]j,j,j,^y^^j 

=r{Tihog)-\{hog)-')[r{T{hog),hog)u,lT{T{hog),hog)v,r{Tihog),hog)z]j.r,i]^^j 

for any u,v, z G F {TM, tmi M) , it results that 



[«' ^]tma = 



for any u GT {TM, tm, M) and 



^5 b'^JTM,fe 



TAf,/i 



+ 



Z, [U,v\j,]y^ j^ 



TM,h 



+ 



V, [Z, U\rpj^^ , 



TM,h 



0, 



for any u,v,z gT {TM, tm, M) . 
3) Therefore, we have that 



F {TM, TM, M) , +, •, [, ]^M, G iLieAlg 



Using the affirmations 1), 2) and 3) it results the conclusion of the theorem. 

Remark 3.1.2 For any Man-isomorphisms g and h we obtain new and interesting 
generalized Lie algebroid structures for the tangent vector bundle {TM, tm , M) . 

For any base {ta, a G l,m} of the module of sections {T {TM,tm,M) ,+,■) we 
obtain the structure functions 






■ 96^8 ■ de^ \ ~-y 
at P at a I a' 



dx^ 



dx^ 



, a, /3,7 G l,m 



where 



, i,a G l,m 
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are real local functions such that 



and 

s 

are real local functions such that 



6'-, i,7 G l,m 



T[T{hog)-\{hog)-^)(^-l-^=~e]t,. 



In particular, using arbitrary basis for the module of sections and arbitrary isometries 
(symmetries, translations, rotations,...) we obtain a lot of generalized Lie algebroid 
structures for the tangent vector bundle (TS,r2,S) and we can study its geometry 
using our theory which is develop in the next. 

3.1.1 Structure functions for generalized Lie algebroids 

Let 



{F,u,N)^\p^^,{p,ri) 
be a generalized Lie algebroid given by the diagram: 



(3.1.1.1) \u 



M ^ > N 



We assume that (-F, v, N) is a vector bundle with type fibre the real vector space 

, +, .) and structure group a Lie subgroup of (GL (p, M) , .) . 

We take (x*,y*) as canonical local coordinates on {TM,tm,M) , where i G l,rn.. 

Consider 

a change of coordinates on {TM,tm,M). Then the coordinates y* change to y* by the 
rule: 

(3.1.1.2) y'=^y'- 

We take (x*,z") as canonical local coordinates on {F^u,N), where zGl,n, a G l,p. 
Consider 



a change of coordinates on (F, u, N). Then the coordinates z" change to z" by the rule: 
(3.1.3) z°'=A°z". 



We assume that {9, fi) = (Th o p,ho rj). 
If z'^tct G r [F, V, N) is arbitrary, then 

T{Thop,hor]){zH^)f{hor^{>c)) = 
20 



for any f e F (N) and k e N. 

The coefficients /9^ respectively ^^ cliange to /O^- respectively 6*^- by the rule: 



(3.1.1.5) 






Pi'=K 




respectively 








(3.1.1.6) 








where 






IIA5II = 


K 


-1 


Locally, we set 






(3.1.1.7) 






r 1 put -^ -V 


We easily 


obtain 


that 









The real local functions 



Llfi = -Ll, Va,/3,7 G l,p. 



will be called the structure functions of the generalized Lie algebroid 

((F,z.,iV),[,]^,,(p,r,)). 
Theorem 3.1.1.1 The following equalities hold good: 

(3.1.1.8) ploh^=(el§Lyh,yfeT{N). 
and 

(3.1.1.9) f,y Afk A (. ,^Kl^ (, A 9 {Pa ° h) 
[L^, o h) (p, o h) = {p^ o h) ^^^ - (p, o h) -^—- 

Proof. Using the relation (3.1.1.4), we obtain the equality (3.1.1.8) . Since 

T{Tho p,hori) [ta,tp\p{f) 

= [r {{Th, h) o (p, r/)) t„ r {{Th, h) o (p, ,?)) tp\p (/) 

= r (T/i, h) ([r (p, r/) t,, r (p, r/) t^^l^M) (/) , v/ g J- (iV) , 



it results that 



(ii. = <.) (A <"•) 1# = ((p> ") %^ - (p;. o ") ^) !#. 

for any / G F {N) . q.e.d. 
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3.1.2 The pull-back Lie algebroid of a generalized Lie algebroid 

Let 

be a generalized Lie algebroid given by the diagram (3.1.1.1). 

Let AJ-'f be a representative of vector fibred (n + p)-structure for the vector bundle 
{F, I/, N) and let AJ-tm be a representative of vector fibred (m + ?TT-)-structure for the 
vector bundle {TM,tm,M). 

Let {h*F, h*!^, M) be the pull-back vector bundle through h. 

If {U,^jj) G ATtm and {V, sy) G ATp such that V fl h~^ (F) 7^ (/>, then we define 
the application 

h*v-^{\Jr\h-^{V))) 'i^^^liiri {lJ^h-^{V)) yW 
(x,z(/i(x))) I — > (x,t-i^(^-,z(/i(x))j . 

Proposition 3.1.2.1 The set 

AFf''= U {{Uf^h-^V),sunh-Hv))] 

(7n/i-i{v)^</> 

is a vector fibred m + p- atlas for the vector bundle {h*F,h*i',M) . 

If 

z = z'^ta G r {F, u, N) , 

then, using the vector fibred m + p-structure lAJ-p] , we obtain the section 

Z = (z" o /i) r« € r {h*F, h*v, M) 

such that 

Z (x) = z{h {x)) , 

for any x € [/ n h^"^ {V) . 

The set \Ta, a€l,p}isa base for the module of sections 

{T{h*F,h*u,M),+,-). 

p , Mm ) be the B"^-morphism of 

{h*F,h*u,M) 



source and 
target, where 



iTM,TM,M) 



h*F 

h*F -^ TM 



(3.1.2.1) g 

Z-T^{x) ^ {Z--ploh)—^{x) 
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We consider the operation 

r {h*F, h*u, M)xT {h*F, h*u, M) ^'^"'^ ) r {h*F, h*u, M) 
defined by 

[fTa,T(s]f^,p = - [T/s, fTa]f^,p , 

for any / G 7" (M) . 

Lemma 3.1.2.1 The following equality holds good 

[u, fv]f,,p = f [u, v]f^,p + r (^^7, idM) (u) f ■ V, 

for any U,V GT {h*F, h*u, M) and for any f e F (M) . 

Proof. We observe that for any a,/3 € l,p, we obtain 

[To., fTp\^.p = f [Ta, Tp]^,^ + r (V , Mm) (Ta) / • T^, V/ G J" (N) . 

Using this equahty and the definition of the operation [, J/jtp' it results the conclusion 
of the lemma. q.e.d. 

Lemma 3.1.2.1 The F {M)- algebra 

{T{h*F,h*U,M),+,;[\,p) 

is a Lie F {M)- algebra. 

Proof. Using the definition of the operation [, J/j.p' it results that 

for any [/, y G F {h*F, h*v, M) . Therefore, we obtain 

(1) [U, U]^,p = 0, Vf/ G r {h*F, h*v, M) . 

Since (F (F, v, M) ,+,-,[, ]p) is a Lie F (M)-algebra, we obtain the equality: 



cyc/ic(Q,/3,7) 



'M^o,e^^a-Q^, 



Using (3.1.1.9), we obtain the equality: 



diLf^^oh 



E (Lko/^ L^o/, +p>/,^_— ^ =0. 



cydic{a,(3,'y) \ ^ ^ '-'-^ 
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and multiplying with Ts, we obtain 



cj/cZ«c(a,/9,7) 

which is equivalent with 



E I {L%oh)[Li,oh]Ts+p'^oh 






dLf,^ o h 



Ts \ =0. 



cyclic(a,l3,'y) 

Since this equality implies 



E (L^y o h) [r,,T,],.^ + pL o h^^L_Ts = 0. 



3x* 



E 

cyclic(a,l3,'y) 



Ta,(L^^^oh) Te 



h*F 



it results that it is satisfied the Jacobi identity 

cyclic(a,l3,'y) 



0. 



In general, for any U,V,Z(^T {h*F, h*v, M), we obtain the Jacobi identity: 
(2) [U, [V, Z]^,p]^^^ + [Z, [U, F];,.^],*^ + [V, [Z, U],,,p]^,p = 0. 

Using affirmations (1) and (2), we get the conclusion of the lemma. 
Lemma 3.1.2.3 The 'M.od-morphism 



is a JjieaAg-morphisfn of 



source and 



r( p,IdM 



{I{TM,tm,M),+,-,1]tm) 



target. 

Proof. Using relations (3.1.1.9), we obtain: 



Ll,°h)[p'^oh)^^ 



(Pa-h) 



d 



Pp 



q.e.d. 



d 



dx^ dx^ ^ ^ 



d{pioh) d 
dxi dx^ 



Therefore, 



h'F 



h'F 



h'F 



r (^ /? , IdMJ [Ta.Tp]^^^ ^ F ( P ' ^'^^ )Ta,T [ p , Mm ) Tg 

for any base sections Ta.,Tp. 

In general, we obtain the equality 



TM 



h*F 



h*F 



h*F 



r( p jdM][u,v]^,^= r( p jdM]u,T[ p ,idM]u 

24 



TM 



ioT any U,V eT{h*F,h*iy,M). q.e.d. 

Using Lemmas 3.1.2.1, 3.1.2.2 and 3.1.2.3, we obtain the following 



Theorem 3.1.2.1 The couple 



[']/i*F' ( P -i^^M 



is a Lie algebroid structure for the vector bundle {h*F, h*u, M) . 

This Lie algebroid will be called the pull-hack Lie algebroid of the generalized Lie 
algebroid 

'iF,,,,N),[,]p,,{p,7])' 



3.1.3 Interior Differential Systems 

We consider a generalized Lie algebroid ( {F, u, N) ,[,]pf^, {p, i]) j given by the dia- 
grams: 

F -^ TM -^^ TN 

M -^ N -^ M -^ N 

Let ( {h*F, h*u, M) , [, J^,^ , i p , Idu ) ) be the pull-back Lie algebroid. 
Definition 3.1.3.1 Any vector subbundle {E, ir, M) of the vector bundle {h*F, h*v, M) 
will be called interior differential system (IDS) of the generalized Lie algebroid f (F, v, N) ,[,]pi^, {p, ff) 

In particular, if /i = Idjsj = ?7, then any vector subbundle {E,tt,N) of the vec- 
tor bundle {F, v, N) will be called interior differential system of the Lie algebroid 
{{F,v,N),l]p,{pJdN)). 

Remark 3.1.3.1 If [E, tt, M) is an IDS of the generalized Lie algebroid ( (F, v^ N) ,[,]p}^, {p, i]) j , 

then (r {E, n, M) , -F, •) is a J" (M)-submodule of the J" (M)-module (L {h*F, h*u, M) ,+,■). 
In addition, if 

v{e^,tt^,m] ^= |f]er(/i*V,/iV,M) :f](5) = 0, V5Gr(F,^,M) 



then(r(£;^,7r-L,M) ,+,) is J'(M)-submoduleof the J'(M)-module f F f /i*F, /iV, M ) ,+ 

h*F, h*v,M 

which will be called the annihilator vector subbundle for the IDS {E, vr, M) . 

Proposition 3.1.3.1 Let {E,tt,M) be an IDS of the generalized Lie algebroid 
(^{F,u,N),[,]p^,^,{p,rj)y 

If dimjri^M)^ {E,TT,M) =r <p = dimjr^M)^ {h*F, h*u, M), then dimjr(^M)^ {E^, vr^, M) 
p — r. 

Therefore, ifT{E,TT,M) = {Si,...,Sr), then it exists 9''+'^ ,..., e^ eT (h*F,h*u,M\ 
linearly independent such that F (i?-*- , Tr-*- , M) = (|0''+^, ..., 0^) . 
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Conversely, if T {E^ , tt^ , M) = {e''+^, ...,eP), then it exists Si, ..., Sr €T{E,tt,M) 
linearly independent such that T (E, vr, M) = {Si, ..., Sr) ■ 

Definition 3.1.3.2 The IDS (£;,7r, M) of the generalized Lie algebroid ({F,iy,N) , [,]^^/, , (p,r/) 
will be called involutive if 

[S, T]^.p G r {E, vr, M) , V5, T G r {E, vr, M) . 

Proposition 3.1.3.2 Let {E,tt,M) be an IDS of the generalized Lie algebroid 

((F,z.,iV),[,]^^,,(/>,77)). 

If {Si, ■■■,Sr} is a base for the IF {M)-submodule iV {E,tt,M) ,+,■) then {E,tt,M) 
is involutive if and only if 

[Sa, Sb]h*p G r {E, TT, M) ,ya,be t;7. 



3.2 Exterior differential calculus for generalized Lie algebroids 

We propose an exterior differential calculus in the general framework of generalized Lie 
algebroids. As any Lie algebroid can be regarded as a generalized Lie algebroid, in 
particular, we obtain a new point of view over the exterior differential calculus for Lie 
algebroids. 
Let 

be a generalized Lie algebroid given by the diagram (3.1.1.1) . 

Definition 3.2.1 For any g G N we denote by {T,q, o) the permutations group of the 
set {l,2,...,q}. 

Definition 3.2.2 We denoted by A'' (F, i',N) the set of g-linear applications 

T{F,u,NY -^ T{N) 

{zi,...,Zq) I > Uj{zi,...,Zq) 

such that 

uj (z^(i), ..., 2;^(g)) = sgn {a) -(^{zi, ..., Zq) 

for any zi, ..., Zq ^T (F, v, N) and for any a G T,q. 

The elements of A'^ {F, u, N) will be called differential forms of degree q or differential 
q- forms. 

Remark 3.2.1 If t^; G M{F,v,N), then uj {zi, ...,z,...,z, ...Zq) = 0. Therefore, if w G 
M{F,u,N), then 

U) yZl, ..., Z'l, ..., Zj , ...Zq) — LO \Zi, ..., Zj , ..., Zi, ...Zq) . 

Theorem 3.2.1 If q£ N, then (A^ (F, z>, N) , +, •) is a F {N)-module. 
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Definition 3.2.3 If w G A"? {F, v, N) and 6* G A'' (F, v, N), then the {q + r)-form ojAO 
defined by 

a{l)<...<a{q) 
a{q+l)<...<cr{q+r) 

= -j-y E sgn{a)uj{z^^i),...,z^^g))e{z^(g+i),...,z^^g+r)), 

for any zi, ..., z^+r G T (F, z^, iV) , wih be called the exterior product of the forms uj and 9. 
Using the previous definition, we obtain 

Theorem 3.2.2 The following affirmations hold good: 

1. If UJ £ A" (F, ly, N) and 9 £ K" (F, u, N), then 

(3.2.1) ioA9={-iy''9Aoj. 

2. For any w G A« (F, v,N), 9 e A"" (F, i^, N) and ij e A" (F, ly, N) we obtain 

(3.2.2) {ujA9)Ari = ujA{9Ari). 

3. For any w, G A"? (F, z/, iV) and r/ G A'* (F, z^, A^) i(;e obtain 

(3.2.3) (a; + 6')A77 = tjA7? + 6'A77. 

4. For any w G A'^ (F, ;/, A^) and 0, 77 G A* (F, z/, A^) i(;e obtain 

(3.2.4) wA(6' + ?7)=tjA6l + a;A7?. 

5. For any / G F (A^), a; G A^ (F, z/, A^) and 6* G A'' (F, z^, A^) u;e o6tam 

(3.2.5) if ■uj)A9 = f ■{ujA9)=ujA{f -9). 
Theorem 3.2.3 // 



A (F, iy,N)= e A* (F, u, N) , 

q>0 



then 



{A{F,u,N),+,;A) 

is a F {N)-algehra. This algebra will be called the exterior differential algebra of the 
vector bundle (F, u, N) . 

Remark 3.2.2 If |t", a G l,p} is the coframe associated to the frame {ta, a G l,j»} 
of the vector bundle (F, v, N) in the vector local (n + p)-chart U , then 



t"! A...Ar^(zft,,...,Zg"t,) = idet 



Z. ... Zi 



for any g G l,p. 
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Remark 3.2.3 If {t", a G l,p} is the coframe associated to the frame [ta, a G l,p} 
of the vector bundle {F, zv, N) in the vector local (n +p)-chart U, then, for any q (z l,p 
we define Cp exterior differential forms of the type 

t°i A... At"? 

such that 1 < ai < ... < aq < p. 
The set 

{t"i A ... A t°^ 1 < Qi < ... < a, < p} 

is a base for the J-" (A^)-module 

{AHF,u,N),+,-). 
Therefore, if a; G A* {F, v, N), then 

00 = UJai...agt"^ A... At"". 

In particular, if oj is an exterior differential p-form oj, then we can written 

u) = a-t'^ A ... AtP, 
where a £ J- (N) . 
Definition 3.2.4 If 

W = Wai...a,i"^ A ... A t°' G A« (F, z/, iV) 
such that 

for any 1 < ai < ... < a^ < p, then we will say that the q-form oj is differentiable of 
C^ -class. 

Definition 3.2.5 For any z G r(F, z/, iV), the J^ (iV)-multilinear application 

A(F,z/,iV) ^^^ K{F,u,N) , 

defined by 

L,{f) = T{Thop,hor^)z{f), yfGF{N) 

and 

L^u) {zi, ..., Zq) = r {Th o p,hor])z{uj ((zi, ..., Zg))) 

for any w G A'^ {F,iy,N) and zi,...,Zq G F (F, z/, A^) , will be called the covariant Lie 
derivative with respect to the section z. 

Theorem 3.2.4 // z G F (F, z/, A^) , a; G A"? (F, z/, A^) and G A^ (F, zy, A^), t/ien 

(3.2.6) Lz{uj Ae)=L^uj AO + ojAL^e. 



28 



Proof. Let zi,...,Zq^r G r(F, z/, iV) be arbitrary. Since 

Lz (^ A 9) {zi, ..., Zq+r) = r {Th o p,hori)z{{uj A 9) {zi, ..., Z^+r)) 
-X; (wA6l) (^(^zi,...,[z,Zi]p,/^,...,Zg+rjj 

/ 

= r {Th o p,h o rj) z 



\o 



^ sgn{a)-uj{z^(^i),...,z^(^q)) 

a{l)<...<a{q) 
\cr{q+l)<...<(7{q+r) 

■0{Za{q+l),-,Za{q+r))) " E (^ A 0) [^[^Zi, ...,[z, Zi]p,^ , ..., Zg+rj j 

= E ^^"(O-) •r(r/lop, /lO?7)z(tj(z^(l),...,Z^(^))) 

CT(l)<...<a(g) 
cr{q+l)<...<a{q+r) 

•6'(^CT(g+l),---,^<7(g+r)) + E S^"- (c^) ' '^ (^<7(1), •••, ^<7(g)) 

a(l)<...<<T(g) 
CT((J+l)<...<cr((J+r) 

•r(r/iop, /i 077)^(6* (z^(,+i),...,z^(,+^))) - E s5"^(o-) 

(T(l)<...<a(g) 
a{q+l)<...<a{q+r) 

'E'^ ( ^cr(l)i •••> |_^> ^o-wJf/i ' •••' ^o-(g+r) ) ' ^ (^cr(q+l) ) •••! ^o-(g+r)) 
1=1 ' ^ 

E ^^^(o-) E ^{za(i)^--^Mq)) 

CT{l)<...<a{q) i=q+l 

a{q+l)<...<cr{q+r) 

= E S5'"-(cr)-^2w(^<7(l),-", [^,^<7(j)]^;j,---,^a{g+r)) 

a(l)<...<<7(g) ^ ' ^ 

CT((J+l)<...<cr((J+r) 

•6'(^;<T(g+l),---,^a(g+r)) + E Sfi"^ (o") E ^ (^<7(1) , •••, ^<7(g)) 

ct(1)<...<o-((j) i=q+l 

a{q+l)<...<a(q+r) 

'Lz9 ( ^CT(g+l)) •••) [z, ^a{i)\p^f^ ) •••) ^a{q+r)] 
= {LzOJ A9 + UJ A Lz6) (Zi, ..., Zqj^r) 

it results the conclusion of the theorem. q.e.d. 

Definition 3.2.6 For any z G T {F,v,N), the J-" (iV)-multilinear application 

A (F, V, N) ^^ A (F, zy, iV) 
A9 (F, jy, TV) 9 a; ^ i^w G A^-^ (F, z/, iV) , 

where 

i-zUJ {Z2, ..., Zg) = UJ {Z, Z2, ..., Zq) , 

for any Z2,...,Zg G r(F, zy,A^), will be called the interior product associated to the 
section z. 

For any / G T{N), we define izf = 0. 
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Remark 3.2.4 If z eV {F,iy,N) , u £ A^ (F, u, N) and U is an open subset of N such 
that z^u = or u^u = 0, then {izUj),^ = 0. 

Theorem 3.2.5 If z gT {F, u, N), then for any u £ A^ {F, u, N) and 6* G A^ (F, v, N) 
we obtain 

(3.2.7) iz ((J A 6*) = i^w A 6* + (-l)"^ w A i^O. 

Proof. Let zi, ..., z^+r G T (F, v, N) be arbitrary. We observe that 

izi (uj A 6) {z2, ..., 2g+r) = (a; A 6*) (zi, ^2, ..., 2^+^) 

CT(l)<...<a(g) 
o-((j+l)<...<o-(<?+r) 

l=o-(l)<o-(2)<...<(T(g) 
o-((j+l)<...<o-{(j+r) 

+ E ^^"-(O-) •^(^<T(l),---,^a(g)) -^(^1,^^(9+2), •••,2a(g+r)) 

(T(l)<...<a{<ir) 

l=(T(g+l)<o-((j+2)<...<o-(g+r) 

= E •S5" (O") • ^ziW {Za(2), ■■■, Za(q)) ' (^a(g+l), •••, Ml+r)) 

a{2)<...<u(q) 

C7(q+l)<...<c7(q+r) 

+ E sgn{a)-u:{z„(i),...,z„(^q)) ■iz^e{z„(^q+2),-,z„{q+r)) ■ 

ct{1)<.. .<a{q) 
a(q+2)<...<a{q+r) 

In the second sum, we have the permutation 

1 ... q q+ 1 q + 2 ... q + r 



' cr(l) ... o-(g) 1 a {q + 2) ... a {q + r) 
We observe that a = t o t' , where 

1 2 ... q+1 q + 2 ... q + r 



^ ' 1 fT(l) ... a{q) a {q + 2) ... a {q + r) 

and 

j_ I 1 2 ... q q+1 q + 2 ... q + r 



^ '23... q+l 1 q + 2 ... q + r 
Since r (2) < ... < r (g + 1) and r' has q inversions, it results that 

sgn{a) = (-1)'^ ■ sgn{T). 

Therefore, 

i^j (w A 9) (Z2, •••, 2;<?+r) = few A 6*) (Z2, •••, Zq+r) 

+ (-1)^ E Sgn (r) • W (z^(2), ..., Z^(<;)) • i^i6l (^;r(g+2), •••, Z^{q+r)) 

T(2)<...<r(g) 
T(g+2)<...<T{g+r) 
= {iz^UJ A 6*) (Z2, •••, Zq+r) + (-1)^ (^ A Iz^O) {Z2, ..., Zg+r) • 



q.e.d. 
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Theorem 3.2.6 For any z,v ^T {F, v, N) we obtain 

(3.2.8) L^oi^ -z^oL^ = i[^^^]^^. 
Proof. Let (x) € A'^ (F, v, N) be arbitrary. Since 

iz (L^Uj) {Z2, ...Zq) = L^U {Z, Z2, .-.Zq) 

= r {Th O p,hori)v{u {z, Z2, ..., Zq)) - U {[v, z\p^^ , Z2, ..., Zq 

-E^ yyz,Z2,...,[v,Zi]p,^,...,Zqjj 

= r{Tho p,hori)v{izUj{z2,...,Zq)) - J^'^z^J U2, •••, [v,Zi]p^, ...,Zq 

1=2 ^ 

-Hv,z]p {Z2, ■■■, Zq) = \^L^ (izUj) - ilv,z]p,^j (^2, ■■■,Zq) , 

for any Z2, ---TZq G T (F, u, N) it result the conclusion of the theorem. q.e.d. 

Definition 3.2.7 If / G 7" (iV) and z G F (F, u, N) , then we define 

d^f{z)=r{Thop,hor]){z)f. 
Theorem 3.2.7 The F (N) -multilinear application 

A« {F,u,N) -^ A^+i {F,iy,N) 
u I — > dixj 

defined by 

Q . 

d^Uj{zo,Zi,...,Zq) = Yl {-ly T {Th O p, h O 7]) Zi {UJ {{zq, Zl, ..., Zi, ..., Zq))) 
i=0 

+ E {-'^Y'^^ ^ [{[Zi, Zj]p, f^ , Zq, Zi, ..., Zi, ..., Zj , ..., Zq)) , 
i<j W ' / / 

for any zq,zi, ...,Zq G F {F, u, N) , is unique with the following property: 

(3.2.9) Lz = d^ oiz + izo d^, Vz G r {F, v, N) . 

This J- (iV) -multilinear application will be called the exterior differentiation operator for 
the exterior differential algebra of the generalized Lie algebroid {{F, u, N), [, ]F,h, (p, v))- 
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Proof. We verify the property (3.2.9) Since 

{izo ° d^) W (^1, •••, Zq) = duj (Zo, Zl, ..., Zg) 

Q 
= J2 {-If 'i^ {Th O p,h O 7]) Zi {UJ {Zo, Zl, ..., Zi, ..., Zq)) 

+ H {-'i^y^^ ^ [[Zi,Zj]p^,Zo,Zl,...,Zi,...,Zj,...,Zq) 
0<i<j ^ ' ' 

= r {Th o p,hor])zo {uj (zi, ..., Zq)) 

1 
+ Y. (-1)* r {Th o p,hor])zi (cj (zq, zi, ..., Zi, ..., Zq)) 
1=1 

+ E (-1)*'^ ([zO,Zi]p^,Zl,...,Zi,...,Zq) 
1=1 ^ ' ^ 

+ E (-1)'^^'^ ([^i,^i]Fh'^0,^l,---,^J,---,^i,---,2g) 

= r {Th o p,hor])zo {uj (zi, ..., Zq)) 

-J2^ Zi,...,[zo,Zi]^^,...,Zg 

1=1 ^ 

-E (-1)* r(T/iop,/ior/)zj(i^„tj((zi,...,ii,...,Zg))) 
1=1 

— 2_^ V J-j *Zo'*-' ( M^i) ^jj^/i ; ^Ij •••) ^i) •••; ^jr; •••) ^g 

l<i<jr' \ \ ' 

= (L^ij - (i-^ o i^g) w (zi, ..., z<j) , 

for any zq, zi, ...,Zq £ T {F, u, N) it results that the property (3.2.9) is satisfied. 
In the following, we verify the uniqueness of the operator d . 

Let d'^ be an another exterior differentiation operator satisfying the property (3.2.9) . 
Let 5 = {g G N : d^uj = d'^uj, Vw G A"? {F, u, N)} be. 
Let 2 G r {F, ly, N) be arbitrary. 
We observe that (3.2.9) is equivalent with 

(1) i, o {d^ - d'P) + {d^ - d'P) o i^ = 0. 
Since izf = 0, for any / G ^ {N) , it results that 

{{dP-d'P)f){z) = Q, yfeT{N). 

Therefore, we obtain that 

(2) G 5. 
In the following, we prove that 

(3) q^S^q+l£S 

Let UJ G A^"^^ {F, u, N) be arbitrary. Since izUJ G A'^ {F, u, N), using the equality (1), 
it results that 

iz o {d^ - d'^) uj = 0. 

We obtain that, {{d^ — d'^) uj) {zq, zi, ..., Zq) = 0, for any zi, ..., Zq £T {F, u, N) . There- 
fore d^uj = d'^uj, namely q + I £ S. 

Using the Peano's Axiom and the affirmations (2) and (3) it results that S" = N. 
Therefore, the uniqueness is verified. q.e.d. 
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Note that if u = ujai...a^t°'^ A ... A 1°"" G M {F, u, N), then 

d UJ {tao,tai,---,tag) = J2 (-^Y ^ai °'"''r"" 

i=0 OX'^ 






Therefore, we obtain 



di^a; = (f:(-ir^i-^''"«'-'^-"' 



i=0 5x^ 



(3.2.10) 

+ V ('-IV"'"-' L" • LJ ^ ^ 1 fao A /■"! A A f"9 



Kj 



Remark 3.2.4 If d is the exterior differentiation operator for the generahzed Lie 
algebroid 

\F,i,,N),[,]p,,ip,7])" 



u; € A'' {F, v,N) and U is an open subset of N such that ujp = 0, then (d w),^, = 0. 

Theorem 3.2.8 The exterior differentiation operator d^ given by the previous theorem 
has the following properties: 

1. For any w G A* (F, z/, N) and 9 e A^ {F, u, N) we obtain 

(3.2.11) d^{ojA9) =d^0JAe + {-lfujAd^9. 

2. For any z G F (F, i/, N) we obtain 

(3.2.12) L-^od^ = d^ oL^. 

3. d^ od^ = 0. 

Proo/. 

1. Let 5= {gGN:d^(6^A^) = d^u AO + {-1^ uj A d^O, Vw G A^ (F, z^,iV)} be. Since 

d^(/Ae)(z,^)=(i^(/.^)(z,t-) 

= r {Th o p,hor])z ifuj (v)) - T {Th o p,hor])v {fu (z)) - fu [[z, v]pjfj 

= r {Th o p,ho rj) z (/) ■ uj {v) + f -T {Th o p,ho rj) z{uj {v)) 

-r {Th o p, h o T]) V {f) ■ UJ {z) - f ■ T {Th o p, h o T]) V {uj {z)) - fu [[z, v\pyj 

= d^f {z) • a; (t;) - d^ f {v) ■ oo {z) + f ■ d^u {z, v) 

= {d^f Aoj) {z,v) + {-if f ■ d^u;{z,v) 

= (d^f A uj) {z, v) + (-1)° (/ A d^uj) {z, v), yz,v£T {F, u, N) , 

it results that 

(1.1) G 5. 
In the fohowing we prove that 

(1.2) q^S^q+l£S. 
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Without restricting the generahty, we consider that 9 £ A'^ (F, u, N) . Since 

d^ (W A 9) (Zo, Zi, ..., Zq+r) = izo O d^ {uJ A 9) (Zi, ..., Zqj^r) 
= L^o {UJ A 9) (Zi, ..., Zq+r) -d^ O i^„ {UJ A 9) (Zl, ..., Zq+r) 
= {L^^UJ A9 + UJ A Lz^9) (Zl, ..., Zq+r) 

- [d^ o{i^^^ujA9 + {-iyujAi^g9)] [zi, ...,Zq+r) 

= {LzqUj A9 + UJ a Lzq9 - {d^ o i^^^u) A 9) (zi, ..., Zg+r) 

- ((-1)'^-' i,,UJ A d^9 + {-If d^OJ A i,,9) (Zi, ..., Zq+r) 



-(-1) '^CVAd^ oi^^9{zi,...,Zq+r) 

= ((-L^o^ -d^ O i^yw) A 9) (Zi, ..., Zq+r) 

+UJ A {Lzo9 -d^ O i-,^fi) (zi, ...,_Zq+r) 

+ ((-1) 



Izo^ 



d^ oizt,9) (zi, 

A d^9 - (-1)'' d^U A i,,9) (Zl, ..., Zq+r) 



((i^O od^)uj) A9+ (-1)'^+^ d^CO A i,,,9\ (Zi, ..., Zq+r) 

+ ''0jA{{i,^od^)9)+{-l)''i,,,0JAd^9] {zi,...,Zq+r) 
"i^O {d^LO A 9) + {-If i^, {U A d^9)] (Zl, ..., Zq+r) 

d^bj A9 + {-l)'^ UJ A d^ 9] (zi,...,Zg+r), 

for any zq, zi, ..., Zg+r € F (F, z^, A^), it results (1.2) . 

Using the Peano's Axiom and the affirmations (1.1) and (1.2) it results that S = N. 
Therefore, it results the conclusion of affirmation 1. 

2. Let z G r {F, u, N) be arbitrary. 

Let 5 = {g G N : {L, o d^) oj = {d^ o L,) uj, Vw € A« (F, u, N)} be. 

Let f (z F {N) be arbitrary. Since 

{d^ o L^) / {v) = ^^, o {d^ oLz) f = {iv o d'^) o LJ 
= {L^ oLz) f - {{d^ o i^) o L^) / 



(L^ oL^)f- L^zMp.hf + (^^ ° H^Mf,J -d^ °Lz {iyf) 

{ivf) 



{L^ oL^)f- L^z^F.hf + (^^ °' 



J-0 



{Ly oL^)f- L^z,v]pJ + d o ' 



f + d^oi 



F,h 
Z,V 



f-L,od^ 



J 



(L, o i,) (d^f) - L[, 

{i^ o L^) (d^f) + L^z,v]pJ - hz,v]pj 

i, o (L, od^)f= (L, od^) f{v),yveT {F, u, N) 



it results that 



(2.1) 



Og5. 



In the following we prove that 



(2.2) 



q£ S ^ q+l £ S. 
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Let uj ^ M (F, jy, N) be arbitrary. Since 



{d^ O Lz)uj{zo,Zl,...,Zq) = izo O {d^ O L^) UJ {Zl, ...,Zq) 

= {izo °d^) oL-^uj{zi,...,Zq) 

{Lzo o Lz)uj - {{d^ o i^J o Lz) w] (zi, ..., Zg) 



+ 

ip. 
+ 



(L^„ oL;,)uj - Li 



UJ 



(Zl,...,Zg) 



d^ ° ^zMfh^ -d^ oLz (i^ow) (zi, ..., Zq) 



(L^(, oL^)w-Lr 



(J 



iF ^- , , , T r. AF 



{zi,...,Zq) 

d^ ° Hz,zo]p^^^ -Lzo d^' (i^gUj) (zi, ..., Zq) 
{Lz o i^J (d^w) - L[^^^(,]^^^a; + d^ o i[^,^o]^,^w (^i, ..., Zq) 
(i^o o L^) (d^cj) + L[^^^j,]^^^a; - L[^_^g]^_^a; (zi, ..., Zg) 
= i^o ° {Lzod^)uj{zi,...,Zq) 

= [Lz od^)uj{zo,Zl,...,Zq), \/Z0,Zl,...,Zq € T{F,u,N), 

it results (2.2) . 

Using the Peano's Axiom and the afhrmations (2.1) and (2.2) it results that S = N. 
Therefore, it results the conclusion of affirmation 2. 

3. It is remarked that 



Iz o 



[d^ O d^) = {iz o d^) O d^ = Lz o d^ - {d^ O i,) O d^ 
= Lz o d^ — d^ o Lz + d^ o (^d^ o i^) = (^d^ o d^) o iz, 

for any z G T (F, u, N) . 

Let a; G A'^ {F, u, N) be arbitrary. Since 

{d^ o d^) UJ (zi, ...,Zg+2) = iz^+2 ° ■■■ ° izi ° {d^ od^)uj = ... 

= iz,+2 ° {d^ ° d^) o iz^^^ (cj (zi, ..., Zg)) 

= iz,+2 ° (rf^ ° d^) (0) = 0, Vzi, ..., Zg+2 € r (F, i^, N) , 

it results the conclusion of affirmation 3. 



q.e.d. 



Theorem 3.2.9 // {{FjU, N),[,]p^}i,[p,ri)) is a generalized Lie algebroid and d^ 
is the exterior differentiation operator for the exterior differential T{N)-algehra 
(A(F, i/,iV), +, •, a), then we obtain the structure equations of Maurer-Cartan type 



d^t- 



-h$^t^At\ ael,p 



(Ci) 
and 

(C2) d^x' = e^f^, I G t;^, 

where |t",a G l,p} is the coframe of the vector bundle {F,v,N) . 

This equations will be called the structure equations of Maurer-Cartan type associated 
to the generalized Lie algebroid i {F, u, N) ,[,]pfi,{p,ri)) ■ 
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Proof. Let a £ l,p he arbitrary. Since 
it results that 



d^t"(t/3,t^) = -L" , V/3,7Gl,p 



^ ' /3<7 

Since L^ = —L'^g and t^ A f^ = — f^ A t'^, for nay /3,7 € l,p, it results that 

(2) E L^p,tP A t^ = iL^,t/^ A t^ 

/3<7 ^ 

Using the equalities (1) and (2) it results the structure equation (Ci). 
Let I £ l,n be arbitrarily. Since 

it results the structure equation (C2). q.e.d. 

Corollary 3.2.1 If ( (/i*-F, h*u, M) , [, ]/j.^ A p , IdM ) ) is the pull-back Lie algebroid 

associated to the generalized Lie algebroid I [F, u, N) , [, ]p/j , {p, t]) I and d is the ex- 
terior differentiation operator for the exterior differential J^ [M)- algebra 
{A{h*F,h*iy,M) ,-\-,-, a), then we obtain the following structure equations of Maurer- 
Cartan type 

iC[) d^'^T^ = -^ (L^^ oh)T(^AT\ aeT^ 

and 

iC'2) d''*^x' = (pj, o /i) T°, ie T~m. 

This equations will be called the structure equations of Maurer-Cartan type associated 
to the pull-back Lie algebroid 

{h*FX^,M)^]^,p,{^J,IdM 

Theorem 3.2.10 (of Cartan type) Let {E,7r,M) be an IDS of the generalized Lie 
algebroid I [F, u, N) , [,]pfi , {p,'r]) ) • V {Q^^^, ■■-, 0^} is a base for the T {M)-submodule 
(r (E^ , vr , M) ,+,•), then the IDS {E,7r,M) is involutive if and only if it exists 

n'^ G A^ {h*F, h*u, M) , a,p(^ r + l,p 

such that 

d'^*^e" = T.p^-^^^p A e^ G I (r (e^,7^^,m)) . 

Proof: Let {5*1, ..., Sr} be a base for the T (M)-submodule (F {E, vr, M) , +, •) 
Let {Sr+i, ..., Sp} G r {h*F, h*iy, M) such that 
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is a base for the T (M)-module 

(r(/i*F,/iV,M),+, 



Let e\ ..., 9'' G r I h*F, h*u, M 1 such that 

{e^...,e^e'^+^...,ep} 

is a base for the J-" (M)-module 






r h*F,h*iy,M] ,+ 



For any a,b £ 1, r and a, /3 G r + l,p, we have the equahties: 
We remark that the set of the 2-fornis 

|e" A e^ e'' a g'^, e" a g'^, a, 6 e t;7 a a, /? g r + i,p\ 

is a base for the J-" (M)-module 

(A2(rF,/iV,M),+,-). 
Therefore, we have 
(1) /*^G" = Sfe<eA^,G' A G^ + Sb,^i?,°^G'' A G^ + S/3<-,C^^G'^ A G^ 



where, A'^^,B? and C? , a,b,c € l,r A a, /3,7 € r + l,p are real local functions such 
that A-^ = -A% and C^^ = -C^^. 

Using the formula 
(2) 
(i'^*^G" [S,, S,) = r (^7, ^^m) ^b (G" (5e))-r ^^7, /^m) 5c (G" (5fe))-G" ([5fe, 5^^.^) 

we obtain that 

(3) A'^, = -G" ([^6, 5e]^.^) , V (6, c G T;7 A a G f + i;^) • 

We admit that (i?, vr, M) is an involutive IDS of the generalized Lie algebroid 



(F,z.,iV),[,]^^^,(p,7?)^ 
As 

[Sb, Sc]y,,F e r {E, TT, M) , V6, c G T;7 

it results that 

Therefore, 

A^c = 0, V (6, c G T;r A a G r+l,p) 
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and we obtain 

As 

n^ "= Bt^& + ^C^^e^ G A^ {h*F, h*v, M) , Va, /3 G V+l-^ 

it results the first implication. 

Conversely, we admit that it exists 

9.1 G A^ {h*F, h*u, M), a, ^ G r + l,p 

such that 

(4) d'^'^e" = ^^^^^Y^^ff^ A e^^, Vq G r + l,p. 

Using the affirmations (1) , (2) and (4) we obtain that 

A^c = 0, \f{b,c£T~rAaG r+l,p) . 

Using the affirmation (3), we obtain 

e°([56,5e];,.^) = 0, V(6,cGT;7AaGfn;^). 

Therefore, 

[Sb, Sc]h-*p G r {E, TT, M) , V6, c G T;7. 

Using the Proposition 3.1.3.2, we obtain the second implication. q.e.d. 



Let I {F' , u' , N') , [, ]p, y , (p', rj') I be an another generalized Lie algebroid. 



Definition 3.2.8 For any morphism ((^,(^q) of ( (F, z^, A'^) , [, ]^^ , (p, r/) J source and 
(F', z^', A^') , [, ]p, ^, , (p', 77') j target we define the application 



71 ,,/ ATl\ ('^•'^0)* 



A"? (F', u', N') " i A"? (F, z/, A^) 

where 

((99, (^0)* ^') (^1, •••, ^9) = ^' (r (95, v9o) (^1) , •••, r (99, ipo) {zq}) 

for any zi, ...,Zq G T (F, z/, A^) . 
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Remark 3.2.5 It is remarked that the B"^-morphism (Th o p,h o r]) is a GLA-morphism of 
source and 



((TAT, TN, N) , [, ]^^ja^ , (Mtn, Mn)) 



target. 

Moreover, for any z € l,n, we obtain 

{Th op, ho 7])* {d>e) = d^x\ 

where d is the exterior differentiation operator associated to the exterior differential Lie 
J" (A^)-algebra 

(A(riV,riv,iV),+,-,A). 

Theorem 3.2.11 // ((^, (^g) ^^ ^ morphism of 

(^{F,i^,N),[,]p^^,ip,r]) 

source and 

[{F',u',N'),[,]^,^,,,{p',rj')) 

target, then the following affirmations are satisfied: 

1. For any J € A« (F', v\ N') and 6' € A'' (F', i^' , N') we obtain 

(3.2.13) (v9, (^o)* (^' A e') = {^, (^o)* ^' A {^, ^oT &'■ 

2. For any z ^T {F, u, N) and J G A* {F\ u', N') we obtain 

(3.2.14) i^ {{if, (foY uj') = {(f, (f^y (V(^)w') . 

3. If N = N' and 

{Th o p,horj) = {Th' o p' , h' o r]') o {ip, c^q) , 
then we obtain 

(3.2.15) {ip,ipQ)* od^' = d^ o{ip,ipQ)* . 

Proof 

1. Let oj' G A"? {F', v', N') and 9' £ A^ {F', u' , N') be arbitrary. Since 

((^,C^o)* {^' /\0') {zi,...,Zq+r) = {^' /\0') {r {ip,ipQ) Zi, ...,T {ip,ipQ) Zq+r) 

= -— — - Y. sgn{a)-uj' {T{ip,LpQ)zi,...,T{<p,ipQ)zq) 

■e' (r {<P, iPo) Zg+l, ..., T {if, iPo) Zg + r) 

E Sgn {a) ■ {ip, ip^)* uj' {zi, ..., Zq) {p, tpo)* 9' {Zq+l, ..., Zq+r) 



(9 + ^)'<TGS,+, 

{{<p, <Pq)* J A {ip, 99o)* 9') {Z\, ..., Zq^r) , 
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for any zi, ..., Zg+r G F {F, v, N), it results the conclusion of affirmation 1. 

2. Let z G r {F, u, N) and J G A« (F', z^', iV') be arbitrary. Since 

iz {{^, foT w') {Z2, ..., 2g) = a;' (r {lp, tpo) z, T (99, Lp^) Z2, ..., T (99, ip^) Zq) 

= iv{^,^„)z^' (r (93, V^o) Z2, •••, r (v9, (^0) ^g) 

= (V5, 9^0)* {k(^,^^,)z^') (.Z2, ..., Zg) , 

for any Z2, •••, Zq (zT (F, i/, N), it results the conclusion of affirmation 2. 

3. Let u)' G A"? (F', z^', iV') and zq, ■■■, Zq eV {F, u, N) be arbitrary. Since 



(ip, (Pq)* d^'uj'j {Zo, ..., Zq) = [d^'uj'j (r (99, V9o) Zo, ..., r ((^, V9o) ^;g) 

:j:{-iyr{Th'op',h'or^'){r{ip,ip,)zi) 

i=0 

■^' ( (r (93, (/'o) ^0, r (99, 99o) zi, ..., r (99, ip^) zi, ..., r (99, 990) zqjj 
+ E (-1)*'^^ • ^' (r (95, 9^0) [^i> zj]p , T {(p, (fo) Zo, r {(p, (Pq) zi, ..., 

•r (v9, v9o) zj, ..., r (v9, v9o) zj, ..., r (99, 990) zgj 



0<i<j 



and 



<? 
= E (-1)* T{Tho p,ho 7]) (zi) ■ {{ip, ipoY uj') {zo, ..., Zi, ..., Zq) 

i=0 

+ E (-1)*^^ • ((95,950)*'^') ([^i>^j]F/i'^0,---,^i,---,S-,---,^(?) 
0<j<j ^ ' ^ 

9 . / ~ \ 

= E (-1)* T{Thop,ho T]) {zi) -JiT {ip, <Pq) Zq, ..., r {<p, V9o) Zi, ..., T {(p, (Pq) Zq ) 
1=0 ^ ^ 

+ E (-1)*^^ -^'(r (93, 9^0) [^i'^i]Fh'r(9', 9^0)^0, r (99,990)^!' •••> 

0<i<j ^ 

r {ip, (Pq) Zi, ..., r {ip, (Pq) zj, ..., r (99, 990) ^<?) 

it results the conclusion of affirmation 3. q.e.d. 

Definition 3.2.9 For any (7 G l,n we define 

ZI {F, V, N) = {ue A" {F, u, N):du = 0}, 
the set of closed differential exterior q- forms and 

B'i {F, V, iV) = {w G A« {F, V, N):37]£ A^-i (F, u, N) \ dr] = u} , 
the set of exact differential exterior q-forms. 
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3.2.1 Exterior Differential Systems 

We consider a generalized Lie algebroid f {F, u, N) ,[,]pf^, (p, 77) j given by tlie dia- 
grams: 

F -^ TM -^^ TN 

M ^^ N -^ M -^ N 

Let ( {h*F, h*u, M) , [, ]^, j, , i p , Idu ) ) be tiie pull-back Lie algebroid. 

Definition 3.2.1.1 Any ideal (X, +,•) of the exterior differential algebra of the 
pull-back Lie algebroid ( (/i*F, /i*z/, M) , [, J/^.p^ A P , IdM ) ) closed under differentiation 
operator dP'*^ , namely d^*^I C Z, will be called differential ideal of the generalized Lie 
algebroid (^{F, u, N) , [, ]p^^ , (/?, 77) j . 

In particular, if h = Idj\f = rj, then any ideal (X, -|-,-) of the exterior differen- 
tial algebra of the Lie algebroid ((F, v, N) ,[,]p , {p, IdM)) closed under differentiation 
operator d^ , namely d^I C Z, will be called differential ideal of the Lie algebroid 

{{F,u,N),[,]p,{p,IdM)). 

Definition 3.2.1.2 Let (Z, -|-, •) be a differential ideal of the generalized Lie alge- 
broid ( {F, u, N) ,[,]pf^, {p, Vj) ) or of the Lie algebroid ((F, u, N) , [, ]^ , (p, IdM)) respectively. 

If it exists an IDS {E, tt, M) such that for all fc G N* and w € Zn A'' {h*F, h*iy, M) we 
have oj (ui, ■■■■.Uk) = 0, for any ui, ...,Uk £ T (E, vr, M) , then we will say that (X, -|-, •) is 

an exterior differential system (EDS) of the generalized Lie algebroid ( {F, u, N) ,[,]pf^, (p, 77) 
In particular, if /i = Id]\f = r] and it exists an IDS {E, tt, M) such that for all /c G N* 

and uj G XnA'^' {F, u, M) we have u [ui, ...,nfc) = 0, for any ui, ...,Uk G F {E,7r, M) , then 

we will say that (X, -|-,-) is an exterior differential system (EDS) of the Lie algebroid 

{{F,u,N),[,]p,{p,IdN)). 

Theorem 3.2.1.1 The IDS {E, vr, M) of the generalized Lie algebroid ( {F, u, A^) , [, ]^^ , (p, 77) 

is involutive, if and only if the ideal generated by the F {M)-submodule (T (F , tt , M) , +, •) 

is an EDS of the generalized Lie algebroid ( {F, u, N) ,[,]pf^,{p,ri)j. 

Proof: Let {E, tt, M) be an involutive IDS of the generalized Lie algebroid ( (F, v, N) ,[,]pi^, (p, rj) 

Let {e''+i,...,GP} be a base for the J" (M)-submodule (F (F^,7r^, M) , +, •) . 
We know that 

l(T(E^,7r^,M)) =U,6N{f^aAe°, {Qr+l, ■■■,^p} C A«(/l*F,/7V,M)}. 

Let 

S= {^GN:d''*^(f^„Ae°) el(T(E^,Tr^,M)) , V{f^^+i, ..., f]p} C A'^ {h*F,h*u,M)\ . 

Let {r^r+i, ..., ilp} C A° {h*F, h*u, M) be arbitrary 
Using the Theorem 3.2.10, we obtain 

'd'^'^n^ + ng-n^) aB". 
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As 

d^'^^p + fl„ • J]^ € A^ {h*F, h*u, M) 

it results that 



Therefore, 

(1) G 5. 
In the following, we prove that 

(2) q(^S^^q+leS. 

Let {Q.r+1, •••, %} C A'i'+i (/i*F, /i*z^, M) be arbitrary. 
Using the Theorem 3.2.10, we obtain 

As 

(i^*^fi„ + (-1)'^+^ n^An^G A«+2 (^F, h*iy, M) 

it results that 

d^*^ ff]« A e-^) G X fr f F^, ^^, M 



Therefore, 

g + 1 G 5. 

Using the Peano's Axiom and the affirmations (1) and (2) , it results that S* = N. 
Therefore, 



Conversely, let {E, vr, M) be an IDS of the generalized Lie algebroid ( (F, u, N) AAph^ (P' ^) 
such that the J-" (M)-submodule (Z (P (F^, Tr-*-, M\\ , +, •") is an EDS of the generalized 
Lie algebroid ( (F, v,N) ,[,]py^,{p,r])\ . We have: 



(3) d''*^l(ri^E^,TT^,Mjj Cl(r(^E^,TT^,Mjj. 

Let {e''+i,...,GP} be a base for the J" (M)-submodule (F (F^,7r^, M) , +, •) . 
Using the afRrmation (3), it results that it exists 

n'^ G A^ {h*F, h*v, M), Q, /3 G r + l,p 

such that 

d'^^^G" = S^,,:pt;^0^ a Q'^ G X (r (f^, vr^, M^ 

Using the Theorem 3.2.10, it results that (F, 7r,M) is an involutive IDS of the 
generalized Lie algebroid ( (F, u, N) ,[,]pfi, {p, rj) j . q.e.d. 
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3.3 The generalized tangent bundle 

We consider the following diagram: 



E 



M' 



^1 I Ifa ' (p^ v) 



-^N 



(3.3.1) 



where {E,Tr,M) is a fiber bundle and l{F,i',N),[,]pf^,{p,r])j is a generalized Lie 

algebroid. 

We assume that the r-dimensional manifold V is the type fibre and the Lie group 
(G, •) is the structure group for the fiber bundle (E, it, M) . 

We take (x*,y") as canonical local coordinates on {E,7r,M), where i G 1,171 and 
a G l,r. 

Let 

be a change of coordinates on (E, tt, M). Then the coordinates y" change to y"" by the 
rule: 



(3.3.2) 



^^'-Ify- 



In particular, if (E, n, M) is vector bundle, then the coordinates y" change to y" by the 
rule: 



(3.3.2') 
Let 



/=M,V. 



h''F 



(/i*F,ri/,M),[,]^.^,(^ p ,IdM 
be the pull-back Lie algebroid of the generalized Lie algebroid 

Let 

(vr* {h*F),7T* {h*u),E) , [,],.(,.^) , (^*%^\ldE 

be the pull-back Lie algebroid of the Lie algebroid 



{h*F,h*v,M)X]h*pA p ,IdM 



h'F 



If 



z = z^ta G r (F, V, N) , 



then, using the vector fibred {m + r) + p-structure 



-4-^7r*(/i*F) 



we obtain the section 



Z = (z" o /i o vr) f« G r (vr* {h*F) , vr* {h*i^) , E) 
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such that 

Z{ux) = z{h{x)) , 

for any Ux € vr"^ (UDh^W) . 

The set <Ta, a G I, p> is a base for the module of sections 

ir{7r*ih*F),7T*ih*,.),E),+,-). 
Since ta' = A^i^ , it results that 

(3.3.3) r„'=A^,o(/io^)t,. 
Therefore, 

(3.3.4) ||AS'o(/iovr)|| 



is the matrix of coordinate transformation on (vr* {h*F) , vr* (h*iy) , E) . 

Let ( p 
target, where 



Let ( "" p , Me ) be the B^-morphism of (vr* {h*F) , vr* (/iV) , E) source and (TE, te, E) 



r*{h*F) 



(3.3.5) 



vr* {h*F) 



-^ TE 



d 



Z^-{p\ohoT,). — yu. 



Using the operation 



T{Ti*{h*F),^*{h*v),EY 



•iiT*(h*F) 



-^ r{TT*{h*F),TT*{h*u),E) 



defined by 



(3.3.6) 



fToL,Ta 



n*{h*F) 



Ll^ohoTr)T^, 



f ( Ll^ o h o tt) T^ + {p'^ o h o tt) i^T,3, 






■n*{h*F) 

for any f ^ J- (E) , we obtain the following 
Theorem 3.3.1 The couple 



Tr, fTa 



7r*(/i*F) 



TT*{h*F) 



is a Lie algebroid structure for the vector bundle (vr* {h*F) , vr* (h*!^) , E) . 

It is known that the tangent bundle (TE,te,E) is a vector bundle with type fibre 
the real space (M'"+'', +, .) and structure group the Lie group GL {m + r, M) . 

Theorem 3.3.2 The set 

(3.3.7) ^* (^*^) ®TE=[J7T* ih*F)^ e (TE)^ 

ueE 
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is the total space of a vector bundle with the base E, canonical projection denoted 
vr, type fibre the real space (M*'+('"+''), +, •) and structure group, a Lie subgroup of 
(GL(p+(m + r),IR),-). 

Let 

d_ _d_ 

^ dx^ ' dy"- ^ 
be the natural base for the sections Lie algebra (L {TE, te,E) ,+,-,[, ]j.^) 



Remark 3.3.1 The sections 

(3.3.8) 



T 



_d_ _d_ 

Qj.t ' Qya 



determined the bases for the F (M) module [T ( vr* {h*F) TE, tt^E] ,+, 
The matrix of coordinate transformation on 



ffi 



Tr*{h*F)eTE,TT,E 



at a change of fibred charts is 



(3.3.9) 



A" O /l O TT 







dx'' 

^^OTT 







Qya Qya 

Qy,i Qya 



In particular, if [E, vr, M) is a vector bundle, then we consider that the local coordinates 
on {E, vr, M) is changed by: 

{x\ y^) -^ {x' {x') , / = Mf (x*) y^) . 

Then the matrix of coordinate transformation on 

U*{h*F)* FQTE^'^^E^ 

at a change of fibred charts is 





(3.3.10) 

For any sections 
and 



A^ O /l O TT 







9x* 
dxi 



o vr 



^." M>, 



Z'^fo, e r (vr* {h*F) , vr* {h*F) , E) 



Y^Q^^^(VTE,rE,E) 
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we construct the section 



d2^ 






9x* 



Since we have 



~ d d 

Q^a Qya 

t 



it impHes Z" = 0, a G l,p and y" = 0, a G 1, r. 

9 d d d 



Therefore the sections 



are Hnearly independent. 



We consider the vector subbundle {{p,ri)TE,{p,ri) te, E) of the vector bundle 
IT* {h*F) © TE, Tr,Ej, for which the J^ (E'j-module of sections is the J- (-Bj-submodule 

d d 



of r vr* (/i*F) © TE, Tr,E) ,+,■) , generated by the family of sections 



The base sections 
(3.3.11) 



Q^a ' Qya 



d d 



Q^a Qya 



put 



da, da 



will be called the natural {p,r])-base. 

The matrix of coordinate transformation on ((/?, r]) TE, (p, rj) te, E) at a change of 
fibred charts is 



(3.3.12) 



A" oho t: 







pi o n o vr — — 7 — — 



In particular, if [E, tt, M) is a vector bundle, then the matrix of coordinate transforma- 
tion on ((p, rj) TE, {p, rj) te, E) at a change of fibred charts is 



(3.3.13) 



A° oho TT 







^p^^ ohon) ^^^-^y'> Mf o TT 



dxi 



Next, we consider the operation 



T{ip,r])TE,{p,r])TE,Ey 



\(p,v)TE 



T{{p,r])TE,{p,r])TE,E) 



defined by 



(3.3.14) 



Z?^ + Y^^4,)^(z^^ + y.'' 



'^ dz" 



1 -tai ^2 -'/S 



y„ ohoir) Zf ^ + Y.^^, 



■.*{h*F) " [^' " ' ' dx^ 



9y° 



TE 
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for -y ( ^f J^ + yiiL) -d (z^i, + y|| 



Let {p, Me) be the B"^-morphism of ((/?, r/) T£^, (p, 77) r^;, £') source and {TE, te, E) 
target, where 



ip,r])TE^UTE 



(3.3.15) 



Z^ 



5z" 



+ Y" 



d 



Z''{P>hon)^+Y^^]iu.) 



Lemma 3.3.1 The operation [,](p„)xE ^^ ^ ^^^ bracket, namely it satisfies 



(3.3.16) 



UJZ 



ip,v)TE 



f 



u,z 



ip,v)TE 



+ rip,idE){u)if)z 



for any U,ZeT {{p, r]) TE, {p, r]) te, E) and f e F {E). 
Proof. For any / G J^{E), we obtain: 



d d 



az" ' ■' dzf^ 



Toi^Ta 



(p,r,)TE 



7r*(/i*F) 



[T«,/r^]^.(,.^)e 



d 



Pa°^°^7nj^f-[P^3°'^° 



TT 



+ rr'p^\idE){T^)f-T^ 



© / 



d 



d 



+ r {IdTE, Me) (yPa°ho TT — j f-p>f^oho TT-^j 



f 



TajTa 



7r*(/i*F) 



i r 9 i u ^ 



+P'c^ ° ^ ° ^7^ (t)3 © p'^ o /i o TT—- 



f 



d d 



dx 
dx^ 



dx^ 



TE 



dz" ' dzl^ 



(P,V)TE 



+ r».M.)(^)/.Jj: 



d 
dx^ 



TE 



d _d_ 



dz'^ 



{p,v)TE 



T„,0 



On*{h-'F) © / 



7r*{/i*F) 

d d 



TE 



i u d J! ^ 

Pa°hoTT^,f—^ 

+ p„o ho TT--^-— r 

' '^ dx^ dy^ 



TE 







^■K*(h*F) 






a/ d 



dy'> 



dx^ 



(2.2.3) / ■ -. df d 

= ^n'{h*F)®\^TE + p'a°hoTT— — 

df d 

/ i ^ \9f (^ d 

\Pc.°ho^)j-[{)^,^^,p)®^ 



dx^ 



f 



d d 



Q2» ' 9yb 



{p,v)TE 



+ ^(f-"'-ni;)fi,: 
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_d_ _d_ 

dy"- ' dz^ 



{p,v)TE 



0,Tf, 



n*{h*F) 



^'/U°^°-)aii 



TE 



OnHh*F)® [ f 



|^'(^^°H^. 



^f ( i u \ ^ 

— P^ohOTT — r 



+- 



%*(h*F)® [f [P^0°h 07: 



d d 
dy"- ' dx^ 



TE 



(3) 






dy'^ dx^ dy"- 



dx^ 



^'•'■'^ o..(.*F) e (0™ + Ote + S (p^ ^ ° ^) 7^ 



9y« 



/ 



a d 



dy"- ' 9z^ 



{p,v)TE 



9f I J 






(4) 



a d 



rja rJ'T/O 



^■K'ih'F) 



d f d 



—- f— r 



{p,,,)TB 

V [ dy"- ' 9y'' J rp^ dy"- dy 

( df d \ f 

On*{h*F) e [Ote + Q^-QybJ = y^n*ih*F) 

df d d d 

Qya Qyb y Qya ' Qy, 



TE 



e 



df d 



ip,v)TE 



Qya Qyb ^ 

+ r(P,H.)(|,)/|,. 



In general, after some calculations, we obtain 



(5) 



UJZ 



f 



u,z 



(P,V)TE 



+ TCp,IdE){u)if)Z 



{P,V)TE 

for any U,ZeT ((/?, r/) TE, {p, r/) te, E) and f £ T (E) . 
Lemma 3.3.2 For any U,V ^T {{p, rj) TE, {p, rj) te, E) , we have: 



(3.3.17) 

In particular, we obtain: 



U,V 



ip,v)TE 



v,u 



ip,v)TE 



(3.3.18) 



U,U 



^{p,v)TE, VC/ G r {{p, rf) TE, {p, rf) te,E) . 



(p,r,)TE 

Proof. Using relations (3.1.1.9) and (3.1.2.2), we obtain 

^IvR O /l O TT ) {p^ohoTl) 



^al3 



{p\ ohon) 



d { p'a O h O TT 



dx^ 



'■^ O hoTT 



pp 



d{Pa°ho7r) 
dx^ 



q.e.d. 
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Using relation (1), we obtain 
d d 



dz'^ ' dzl^ 



(P,V)TE 



n*(h*F) 






d ( p'aohoTT 



Kp° (hon) T^e I pl^ohoTT- ^^. 



TE 



f^P^ 



^hoTT 



d [p^oho-K) \ d 



Ll^o{ho7r)(f.,(Bp';ohoTT^j =Llpo{ho^) 



dx^ j dx^ 

d 

d¥r' 



Moreover, we obtain 
d d 



(3) 



Q^a ' Qyb 



(p,r,)TE 



T„,0 



7r*{/i*F) 



pioho7r£„^ 



TE 



(4) 



— 0,r*(/i*F) 

d d 



-d (pq o /i o vr) d 



= 0. 



(P,V)TE 



0,Tb 



n'-{h*F) 



dy 



H^Pp 



oho Ti 



d 
dx^ 



TE 



(5) 



'7r*(/i*F) 

d d ' 

Qya ' Qyh 



d (p'a o h O 



IT 



d 



dy^ dx^ 



07r*(/i*F) ®Ote; 



(p,v)te 
Using relations (2) , (3) , (4) and (5), we obtain: 



d _d_ 

Qya ' Qyh 



TE 



^^■K*{h''F)®^TE- 



d d 



(6) 



Oz" ' dzP 
d d 



dz"' dy^ 
d d 

dy"- ' dz^ 
d d 

Qya ' Qyb 



(p,r,)TE 
{P,V)TE 
{p,r,)TE 
{p,r,)TE 



d d 



dzP ' 95" 
d d 



Qyb ' Q^a 

d d 
dz^ ' dy°- 

d a 



ip,r,)TE 
(p,r,)TE 
ip,v)TE 
{p,v)TE 



In general, for any U,V &T {{p, rj) TE, (p, rj) te, E) , we have: 



(7) 

Since equality (7) implies 



U,V 



(P,V)TE 



v,u 



(P,V)TE 



we obtain: 



U,U 



u,u 



ip,r,)TE 



(p,v)TE 



0{P,V)TE, Vf7 G r ((p, 7]) TE, {p, 7]) TE, E) , 



^{p,v)TE, VC/ G r {{p, 7]) TE, {p, rf) te, E) . 
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q.e.d. 



Lemma 3.3.3 We have the Jacobi identity: 



(3.3.19) 



U, 



v.z 



ip,v)TE_ 



+ 



+ 



V, 



z,u 



{P,V)TE 
ip,v)TE 
for any U,V,Zer {{p, r,) TE, {p, r,) te, E) 



Z, 



u,v 



(P,V)TE^ 



ip,v)TE 



(P,V)TE 



0{P,V)TE- 



Proof. After some calculations, using the sections of natural (/?, ?7)-base, we obtain the 
following Jacobi identities: 



d 



dz' 



d d 



+ 



ip,v)TE} ^p^^^j,^ 



d 



d d 



{p,ri)TE^ 



{p,ri)TE 



+ 



d 



d d 



az" ' dzi^ 



(P^V)TE} (^^^)^^ 



^{p,r])TE-, 



(2) 



_d_ 

or 



d d 



{p,v)TE^ 



+ 



(P,V)TE 



d 



d d 



{p,n)TE^ 



J {p,n)TE 



+ 



d 



d_ _d_ 



{p,ri)TE 







(P,V)TE, 



{p,ri)TE 



(3) 



d_ 



dy 



d_ _d_ 



{p,v)TE^ 



+ 



{p,v)TE 



d 



d_ _d_ 



(p,v)TE\ (^^^)^e 



+ 



d 



d d 
dy"- ' dy'^ 



(p,r,)TE^ 







ip,v)TE- 



(p,r,)TE 



After some calculations, we obtain the Jacobi identity 



U, 



v,z 



ip,v)TE_ 



+ 



z, 



u,v 



{p,v)TE^ 



+ 



V, 



ZM 







{P,V)TE 



ip,r,)TE, 



{P,V)TE 
{P,V)TE 

for any U,V,ZgT (((p, 7?) TE, {p, 7?) te, E)) 
Lemma 3.3.4 The Mod-morphisni 

T{p,IdE) 
is a Ijiealg-morphism of 

(r {{p, ri) TE, {p, rj) te, E) , +, •, [, ](p,^)r£; 



(P,V)TE 



q.e.d. 
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source 



and 



{T{TE,TE,E),+,-,l]^^) 



target. 

Proof. Indeed, we have: 



[T{~p,IdE)j^,T{~pJdE^ 9 



'dWiTE 



TE 






d 



(3.1.1.9) 



^'•'■'^ [Llpoho^] (P'.ohon) ^ = (Ll^ohon) T {p, Me) J, 
r (p, Me) [g^, Q^i {p,^)TE ' 



a a 



atf 



T{p,Me)^,T{p,Me) ^ 

^ 9(p^ofeo7r) Q 
dy^ dx'' 

--T{p,Me) 



TE 



(/^>^°-)^'^ 



TE 



OtE = r [p, Me) {0(p^r,)TE) 



a a 
az°' ' ay'' 



ip,v)TE 



(3) 



and 



(4) 



r{p,ME)jll^,rCp,ME)in 



ay°- 

8(p^ofeo7r) Q 
dy"- dxJ 

T{p,Me) 



TE 



a^, [p'pOhoTT) ^ 



TE 



Ote = r {p, Me) (0(p,^)tb) 



a a 
az" ' ay'' 



ip,r,)TE 



T{p,Me)4^,T{p,Me)^ 



TE 



_d d_ 

9ya , Qyb 



TE 

a a 

Qya, a^ 



= Qte = r (p, Me) {0(p^r,)TE) = r (p, Me) 
In general, for any U, Z ^T ((p, rj) TE, (p, rj) te, E) , we obtain: 



{p,v)TE 



r (p, Me) {U),T {p, Me) (Z) = T (p, Me) 

- TE 



u,z 



{p,v)TE 



Using Lemmas 3.3.1, 3.3.2, 3.3.3 and 3.3.4, we obtain the following 
Theorem 3.3.4 The couple 



](p,-n)TEdpJdE) 
is a Lie algebroid structure for the vector bundle 

{{p,r])TE,{p,r])TE,E). 



q.e.d. 
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Remark 3.3.2 In particular, if /i = IcIm and [J-r^y^ is the usual Lie bracket, it results 
that the Lie algebroid 



{{IdTM^Id-M) TE, {MtM, Id-M) Te, E) , [,](idTM,IdM)TE ' [idTM.IdE 
is isomorphic with the usual Lie algebroid 

{{TE,TE,E) ,l]T,E,{IdTEjdE)) . 
This is a reason for which the Lie algebroid 

{{p, 7]) TE, {p, 7]) TE, E) , l\p.r,)TE ' i~P^ ^^e) 

will be called the Lie algebroid generalized tangent bundle. 

The vector bundle ((p, r/) TE, (p, r/) te, E) will be called the generalized tangent bun- 
dle. 

3.3.1 The generalized tangent bundle of dual vector bundle 

Let [E, vr, M) be a vector bundle. We build the generalized tangent bundle of dual 
vector bundle [ E,it,M \ using the diagram: 



E [F,l]p,^,{p,7^) 



M > N 



where ( (F, v, A^) , [, ]^^ , (p, r/) 1 is a generalized Lie algebroid. 

We take (x*,Pa) as canonical local coordinates on | £',7r,M J , where i G l,m and 

a € l,r. 
Consider 

{x\pa) > [x'{x') ,Pa'{x\pa)^ 

a change of coordinates on I £', vr, M J . Then the coordinates Pa change to pa' by the 
rule: 

(3.3.L2) Pd=M^pa. 

Let 

dx^ ' dpa 

be the natural base for the sections Lie algebra | F | TE,t* ,E j ,+,-,[,] 
The sections 
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* ^ * 



determine a base for the module T vr {h*F) © TE, vr, E 
The matrix of coordinate transformation on 



* ^ * 



vr {h*F)®TE,Tr,E 



at a change of fibred charts is 

A" O h O TT 



(3.3.1.4) 



For any sections 



and 



we construct the section 








9x* 
dxi 



o vr 











Z°r„ GT 7T ih*F),TC {h*v),E 



d / * * 



^"i^ + *"|: =^ ^° (^" ® (''"°'- "');!? I +^"'°- 



5 

m 

(h-F) dpa 



e 
* J, * 



Z"r„e(Z"(p>/io;) A + y^^) erJTf {h*F)eTE,n,E 



Since we have 

dz<^ "dpa n'(h*F)®Th 

t 

TT (/I'F) V'^° J dx' dpa TE' 

it imphes Z" = 0, a G l,p and Ya = 0, a £ l,r. 
Therefore, the sections 

d d d d 

dz^ ' ' dzP ' 5pi ' ' dpr 

are hnearly independent. 

We consider the vector subbundle 



{p,v)TE,{p,r,)T^,E 



of vector bundle 



* ® *' 



TT {h*F)eTE,Tr,E] , 



53 



for which the J^ \ E ] -module of sections is the J^ \ E ] -submodule of 



* , * 



r vr {h*F)®TE,TT,E] ,+, 



generated by the family of sections 
The base sections 



d d 



(3.3.1.5) 



dz'^ dp, 
d d \ put 



dz°' dpa 






will be called the natural {p,r])-base. 

The matrix of coordinate transformation on I (/?, 77) TE, (/?, 77) r . , £^ ) at a change of 
fibred charts is 



(3.3.1.6) 

We consider the operation [, 



A° o /i o vr 










d 



(P,V)TE 

d 



defined by 



dz^ 



>fi 



d 



d 



(3.3.1.7) 






Pr 



1 J^a,^2^l3 






TE 



^^andfei + y, ^ 



for any sections (zf A + Y,^_j ,,a y., —^ ^ .,,— ^ . 

(* \ / * * ^ 

p,Id* I be the B^-morphism of I (/?, 77) TE, {p,r])T* ,E j source and ( TE, t* ,E 

target, where 
(3.3.1.8 



{p,r])TE^^TE 



The Lie algebroid generalized tangent bundle of the dual vector bundle ( E,7:,M 
will be denoted 



{p,r,)TE,{p,r,)T, E\,[,] . [p,Id, 

E I ip,v)TE \ E 
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3.4 (Linear) {p, ?7)-connections 

The theory of (Unear) connections constitutes undoubtedly one of most beautiful and 
most important chapter of differential geometry, which has been widely explored in the 
literature (see [8, 11, 14, 26, 31, 41, 42, 45, 46, 47, 50, 51, 59, 60, 62, 63]). 
In the following, we consider the diagram: 



E 



M- 



(f,[,]^^^,(p,7?)) 



^N 



where {E, vr, M) G |B| and f (F, u, A^) , [, ]^^ , (p, r/) j is a generalized Lie algebroid. 
Let 

(((P, V) TE, [p, 7]) TE, E) , [, ](p,^)T£; , (P, Ids) 

be the Lie algebroid generalized tangent bundle of fiber bundle (-E, tt, M). 
We consider the B"^-morphism 



{{p,r])TT\,IdE) 



given by the commutative diagram 



(^p^ri)TE^^^^*{h*F) 



(3.4.1) 



{P,v)'rE 



E- 



idp 



pr-i 



-^E 



Using the components, this is defined as: 
(3.4.2) 



(p,ry)7r!( [Z^^+Y-^Mu. 



dz 



Qya 



Z'^fJiu,), 



forany (^Z^A+y'^A) eV {{p,v)TE,{p,r^)TE, E) . 

We define the tangent {p,ri) -application as being a B^-morphism 

(3.4.3) ((p, 7]) Tvr, h o tt) = {pr2, h o tt) o ((p, r/) tt!, /d^) 

of ((/9, rj) TE, (/9, rj) te, E) source and (F, z/, N) target. 

Definition 3.4.1 The kernel of the tangent (p, 77)-application 

Up, V) Tit, h on) 

is written as 

{V{p,v)TE,{p,r,)TE,E) 

and will be called the vertical subbundle. 
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r d 1 

The set < — — , a € 1, r > is a base for the F (£^)-module 
lay"' 'J ^ ^ 

(r(y(p,r/)Ti?,(p,r/)rs,i?),+,.). 
Proposition 3.4.1 The short sequence of vector bundles 

OC 1 v{p, r,)TE^^^ {p, r^)TE ^''"^"' 

(3.4.4) 



TT*{h 



*F\ 



-^0 



E- 



Me 



■^E- 



Ids 



-^E- 



idf 



E- 



Me 



^E 



is exact. 

Definition 3.4.2 A Man-morphism (p, r/) F of (p, r/) TE source and V {p, rj) TE target 
defined by 

(3-4.5) (P, V) r (^" J^ + Y^^^ (n.) = (y'^ + (p, r,) T^Z") A (^,) , 

such that the B^-morphism {{p,ri)T,IdE) is a spHt to the left in the previous exact 
sequence, will be called {p,r]) -connection for the fiber bundle {E,Tr,M). 

The differentiable real local functions (p, r/) F^ will be called the components of 
{p, rj)- connection {p, rf) T. 

The (p, /(iM)-connection for the fiber bundle {E,tt,M) will be called p-connection 
for the fiber bundle (E, vr, M) and will be denoted pT. 

The {IdxM-, /dM) -connection for the fiber bundle (£^, tt, M) will be called connection 
for the fiber bundle (E, it, M) and will be denoted T. 

Definition 3.4.3 If {p,r])T is a (p, 77) -connection for the fiber bundle {E,it,M), then 
the kernel of the B"^-morphism {{p,ri) T,IdE) is written as 

iHip,r])TE,{p,r])TE,E) 

and will be called the horizontal vector subbundle. 

Definition 3.4.4 If {E,tt,M) G |B|, then the B-morphism (n,7r) defined by the com- 
mutative diagram 



(3.4.6) 



V{p,v)TE- 

{p,v)rE 

E- 



-^E 



-^M 



such that the components of the image of vector V^-S^ {ux) are the real numbers 
Y"^ (ux) , ...,y (ux) will be called the canonical projection B-morphism. 

Example 3.4.1 If {E,tt,M) £ [B'^l, then the B'^-morphism (H, vr) defined by the 
commutative diagram (3.4.6), where 11 is defined by 



(3.4.7) 



n y" 



d 



[u^ 



Y'' {Ux) Sa (X) , 
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is canonical projection B^-morphism. 

The set \sa,a £ l,r\ is the base of J- (M)-module of sections (F (E, tt, M) ,+,•). 

Theorem 3.4.1 // {p,rj)T is a {p,rj)- connection for the fiber bundle {E,tt,M), then 
its components satisfy the law of transformation 



(3.4.8) 



(p,^)r«: 



Qya 



P>iho^)^£ + ip,^)^ 



AXo(/io7r). 



^/ {P^ rf)T is a {p, r])- connection for the vector bundle (E, it, M) , then its components 
satisfy the law of transformation 



(3.4.8') 



(p,r,)K=M>vr 



p\°iho^)^^§^y'+ip^v)r; 



Kla {Hott) . 



If pT is a p- connection for the vector bundle {E,it,M) and h = IdM, then relations 
(3.4.8') become 



(3.4.8") 



pn=M,«'o7r 






A^-ovr. 



In particular, if {p,r]) = {IdTM,IdM), then the relations (3.4.8") become 



(3.4.8" 



'' dx"- 



d f dx 



dx^ \ dx^ 



-,o^ /+rt 



dx 
dx^ 



- O TT. 



Proof. Let (IT, vr) be the canonical projection B-morphism. 
Obviously, the components of 

n o {p, ry) r f z"'-^, + y'^^ {u^ 



are the real numbers 
Since 



y"'+(/9,r,)n:z^' (^,). 



p^...- d ,,„' 9 



d 



Z°— -, + y"— -, (u^) = Z"A"-o /i o vr^^ (u^) 



it results that the components of 

no(,,„)r(z'>J,, + i-A,)(„j 



are the real numbers 



Zy>hon^ + ^YU{p,,)r^J-K-oho.yu,^)^^, 



where 



Qya 


= 


ay" 

ay" 
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Therefore, we have: 

After some calculations we obtain: 

Remark 3.4.1 If we have a set of real local functions {p,r])T'i^ which satisfies the 
relations of passing (3.4.8) , then we have a (p, ?7)-connection (p, 77) T for the fiber bundle 

(E,7r,M). 

Example 3.4.1 If F is a classical connection for the vector bundle {E,it,M) on com- 
ponents r^, then the differentiable real local functions 

are the components of a (p, ?7)-connection (p, r/) F for the vector bundle {E, tt, M) which 
will be called the [p^r])- connection associated to the connection T. 

Definition 3.4.5 If (p, r/) F is a (p, ?7)-connection for the vector bundle (£', tt, M), then 
for any 

z = z'^ta G F (F, u, N) 



the application 

(3.4.9) 

where 



T{E,TT,M) '^ff^ T{E,TT,M) 

U = u"-Sa I > {p,Vi)D-^U 



(p, 7?) D,u = z'^oh{ p\ o /i— + (p, ri)Tlou]sa 



will be called the covariant {p^rf)- derivative associated to {p,r])- connection {p,ri)T with 
respect to the section z. 

If /i = Idu and r/ = Idu^ then we obtain the covariant p-derivative associated to 
p-connection pT with respect to the section z. 

In addition, if p = IdxM, then we obtain the covariant derivative associated to 
connection F with respect to the vector field z. 

Remark 3.4.2 If {p,ri)T is a (p, r?)-connection for the vector bundle {E,tt,M), then 
the operator 

T{F,u,N)xT{E,TT,M) ^^^ T{E,TT,M) 
{z,u) I — > {p,ri)D^u 

satisfies the following properties: 
(i) (p, 77) D is M-bilinear; 
(ii) (p, 77) Df^^^+f^^^u = /i (p, 77) D^,u + /2 (p, v) Dz2u; 
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(iii) if u G r {E,7r,M) is null on a nonempty subset of M, then (p, r/) DzU is null on 
the same nonempty subset, for any z £T (F, z/, N) . 

Definition 3.4.6 We will say that the {p,ri)- connection {p,ri)T is homogeneous or 
linear if the local real functions (p, rj) F" are homogeneous or linear on the fibre of the 
fiber bundle {E,tt,M). 

Remark 3.4.3 If {p,rf)T is a linear (p, ryj-connection for the fiber bundle {E,tt,M), 
then for each local vector (m + r)-chart {U, su) and for each local vector (n + p)-chart 
{V,tv) such that Ur\h~^ (V) 7^ (p, it exists the differentiable real functions pT? defined 
on [/ n h~^ (V) such that 

(3.4.10) (/9, 7?) r^ o n = (p, 7?) r^^ • n^ W = u'si, G T {E, vr, M) . 

The differentiable real local functions (p, rj) F^^ will be called the Christoffel coeffi- 
cients of linear {p,ri)- connection (p, 77) F. 

Theorem 3.4.2 // (p, ?7)F is a linear {p,ri)- connection for the fiber bundle {E,tt,M) , 
then its components satisfy the law of transformation 



(3.4.11) 



ip,v)nr 



a dy" 



dy" 



d 



/Qya 



.a dy' 



^'°fei5?J + ^^'^)^^^9^; 



Al^^h. 



^f (P)^)r is a linear {p,r]) -connection for the vector bundle (£', 7r,M), then its 
components satisfy the law of transformation 



(3.4.11') 



(p,r?)F^Y=M,"' 



(9 /If" 



K'^oh. 

7 



// pF is a p-connection for the vector bundle {E,Tr,M) and h = IdM, then the 
relations (3.4.11') become 



(3.4.11") 



pF^;-=M«' 



P-1 Q^k + P'- h^^^h' 



^- 



In particular, if {p,rj) = {IdrM^IdM), then the relations (3.4.11") become 



(3.4.11" 






d / 9x* \ j dx^ 



dx^ 



Definition 3.4.7 We say that the (linear) (p, ?7)-connection (p, r/) F for the fiber bundle 
{E, IT, M) is differentiable of C class, if its components are differentiable of C class. 



Definition 3.4.8 If (p, r/) F is a linear (p, ?7)-connection for the vector bundle {E, vr, M), 
then for any 

z = z'^ta G F [F, u, N) 



the application 
(3.4.12) 



F {E, IT, M) ^faf^Rx r {E, vr, M) 
u=u"-Sa I — > {p,ri)DzU 
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defined by 

will be called the covariant (p, rj) -derivative associated to linear (p, r])- connection {p, rj) T 
with respect to the section z. 

If /i = IdM and r/ = IdM-, then we obtain the covariant p-derivative associated to 
linear p- connection pT with respect to the section z. 

In addition, if p = Mtm, then we obtain the covariant derivative associated to linear 
connection T with respect to the vector field z. 

3.4.1 (Linear) (p, ry)-connections for dual of vector bundles 

Let {E, TT, M) be a vector bundle. 

We consider the following diagram: 

M '^ > N 



where f (F, i', N) ,[,]pi^, (p, rj)) is a generalized Lie algebroid. 
Let 



ip,,)TE,ip,,)r,^,E),[,]^^^^^^^,[p,Id.^ 

be the Lie algebroid generalized tangent bundle of the vector bundle ( E,tt, M 1 . 
We consider the B"^-morphism I (/?, 77) vr!, /d. 1 given by the commutative diagram 

{p,v)TE ^vr {h*F) 



(3.4.L2) (p,^),. 



E 



Wl 



* E ^ 

E ^E 

Using the components, this is defined as: 

(3.4.L3) (^'^)'^'(^"J^ + ^'^|:) W = (^"^«) (^^)' 

i^^ ^^y Z'^^^ + Ya^^e (^{p,v)TE,{p,r,)T^,E 

We define the tangent {p,r]) -application as being a B'^-morphism 
(3.4.1.4) f (p, rj) Tvr, h o nj = ipr2, h o ttJ o Hp, 77) tt!, /d. j 



of ( (p, 77) TE, {p,r])T* , E ] source and (F, u, N) target. 
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Definition 3.4.1.1 The kernel of the tangent (p, r/)-appHcation 

(^{p,r])Tn,honj 

is written as 

(v{p,v)TE,{p,r,)T,^,*E 

and will be called the vertical subbundle. 



The set 



d ^- 



dpa 



a G 1, r > is a base for the F E -module 



r(y(p,r/)Ti?,(p,r/)r^,i?),+, 



Proposition 3.4.1.1 The short sequence of vector bundles 



0^ ^Vip,7])TE^ ^ip,v)TE -vr (/i*F) -0 



/d. 



E' 



E * 

^E- 



Id, 

E 



Id, 



Id, 



E' 



^E- 



is exact. 



E * 

^E 



Definition 3.4.1.2 A Man-morphism {p, rj) T of {p, r]) TE source and V {p, r]) TE tar- 
get defined by 

(3,4.1,5) (p. „) r (z" A + n|-) (k) = (n - (p. „) h„z-) A (t) , 



such that the B"^-niorphisni I {p,ri)T,Id* I is a split to the left in the previous exact 

sequence, will be called {p,!^)- connection for the dual vector bundle I E,tt,M\. 

The differentiable real local functions (p, r/) r^Q^ will be called the components of 
[p^rf)- connection {p,rj)T. 

The (p, /(iM)-connection for the dual vector bundle [ E,tt,M \ will be called p- 



„„.„*„„ /„. tke iual .ecior iunile [^E.,, MJ and w.ll be denoted pF. 

The (IdTM 5 -^t?M)-connection for the dual vector bundle { E,tt,M \ will be called 



»,»„*»„ lor ihe^ual vecU>r UMU, ^E,.. M) and will bedenoted T. 

Let {«", a € l,r| be the dual base of the base {sa,a G 1,^} • 
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The B^-morphism ( 11, vr ) defined by the commutative diagram 



* n * 
V (/>, 7?) TE E 



(3.4.1.6) 



{p,ri)T, 



E' 



M 



where, 11 is defined by 

(3.4.1.7) 

is canonical projection B"^-morphism. 



n ( Ya^:— ( Ux 



Ya (u^)s" ('t(u^)) 



Theorem 3.4.1.1 // (/?, 77) F is a {p,r]) -connection for the vector bundle ( E,Tr,M 
then its components satisfy the law of transformation 



b* 



(3.4.1.8) (p, 7?) r^Y = Mb^oTT 



i ^ * dMI^'oTT * 



AXo (^ho^^ 



In particular, if h = IcIm, then the relations (3.4.1.8) become 
(3.4.1.8') {p,r])hy = M^-on 



P^OTT 






3x* 
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AXovr. 



In particular, if {p,ri) = (IdTM^IdM), then the relations (3.4.1.8') become 



(3.4.1.8") 






5x* \dx^ ' * ■^ 



dx^ 
dx^ 



T. o vr. 



Proof. Let I IT, tt ] be the canonical projection B-morphism. 
Obviously, the components of 

n-o(...)f(z"-^. + n;|,)(i 

are the real numbers 



Since 



Yb- - {p, v) ^b'iZ^' [ux] ■ 



dz^' dpb'^ 



Z"A"-o/io7^-^(u, 



dM^'oTT 



+ Z>^ O h O TT^^^Pa' + M^Yh' TJ^ U: 



dx 



d 



dpb 



it results that the components of 



n-o(...)r(z"J,. + n4n«, 
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are the real numbers 

where ||M^^|| = ||Mj^'|p\ 
Therefore, we have: 

f Z>^ o h o *^^^^Pa + Ml o ^y,- - (p, ^) haZ"K- ohonJMlon 

= n--(p,7?)ffc-Z°'. 

After some calculations we obtain: 

* h * ( ■ * dM?oT[ * \ * 

{p, i) rfe' = Mft. o TT I -p\ ohoTT ■ ". pa-+ {p, v) Tha 1 A^-o /i o TT. q.e.d. 



Remark 3.4.1.1 If we have a set of real local functions {p,rj)Th^ which satisfies the 
relations of passing (3.4.1.8), then we have a (p, ry)-connection (p, r/)r for the fiber 
bundle (E,n,M 



Example 3.4.1.1 If F is a classical connection for the vector bundle [ E,-it,M ] on 

* 
components F^fc, then the differentiable real local functions 



{p,r])ri,^ = (p^ohon) r 



bk 



are the components of a (p, ?7)-connection (p, rj) T for the vector bundle [ E,tt,M j which 
will be called the {p,r]) -connection associated to the connection T. 



Definition 3.4.1.3 If (p, 77) F is a (p, r/)-connection for the vector bundle ( E,tt,M j, 

then for any 

z = z»ta G F (F, u, N) 

the application 

F I E, n, M] ^^^^ T{ E,TT,M 



(3.4.1.9) 

u = Uas"- I — > {p,ri)D-^u 



defined by 



dUh / _ __^ T. _ * \ _b 



(p, r?) D^u = z" oh[p^^o /i— - (p, 77) Ffea o n ) s' 
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will be called the covariant [p^rf)- derivative associated to [p^r])- connection {p,rf)T with 
respect to the section z. 

If /i = IdM and r/ = IdM, then we obtain the covariant p-derivative associated to 

p- connection pT with respect to the section z. 

In addition, if p = Mtm, then we obtain the covariant derivative associated to 

connection T with respect to the vector field z. 

Definition 3.4.1.4 We will say that the {p,r]) -connection {p,ri)T is homogeneous or 
linear if the local real functions (p, rj) Ff,^ are homogeneous or linear on the fibre of 
vector bundle [ E,it, M ] respectively. 



Remark 3.4.1.2 If (p, r/) F is a linear (p, r/)-connection for the vector bundle I E,7r,M \ , 
then for each local vector {m + r)-chart [U,su) and for each local vector {n + p)-chart 



{V, tv) such that U Ci h ^ (V) 7^ 0, there exists the differentiable real functions pF? 



defined on U H h ^ {V) such that 

(3-4.1.10) ip,r])Ti^ou = ip,r])T-^-Ua, 

* f * * \ 

for any u = Uas"' G F ( i?, tt, M j . 

The differentiable real local functions (p, r/) F^^ will be called the Christoffel coeffi- 
cients of linear {p,ri) -connection {p,rj)T. 



Theorem 3.4.1.2 If (p, r])T is a linear (p, rj)- connection for the vector bundle ( E,t:,M 
then its components satisfy the law of transformation 



(3.4.1.11) (p,r/)F^Y=M,^ 






-p;°^^ + (/>'^)r6.< 



AXo/i. 



In particular, if {p,r]) = {IdTM,IdM) and h = Id^j, then the relations (3.4.1.11) 
hecome 












Remark 3.4.1.3 Since 






it results that the relations (3.4.11) are equivalent with the relations (3.4.1.11'). 



Definition 3.4.1.5 If (p, ry) F is a linear (p, r7)-connection for the vector bundle ( ii^, vr, M ) , 

then for any 

z = z'^ta G F [F, u, N) 
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the application 

U=UaS'^ I — )■ {p,ri)DzU 
defined by 



dx 

will be called the covariant (p, rj) -derivative associated to linear (p, rj)- connection (p, rj) T 
with respect to the section z. 

If h = Mm and rj = IdM, then we obtain the covariant p-derivative associated to 
linear p- connection pT with respect to the section z. 

In addition, if p = Mtm, then we obtain the covariant derivative associated to linear 
connection T with respect to vector field z. 

Note. In the next we use the same notation (p, rj) T for the linear (p, r/)-connection 
for the vector bundle {E, it, M) or for its dual I i?, vr, M 



Remark 3.4.1.4 If (p, r/) F is a linear (p, r^) -connection for the vector bundle {E, vr, M) 
or for the vector bundle I i?, vr, M ) then, the tensor fields algebra 



(r(^,7r,M),+,-,®) 
is endowed with the (p, r/)-derivative 

(34 113) T{F,v,N)xT{E,t:,M) ^^^ T{E,n,M) 

{z,T) ^ ip,v)DzT 

defined for a tensor field T € Tj' {E, it, M) by the relation: 

(p, T]) D^T [ui, ..., Up, Ui, ...,Ugj = r (p, 7]) (z) (T (^Ui, ..., Up, Ul, ..., Ugjj 

(^ ^ \ / ^ ^ \ 

{p,r])DzUl, ...,Up,Ul, ...,Uqj - ... -T \Ul, ..., (p,?]) DzUp,Ul, ...,Uqj 

(^ ^ \ / ^ ^ \ 

Ul, ...,Up, {p,r]) D^Ui, ...,Uqj - ... -T \Ul,...,Up,Ul,...,{p,1])D-^Uqj . 

Moreover, it satisfies the condition 

(3.4.1.15) (p, 7?) Df,,,+f,,,T = h {P, V) D,,T + h {p, v) D,,T. 

Consequently, if the tensor algebra {T {E,Ti,M) ,+,-,®) is endowed with a {p,r])- 
derivative (3.4.1.13) defined for a tensor field T G T^{E,7r,M) by (3.4.1.14) which 
satisfies the condition (3.4.1.15), then we can endowed {E,tt,M) with a linear {p,r])- 
connection (p, r/) F such that its components are defined by the equality: 

ip,v)Dt^Sh = (p,?7)F^^Sa 



or 



ip,r])Dt^s- = -ip,r])T-^sK 
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The (/9, ?7)-derivative (3.4.1.13) will be called the covariant {p,r]) -derivative. 
After some calculations, we obtain: 

(p, f]) D, (r^";:;f;Sai ... ® Sa, ® S^l ® ... ® S^^ 
/ ^rpai,...,ap 

= z"oh(pi,o h ^-'^^ + (p, r^) TZK;-'-''"' 



(3.4.1.16) 



+ {P, ri) Kit:1';X' + ... + (p, ^) tZt^I;^''' - ... 
- (p, 7?) r^^^T,';;,;^;;;;'') .,, ... ® Sa, ^^^ ^ ... 5'"' 

^= Z" o hT^'^^^^^^Sa, ® ... Sa, ® S^' ... ® S^^ . 

If {p,ri)T is the linear (p,??) -connection associated to linear connection F, namely 
(p,r/)r-^=(p^o/i)r-„then 

(3.4.1.17) C::Xl; = (/>^^)C::Xl^• 

In particular, if /i = IcIm, then we obtain the formula: 

(p, r/) D, (T^l;:S^Sa, ® ... Sa, ^ s^^ (S) ... ® s^') 
— ;ya I i bi,---,bq , . ax j.a,a2...,ap 



,a2...,a 



(3.4.1.18) + iP, V) rZT;:^]'^;' + ... + (p, r/) T^aT^^' 

(nnW'' rpai,a2...,ap („„'\r'^ r^ai ,a2 . . . ,ap 
yP^V)l'hia^b,b2,-,bq yP^^)''b2a^bi,b,-,bq 

- (p, 7?) rl^XubZZb') «ai ^ ... ^ ^a, ® S"^ ... ^ S^^ 
-* ^"^C'^Xla^'^i ^ ... ^ S,^ ® S^l ^ ... S^^. 

4 The geometry of base of the Lie algebroid generaUzed 
tangent bundle for a vector bundle 

In this section, we present new applications of generalized Lie algebroids in the study 
of the geometry of vector bundles using the theory of generalized linear connections. 

4.1 Torsion and curvature. Formulas of Ricci type 

We apply the theory for the diagram: 



E {F,[,]^j^,{p,IdM) 

(4.1.1) 



M ^M 



where {E,tt,M) G |B^| and ({F,u,M) ,[,]j,,^,{p,IdM)) G |GLA| 
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Let pT be a linear p-connection for the vector bundle {E, vr, M) by components /oF^^. 
Using the components of the linear p-connection pT, then we obtain a linear p- 
connection pT for the vector bundle (E, vr, M) given by the diagram: 

E (h*F,l]^,p,{^JjdM 

(4.1.2) vri ih*v 

M "^"^^ M 

If {E, vr, M) = (F, ly, N) , then, using the components of the linear /j-connection pT, 
we can consider a linear p-connection pT for the vector bundle {h*E,h*ir,M) given by 
the diagram: 

h*E {h*EX]h'j,,{^JjdM 

(4.1.3) h*^i ih*TT 

M ""^^ M 

In the following, we will use the exterior differentiation operators d, d^ and d^*^ res- 
pectively for the exterior differential J^ (M)-algebras (A (TM, ta/, M) , +, ., A), 
(A {E, TT, M) , +, ., A) and {{h*E, h*Tr, M) , +, •, A) respectively. 



Definition 4.1.1 If (£',7r, M) = {F,u,N), then the application 

E,h*7r,Mf ^^^ r{h*E,h*Tr,i 
{U,V) -^ pT{U,V) 



r^-^^^ T{h*E,h*TT,Mf SE:^ T {h*E,h*Tr,M) 



defined by: 

(4.1.5) {p, h) T (^7, V) = pbuV - pbvU - [U, V],^,^ , 

for any U,V G T {h*E,h*TT,M) , will be called {p,h) -torsion associated to linear p- 
connection pT. 



Remark 4.1.1 In particular, if /i = Mm, then we obtain the application 
(4.1.4') 



r{E,7:,Mf -^ r{E,TT,M) 



{u,v) — > pT{u,v) 

defined by: 

(4.1.5') pT {u, v) = pDuV - pD^u - [u, v]^ , 

for any u,v gT {E, tt, M) , which will be called p-torsion associated to linear p-connection 
pT. 

Moreover, \i p = Mtm, then we obtain the torsion T associated to linear connec- 
tion r. 

Proposition 4.1.1 The {p,h)-torsion {p,h)T associated to linear p-connection pT is 
R-bilinear and antisymmetric. 
If 

{p,h)T{Sa,St)''={p,h)T\,S, 
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then 
(4.1.6) (p, h) T-„, = pTl, - pFt^ - LI, o h. 

In particular, if h = IcIm o-nd pT(S(j,st) = pT'^^Sc, then 
(4.1.6') pT^^, = pTl,-pri-Ll,. 

Moreover, if p = IdxM, then the equality (4.1.6') becomes: 

(4.1.6") Tv, = r},-r^^. 

Definition 4.1.2 The application 

,^^.j. (T{h*F,h*u,Mf xT{E,TT,M) S^^ T{E,tt,M) 

{{Z,V),u) -^ pR{Z,V)u 

defined by 

(4.1.8) (p, h) R (Z, V)u = pDz [pDvu) - pDy [pDzu) - pbyzy]^^^u, 

for any Z,V (zT {h*F, h*v, M) , n G F {E, vr, M) , will be called (/?, h) -curvature associ- 
ated to linear p-connection pT. 

Remark 4.1.1 In particular, if /i = Mm, then we obtain the application 

(4.1.7') 



r{F,u,Mf xr{E,7:,M) -^ r{E,TT,M) 



{{z,v),u) — > pR{z,v)u 

defined by 

(4.1.8') pM (z, v)u = pDz (pD^u) - pD^ {pD^u) - pD[^^^]^u, 

for any z,v (zT (F, v, M) , n G F [E, tt, M) , which will be called p-curvature associated 
to linear p-connection pT. 

Moreover, if p = IdTM, then we obtain the curvature M associated to linear connec- 
tion F. 

Proposition 4.1.2 The {p,h)- curvature {p,h)R associated to linear p-connection pT, 
is R-linear in each argument and antisymmetric in the first two arguments. 
If 



(p,/i)E(r^,T„)s5^= (p,/i)R^„^s„ 



then 



(4.1.9) (p, h) Rt ^p = pip o h^ + pF^^pFL - pL o h^ - pK^pTlp + pF^,L^^ o h. 



ba 

In particular, if h = Mm and pR{ti3,ta) Sb = pR'^ ^oSa, then 

(4.1.9') pRt ,^ = p^^^ + pF^^pF^ - p^^ - pF^^pF^^ + pF^^L^^. 



Moreover, if p = IcItm, then equality (4.1.9') becomes: 

f A 1 n'M TIJ"* bh I -pa j^e bk j^a r^e 

Theorem 4.1.1 For any u^Sa € r(£',7r,M) we shall use the notation 

(4-1-10) ^V/3 = /'^^^K)+/>r-nV, 

ond we verify the formulas: 

(4.1.11) n"^ . - n7. = n" (p, h) M^^ . - u^ L^. o /i. 
After some calculations, we obtain 

(4.1.12) (p, h) M-„^ = ^, (n-^^ - n7^„ + n^^L^^ o h) , 

where Uas"" € F I i?, tt, M I such that UaU = 6„. 



In particular, if h = IdM, then the relations (4.1.12) become 
(4.1.12') pK\, = ^a (n7„, - n7^„ + ^-^L^,) . 

Moreover, if p = idTM, then the relations (4.1.12') become 



Proof Since 



+ prS [pi o ft— + ptLu' 

= ,.oft%^^ + pJo.p.oft» (^) 

^ ax.? ax* ^ ox^ \ ax* / 



du'' 



+ p'b o h^^-^u"- + pI o hpT 



dxi '^ ' ""^dxi 



and 



+ ''>''''r5a^ + pr5prt,„° 



+ PKdf^,oh^ + P^>'' 



dpi o h du'^i . . d f du"-^ \ 

dpT"'^ rill"- 



ai ^^ j^ ^■p'^i n'vb a 



+ P'p-hpTZ^ + pTZpT:pU- 
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it results that 

(9«* o h du"-^ ■ dpi o h du"-'^ 






+ 



i^p'f, o hpl^ o h^-^ - p>^ ohp'^oh 



dx^dx^ 









+ [p>hpKBiu-p'^°hpK 



+ pTllpTi^u'^ - pTZpT%u\ 
After some calculations, we obtain: 



u} „ - u L = L' o hp'z o h^—r 

|o/3 \pa pa r'y g u 

' dpV^ dpT""^ 

, ^F^ aa ^a „t ^ u 



i 



+ kJ°"i#«"-Ao'>-j- 



Since 



+ prii^pri^u'^-przpr%u'^. 



^^(P^h)R:\^ = W^ip'poh^-^ + pTllpTl^-p^^oh' ''^ 



dxi "^ ""^"^ "" ^" dx^ 

a7 /3o 



-pTtl^pTl^-pT^inoh). 



and 






it results that 



u^ ip, h) m.l\p - u^l^Ll^ o h = -Lip ohp':,oh 

P g^j 



+ P^bl3P^aaU -pTi^^pT^pU 



,...Mli.._.. ..?^,. 



q.e.d. 



Lemma 4.1.1 // {E,tt,M) = {F,i',N), then, for any 

n"sa G r (E, vr, M) , 
we have that nV, a,c G l,n are the components of a tensor field of (1, 1) type. 
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Proof. Let U and U' be two vector local (m + n)-charts such that U nU' ^ (/). 
Since u" (x) = M^ (x) w" (x) , for any x £ U (1 U' , it results that 

Pc' ° h (x) ^^ = p^, oh{x)^ [m:' (x)) n« (x) + M:' (x) p^; o h (x) ^^. (1) 
Since , for any x £ U Ci U' , we have 

pr^,;,(x) = M,"'(x) (p,^ o hix)^iM^,{x)) + pTUx)M',,ix)^ M^A^), (2) 

and 







^ (m,"' (x) M^, (x)) = ^^ (m:' (x)) M,'^ (x) + M:' (x) ^-^ (M.'i (x)) (3) 



ai „,ai I / u\^d „,ai „,d / „ h\Tn>^i ^fiijc 



K,°h 



(4.1.14) u^l^, - n- |„ + (p, /i) n,^7, = u'^ {p, h) M-„, - u 

In particular, if h = Idu, then the relations (4.1.14) become 

(4.1.140 ^1V - ^7% + ^^''^^^T^ = ^'^^"^^^ - ^7e^^^ 

Moreover, if p = id-TM, then the relations (4.1.14') become 

(4.1.14") ^\-^\+^\^\ = ^'n.j 

Theorem 4.1.3 For any Uas"' G F ( £',7r,M I we shall use the notation 



(4.1.15) Uh^i^^ = P^ ° ^afj ("6i|a) - Pr^i/3«6|a 

and we verify the formulas: 

(4.1.16) tibi|a/3 - ^tbi|/3a = "^b {P, h) M.^^ ^^ - U^^i^Ll^ o h 



(4) 



9x^' 
it results that 

pr^,;, (x) u'' (x) = -p^; o Mx) ^ {m:' (x)) u" (x) 

+ M«'(x)pr^,(x)^Vx)M,^,(x). 
Summing the equalities (1) and (4), it results the conclusion of lemma. q.e.d. 

Theorem 4.1.2 // {E,tt,M) = {F,u,N), then, for any 

U^SaeT{E,TT,M), 

we shall use the notation 

(4.1.13) ^1\, = ^%-P^iyk 

and we verify the formulas of Ricci type 
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After some calculations, we obtain 

(4.1.17) (p, h) Rl^ ^p = n^ [-ui,^\ap + Ub^n^a - Ubi^Ll^ ° hj , 

where u°'Sa € T {E,-ir,M) such that UaU^ = 5^- 

In particular, if h = Idu, then the relations (4.1.17) become 

(4.1.17') pRl^ „^ = v!" [-ui,^\ap + n^^i^^ - Ub^i^L^^j . 

Moreover, if p = idxM then the relations (4.1.17') become 
(4.1.17") M^^,^. = n^(-nb^|,, + n5,|,,). 

Proof. Since 

j .^P^ha J , j.b dUb 



.b dub b 



and 



- Pa ° ^P^b^P^i + ^^fei^pr^^Wa 
Ub,\Pa = Pa°h (^—^ l^p'^ o h^ - pVlf^Ubj 

-P^la{p^,oh^-pn,r 

dp^pohdub^ j ^ i B /dub. 



dx^ 



i i^^P^bili i , ^b t^^fe 

P'H ° ^P^bia-g^ + Pr^^^prlJ^Ua 



it results that 



j Bff^ohdub, i dp>pohdub, 
, i u rb dub j b dub 

+ Pp ° f'P^b.a-g^ - Pp ° hp^b^ag^ 

, i h rb 9ub i . rb 9ub 

+ Pa ° ^P^b,a^i - Pa ° ^P^b.ag^ 

+ prl^pTt^Ua - prl^^p^^ua. 
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After some calculations, we obtain: 



-7 r. U„k ^ h^^bi 



Since 



and 



+ {pa° h—oJ-Ub - p'pO h—Q^Ub 
+P^UPna^a-prl^^prtfiUa. 



(dpT 
p'^°h^^ + pTl^pri^ 

dpT^ 
«bi 17-^1/3 °h=(^p^o h-^ - pVl^^ui/j Ll^ o h 



it results that 



-Ub {p, h) Rl^^^f^ - Ub.i^Ll^ o h = -Lip o V^ o h-^ 






+ pn,fiP^lc.Ua - pVl^^pVlfiUa. 



q.e.d. 



Lemma 4.1.2 // {E,tt,M) = {F,u,N), then, for any 



we have that u^ i^, b,c £ l,n are the components of a tensor field of (0,2) type. 

Proof Let U and U' be two vector local (m + n)-charts such that U OU' j^ (p. 
Since Ub' (x) = M^, (x) Ub (x) , for any x £ U (1 U' , it results that 

dub' (x) u , , , d 



Pc' ° h (x) ^!^ = p,^' oh{x)£^ (m,^, (x)) n, (x) 

+mI;, (x) p^,' o /i (x) 



ffe /™^ „fc' „ i^ ^^A 5^6 (a;) 



5x^' 
Since, for any x £ U H U' , we have 

pTti, (x) = M,"' (x) (p^ ° /i (^) ^ (M,^ (^)) 
+pC(x)M,^,(x))m,^,(x), 
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and 

(3) % ^ ^ r. 

= d^ (^"' ^^^) ^^' ^^^ + ^"' (^^ 9^ ^^^' (^)) 
it results that 

Summing the equalities (1) and (4), it results the conclusion of lemma. q.e.d. 

Theorem 4.1.4 // {E^-k^M) = {F,u,N), then, for any 

we shall use the notation 

(4.1.18) Uh, la\b = Ubi \ab - P'^ib'^bi \d 
and we verify the formulas of Ricci type 

(4.1.19) U5j |„|6 - Ufe^ |;,|„ + {p, h) T'^af.ut,^ \d = -Ud {p, h) E^^ ^^ - Ub^ ^^Kb ° ^ 
In particular, if h = IdM, then the relations (4.1.19) become 

(4-1-19') ^tbi \a\b - Ub, \b\a + P^'^ab^bi \d = -^dP^t, ab " «bl M^fb' 

Moreover, if p = idru then the relations (4.1.19') become 
(4.1.19") Uj^ mj - Uj^ ijii + T%uj^ ih = Uh'^'j, ij- 

Theorem 4.1.5 For any tensor field 

^ri';::;C^"i ® - ^ ^^^^ ^ *^' ® - ^ ^^' ' 

we verify the equality: 

rpai,...,ap ^rpai,...,ap _ „aa2,.--,ap / /i^ ro"^! _l_ 
-^bi,...,bq\al3 ^bu...,bq\l3a~ '^bi,...,bq l/'i^J^a a/3 "T ••• 

(4.1.20) +T:^:::f ip, h) k\p - Km::X (^' ^) K -p - - 

/n particular, if h = IdM, then the relations (4.1.20) become 

bi,...,bq\al3 ~ ^bi,...,bq\l3a ~ fei,...,&9 Pa aP + "• 



(4.1.200 +Tb::Sr''pK\p-T[ 



ai,...,ap—ia -rrpttp rpO,i,...,ap 

'q ■ ti ct/j b,b2,...,bql~"''^bi aj3 



_rpai,...,ap -rrgb _ rpai,...,ap j-^ 

~'^bi,...,bq-ibP'^bq al3 ^bi,...,bq\-i^al3- 
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Theorem 4.1.6 // {E,Tr,M) = {F,iy,N), then we obtain the following formulas of 
Ricci type: 

'^bi,...,bq \b\c ^bi,...,fe,|c|b"^ V/^''V ^ bc-^ bu-,bq\d 

(4.1.21) = r;-;;,-;^ {p, h) K\. + ... + r^^-^-- (p, h) K\c 

-Km:X (p^ h) K be - - - T^::Z.b (p^ ^) K ^c - t:i:s^Ac ° h. 

In particular, if h = IcIm, then the relations (4.1.21) become 

^bl,...,bq \b\c~ ^bl,...,bq\c\b^ P^ bc^bl,...,bq\d 

(4.1.210 = t^:X''pm:\, + ... + t;;::;c^-^vcv 

rp0.1,---,0-p Tab rp0.1,---,0-p „Tn>fe rpai,...,ap J fl 

^b,b2,...,bqP'^bl be ••• ^bl,...,bg^lbP'^bg be ^bl,...,bq\d^bc- 

We observe that if the structure functions of generahzed Lie algebroid 

\F,u,M),[,]p,,{p,IdM)), 



the (p, /i)-torsion associated to hnear p-connection pT and the (p, /i)-curvature associa- 
ted to hnear p-connection pT are nuU, then we have the equahty: 

{A T 00^ rpa.i,---,a.p rpa.i,---,a,p 

l*--L-^^J ^bl,...,bq\b\e ~ '^bl,...,bq\c\b' 

which generahzes the Schwartz equality. 

4.2 Torsion and curvature forms. Identities of Cartan and Bianchi 
type 

We apply the theory of the generahzed hnear connections for the diagram: 



E {F,[,]p,^,{p,IdM) 

(4.2.1) 



M ^M 



where {E,tt,M) G |B^| and UF,iy,M),[,]p^^^,{p,IdM)) G |GLA| . 
Let pT be a hnear p-connection for the vector bundle {E, tt, M) . 

Definition 4.2.1 For each a,b £ l,n, we obtain the scalar 1-forms 

(4.2.2) nt = pTl^T^^ 
and 

(4.2.2') u:l = pTlX 

which will be called the form of linear p- connection pT and pT respectively. 

Definition 4.2.2 If {E,tt,M) = {F,iy,M), then the vector valued 2-form 

(4.2.3) {p,h)T={{p,h)T-^,S,)S-AS' 
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will be called the vector valued form of (p, h) -torsion {p, h) T. 
In particular, if /i = Mm, then the vector valued 2- form 

(4.2.3') pT = {pT\^^s,) s^ A s* 

will be called the vector form of p-torsion pT. 

Moreover, if p = IcItm, then the vector valued form (4.2.3') becomes: 

(4.2.3") T=(T^^^£,yx^ AdxK 

Definition 4.2.3 For each c G 1, n we obtain the scalar 2-form of {p, h)-torsion (p, h) T 

(4.2.4) {p,h)T- = {p,h)T\,S-AS\ 

In particular, if /i = IdM, then, for each c G l,n, we obtain the scalar 2-form of 
p-torsion pT 

(4.2.4') pT^ = pT\^^s'' A sK 

Moreover, if p = IdxMi then the scalar 2-form (4.2.4') becomes: 

(4.2.4") r = T.^dx^ A dx''. 

Definition 4.2.3 The vector mixed form 

(4.2.5) (p, /i) M = ( ((p, h) Rt a^sa) T" A T") s^ 

will be called the vector valued form of (p, h) -curvature (p, h) M. 
In particular, if /i = Mm, then the vector mixed form 



(4.2.5') pE = ((pM«„^s,)t"At^) 



s'^ 



will be called the vector valued form, of p- curvature pM. 

Moreover, if p = IdTM, then the vector form (4.2.5') becomes: 



h A ^^k\ gb 



(4.2.5") R = ((E^ i^^sa) dx^ A dx^) 

Definition 4.2.4 For each a, 6 € l,n we obtain the scalar 2-form, of {p^h)- curvature 
{p,h)R 

(4.2.6) ip,h)Rt = iP,h)Ka|3T''r^T^. 

In particular, if /i = IdM, then, for each a,b £ l,n, we obtain the scalar 2-form of 
p- curvature pM 

(4.2.6') pRl = pRl „^t" A t^. 

Moreover, if p = IdxM, then the scalar form (4.2.6') becomes: 

(4.2.6") Ml, = R1, i^f^dx^' A dx'' . 
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Theorem 4.2.1 The identities 

(Ci) (p, /i) T'^ = d^*^5'^ + fl^ A 5^ 

and 

(C2) {p,h)R<^ = d''*^n^ + n'^Ani 

hold good. These will be called the first respectively the second identity of Cartan type. 

Proof. To prove the first identity we consider that (-E, tt, M) = {F, u, M) . Therefore, 
ni = pTl^S^. Since 

d^*^S-{U,V)Sa = i{T(!'7,IdM)U)S-{V) 

-{Tf7 JdM)V){S^{U)) - S^{[U,V]h*F))Sa 

= {T{''7,IdM)U){V^) - {t('J JdM)V){U'') - S''{[U,V]h>F)Sa 

= pDuV - V'pDuSb - pDvU - U'pDvSb - [U, V]h*F 
= {p, h) T{U, V) - {pTl^V'U' - pTlJJ^V')Sa 

= Up, h) T^iu, y) - f^^ A sHu, v))Sa, 

it results the first identity. 

To prove the second identity, we consider that {E, tt, M) 7^ {F, v, M) . Since 

(p, h) E^ {Z, W) sa = {p, h) M {{W, Z) , sk) 

= pDz [pDwSbj - pDw [pDzSbj - pD[z,w]^,pSb 

= pbz {^l {W) Sa) - pDw {^l {Z) So) - ^l {[Z, W]^,p) Sa 

+ {n-{z)ni{w)-n-{w)nuz))sa 

= {d^'^^l (Z, W) + ^lA ^l (Z, W)) Sa 

it results the second identity. 

Corollary 4.2.1 In particular, if h = Mm, then the identities (Ci) and (C2) become 

{C[) pT" = d^ s" + ujI A s^ , 

and 

{C'2) />M« = d^< + <Aa;^ 

respectively. 

Moreover, if p = IdxM, then the identities ((7{) and (Cg) become: 

{C'O T = ddx' + u) A dx^ = u) A dx^ 

and 

{C'i) Ri = doji + ojiAoj'}, 

respectively. q.e.d. 
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Theorem 4.2.2 The identities 

(Bi) d^*^ {p, h) T" = (p, h) m^lAS^ -Q.l^ {p, h) T" 

and 

{B2) d^*^ {p, h) Wl = {p, h) M^ A J^g - J^^ A (/?, h) Rg, 

hold good. We will called these the first respectively the second identity of Bianchi type. 
If the {p,h) -torsion is null, then the first identity of Bianchi type becomes: 

(Si) {p,h)RtAs'' = 0. 

Proof. We consider (E, it, M) = (F, v, M) . Using the first identity of Cartan type and 
the equality d o d = 0, we obtain: 

d^*^ {p, h) T'* = d^*^Q.l AS^-n^^A d^*^S^. 

Using the second identity of Cartan type and the previous identity, we obtain: 

d^*^ (p, h) T" = ((/>, h) ni-VL^^A ni) A 5* - Ji;! A ((/9, h) r - f]g A 5^) . 

After some calculations, we obtain the first identity of Bianchi type. 

Using the second identity of Cartan type and the equality d^*^ od^ ^ = 0, we obtain: 

d^'^n^ AQ'i^-n^A d^'^9.1 = d^'^ {p, h) M.^. 

Using the second of Cartan type and the previous identity, we obtain: 

d^'^ {p, h) Wl = ((p, h) M- - (7- A ^l) A^l-Q'iA ((p, h) Wi-^lA nt) . 

After some calculations, we obtain the second identity of Bianchi type. q.e.d. 

Corollary 4.2.2 In particular, if h = IdM, then the identities (Bi) and {B2) become 

{B[ ) d^pT" = pM^ As^-uj'^A pT" 

and 



(B'^) d^pR'^ = pM^ A wg - w^ A pRl, 

respectively. 

Moreover, if p = IdxM, then the identities {B[) and {B'2) become: 

{B'-l) dr = M.) A dx^ - Loi A T^ 

and 

{B'{) dW- = W^ A J^ - uj{ A R'^, 

respectively. 
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Theorem 4.2.3 // {E,tt,M)={F,i',M), then the following relations hold good 
J2 {pDu^{(.P,h)T{U2,Us))-{p,h)R{Ui,U2)Us 

(J^l) cyclic{ui,U2,us) 

+ ip,h)Ti{p,h) T{Ui,U2),U3)} = 0, 
and 
{B2) Y. {pDu^{{p,h)R{U2,Us)U)-{p,h)R{{p,h)T{Ui,U2),Us)u]=0. 

cycliciui ,U2,us,u) 

respectively. This identities will be called the first respectively the second identity of 
Bianchi type. 

In particular, if h = Mm, then the identities (Bi) and {B2) become 

{B{) ^ {pDuAp^i'^2,U3)) - pR{ui,U2)u3 + pT{pT{ui,U2) ,U3)} = 0, 

cyclic(ui ,U2 yU'i) 



{B'2) 



y^ {pDu^ {pR (ti2, -Us) ■") - P^ (pT (ui, U2) , Us) u} = 0. 

cyclic{ui ,U2,u:j,u) 



which will be called the first respectively the second identity of Bianchi type. 
Remark 4.2.1 On components, the identities of Bianchi type (-Bi) and {B2) become: 



iB'l) 



and 



(B'^) 



E { (P, h) T- ^^^^1^^ + (p, h) TV3 • (P, h) T\a2 } 

cyclic{ai,a2,a:j) 

cyc/ic(ai ,02,03) 



cyclic(a-i,a2,az) 



If the (/9, /i)-torsion is null, then the identities of Bianchi type become: 



E (P'^)C3,aia2=0 

cyclic(ai 02,03) 



and 



cyclic(a-i,a2,az) 



020310, 



4.3 (Pseudo)metrizable vector bundles 

We will apply our theory for the diagram: 



E 



FAAF,hdP,IdM) 



(4.3.1) 



M- 



-^M 
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where {E,tt,M) G |B^| and UF,u,M) ,[,]p,f^,{p,IdM)] G |GLA| . 

Definition 4.3.1 We will say that the vector bundle {E,tt,M) is endowed with a pseu- 
dometrical structure if it exists 

such that for each x € M, the matrix \\gab ix)\\ is nondegenerate and symmetric. 

Moreover, if for each x G M the matrix \\gab ix)\\ has constant signature, then we 
will say that the vector bundle {E,7r,M) is endowed with a metrical structure. 

If 

9 = gabs'" ^S^^TliE, TT, M) 

is a (pseudo) metrical structure, then, for any a, 6 G l,r and for any vector local 
[m + r)-chart {U, su) of (E, it, M), we consider the real functions 



such that 



u -^ > 



\~g'"'{x)\\ = \\gab{x) 



for any Vx G U. 

Definition 4.3.2 Let (E, vr, M) be a vector bundle endowed with a (pseudo) metrical 
structure g and with a linear p-connection pT. 

We will say that the linear p-connection pT is compatible with the (pseudo)metrical 
structure g if 

(4.3.2) pD^g = 0, Vz G T (F, z/, M) . 

Definition 4.3.3 We will say that the vector bundle {E, vr, M) is p- (pseudo)nietrizable, 
if it exists a (pseudo)metrical structure 

geT§{E,T:,M) 

and a linear p-connection pT for (£■, vr, M) compatible with g. The i(iTM-(pseudo)metri- 
zable vector bundles will be called ( pseudo) metrizable vector bundles. 

In particular, if {TM,tm,M) is a (pseudo)metrizable vector bundle, then we will 
say that {TM,tm,M) is a (pseudo)Riemannian space, and the manifold M will be 
called the {pseudo) Riemannian manifold. 

The linear connection of a (pseudo) Riemannian space will be called (pseudo) Rieman- 
nian linear connection. 

Theorem 4.3.1 // (E, vr, M) = (F, u, M) and g e T^ {h*E, h*TT, M) is a {pseudo) metri- 
cal structure, then the local real functions 

(4.3.3) ^^"'^ "2^ y^°''dx^^'''^dxi ^' ''dx^ 

+9ecLld oh + gbeL^c oh- gdeLlf, o h) . 

are the components of a linear p-connection pT for the vector bundle {h*E,h*Tr,M) 
compatible with g .such that {p,h)T = 0. 
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Therefore, the vector bundle {h*E,h*7r,M) becomes p-{pseudo)metrizable. 

The linear p-connection pT will be called the linear p-connection of Levi-Civita type. 

Proof. Since 

(^pDug) V®Z = r {^*p^, Mm) (U) ((5 (V ® Z)) - g (^{pDuV) ® z) 
-g {y ® (pDuZ) Y yU,V,Z eT {h*E, h*TT, M) . 

It results that, for any U,V,Z£T {h*E, h*TT, M) , we obtain the equalities: 
(1) r rp", Mm) {U) {g{V(^Z))=g( (pDuV) ^ z) + g (v (^ (pDuZ 



(2) r (''p', Mm) (Z) (5 ([/ y)) = 5 ( (^pDzU) '^v)+g(U(E) [pDzV 

(3) r i^^p", Mm) {V) {g{Z®U))=g{^ {pDyZ) ®u)+g[z® (^pDyU) ) 
We observe that (1) + (3) — (2) is equivalent with the equality: 

g (^(^pDuV + pDvU) (^z)+g {J^pDyZ - pDzV) ^ U 

+g ( (pDuZ - pDzU) (^V)=r ^p"", Mm) (U) {g {V Z)) 



+r C^p"", Mm) (V) {g {Z <^U))- T {^'p" , Mm) {Z) {g {U ® V)) . 

Using the condition (p, /i) T = 0, which is equivalent with the equality 

pDuV-pDvU-[U,V\,^ = Q, 
we obtain: 
2g ( [pbuV) ®Z) = r {^*p^, Mm) (U) -{giV^Z)) 

+r (^p"", Mm) (V) {g {Z (^U))-T (^p"", Mm) (Z) {g (U^V)) 

-g {[V, Z\^,j, (i^U),yU,V,Zer {h*E, h*7r, M) . 
Therefore, we obtain the equality: 

25 [[pnaSd) Sc) = Pa o h —. + pI o h —^ p, o h —^ 

+g {{Li, oh)Sd(^ Sc) - g {{it oh) 3^0 Sb) - g {{Li oh)Sd^ So) , 
which is equivalent with: 

'^QdcpTba = Pa ° h^- + Pi o h^- - p, o h—^ + (^L,, o /^j g^, 

- (^1 ° h) gab - [l^ o h) gda- 
Finally, we obtain: 

-■d _ 1 ^dc (a ^ u^9bc j_ J ^u ^9ca Ji ^ u ^9ab 



+ {Lib ° h) 9dc - (l^ o h) gdb - (Li o h) gda) , 
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where \\g (a;)|| = \\gcd {x)\\ , for any x E M. q.e.d. 

Corollary 4.3.1 In particular, if h = Mm, (E, tt, M) = {F, v, M) and g e T 2 {E, vr, M) 
is a (pseudo)metrical structure, then the local real functions 

(A-i-i'-) «ra - ^ ?.ad f Ji ^9bd , J dgdc ^h^9bc re _L„ re r, T ^ \ 

(4.3.3) pl^^--g \p^—^+p^^—-p^—^+g^^L^^^ + g,^^L^^-gdeLi,^\. 

are the components of a linear p-connection pT for the vector bundle {E, n, M) com- 
patible with g such that pT = 0. 

Therefore, the vector bundle {E,tt,M) becomes p-(pseudo)metrizable. 

The linear p-connection pT will be called the linear p-connection of Levi-Civita type. 

In particular, if p = IdTM, we obtain the classical Levi-Civita linear connection. 

Theorem 4.3.2. // {E, vr, M) = (F, z/, M), 5 G T 2 {h*E, h*TT, M) is a pseudo (metrical) 
structure and T G T \{h* E^h*TT,M) such that its components are skew symmetric in 
the lover indices, then the local real functions 

(4-3.4) pfl = pTl + ^r"" {gdeTlc - 9benc + decTld) , 

are the components of a linear p-connection compatible with the (pseudo) metrical struc- 
ture g, where pT'^^ are the components of linear p-connection of Levi-Civita type. There- 
fore, the vector bundle {h*E,h*Tr,M) becomes p-(pseudo)metrizable. 
In addition, the tensor field T is the {p,h) -torsion tensor field. 

Corollary 4.3.2 In particular, if h = Mm, {E, tt, M) = (F, u, M), g eTl{E,TT, M) is 
a pseudo (metrical) structure and T G T 2 {E,7r,M) such that its components are skew 
symmetric in the lover indices, then the local real functions 

(4-3.4') ptl = pT-^ + ^r' (.gdeTlc - 9benc + decTld) , 

are the components of a linear p-connection compatible with the (pseudo)metrical struc- 
ture g, where pF^^ are the components of linear p-connection of Levi-Civita type. There- 
fore, the vector bundle {E,tt,M) becomes p-(pseudo)metrizable. 
In addition, the tensor field T is the p-torsion tensor field. 

Theorem 4.3.3 If g £ T 2 [E, vr, M) is a pseudo (metrical) structure and pF is a 
linear p-connection for the vector bundle {E,Tr,M), then the local real functions 

(4-3-5) pr^^ = pt-^+lgac 

cb\a 

are the components of a linear p-connection compatible with the (pseudo) metrical struc- 
ture g. Therefore, the vector bundle {E,it,M) becomes p-(pseudo)metrizable. 

Theorem 4.3.4 If g £ T % [E, vr, M) is a pseudo (metrical) structure, pT is a linear 
p-connection for the vector bundle (-E',vr,M) and T = T^s^ (8) s'^ (8) t", then the local 
real functions 

(^•^•^) Pna = Pna+'20^bdTL 
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are the components of a linear p- connection compatible with (pseudo) metrical structure 
g, where 

(4.3.7) o-,2 = ^{5t5'',-gMgn 

is the Obata operator. 

Therefore, the vector bundle {E,tt,M) becomes p- (pseudo )metrizable. 

4:A Lifts of differentiable curves 

In this section we extend the notion of hft of a curve c at the total space of a vector 
bundle using the new notion of locally invertible 'B^ -morphism. 

4.4.1 The lift of a differentiable curve at the total space of a vector bundle 

We consider the following diagram: 

(4.4.1.1) 

M ^N 



where {E,tt,M) G |B^| and UF,u,M),[,]pf^,{p,r])\ G |GLA| . 

We admit that (p, ??) F is a (p, 77)-connection for the vector bundle {E, vr, M) . 
Let 

/ -^ M 

be a differentiable curve. 
We say that 

{E\ lm{7johoc),'^\ Im(»?o/ioc)> Im {rj o k o c)) 

is a vector subbundle of the vector bundle (£', vr, M) . 
Definition 4.4.1.1 Let 

(4 4 12) ^\lm{:qohoc) 

t ^ y''{t)Sa{j]ohoc{t)) 

be a differentiable curve. 

If there exists g G Man {E, F) such that the following conditions are satisfied: 

1. {g, h) G B^ {{E, vr, M) , (F, v, N)) and 

dirj o h o cY (t) d 

2. p o g o c{t) = — -^ ((77 o ho c) [t)) , tor any t G I, then we will say 

that c is the {g,h)-lift of the differentiable curve c. 
Remark 4.4.1.1 Condition 2 is equivalent with the following affirmation: 

(4.4.1.3) pl^(r^ohocit)) . g: (hocit)) . y- (t) = ^^^!1^^^£^^, z ei;^. 
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Definition 4.4.1.2 If 



I ^ E\ im(»7ofeoc) 



is a differentiable (^f, /i)-lift of the differentiable curve c, then the section 

/4 4 ^ 4x Im (r/ o /i o c) ^ E\ im(r^ohoc) 

T] o ho c{t) I — > c{t) 

will be called the canonical section associated to the couple (c, c) . 

We will denote by {T^ (c, c) , r, Im (ry o /i o c)) the vector subbundle with minimal 
dimension such that 

(4.4.1.5) u (c, c) G r (T^ (c, c) , r, Im (r/ o /i o c)) 

and will denoted by (S* (c, c) , a, Im [j] oho c)) the vector subbundle such that 

T^ (C, C) e S"^ (C, C) = -El Im(,,ofeoc)- 

Definition 4.4.1.3 If {g, h) € B^ {{E, vr, M) , (F, zy, iV)) has the components 

such that for any local vector (n + p)-chart {V^ty) of {F,iy,N) there exists the real 
functions 

F — ^^ M ; a G T^r, a &T~p 

such that 

for any x G 1/, then we will say that the W -morphism (g, h) is locally invertible. 

Remark 4.4.2.2 In particular, if {IdTM,IdM,IdM) = (PtVi^) ^-'^d the B^ morphism 
{g,IdM) is locally invertible, then we have the differentiable ((7, /(iM)-lift 



/ -^ TM 
(4.4.1.6) ^ ^ -j^^uy^dcHt) d 

dt dx 



t ^ ^i(c(t))-^— (c(t)) 



Moreover, if 5' = IdxM, then we obtain the usual lift of tangent vectors 

/ -^ TM 
(4-4.1.6)' dcHt) d , ,,■ 

dt dx"- ^ ^ '^ 

Definition 4.4.1.4 If 

(4-4.1.7) / -^ -E| Im(»;o/ioc) 

is a differentiable (5, /i)-lift of differentiable curve c, such that its components functions 
(y", a G l,n") are solutions for the differentiable system of equations: 

(4.4.1.8) -^ + {p,ri)T'^ou{c,c)o{r]ohoc)-g^ ohoc-u^ = 0, 

84 



then we will say that the {g,h)-lift c is parallel with respect to the {p,r]) -connection 

Remark 4.4.1.3 In particular, if {p,r],h) = {IdTMiIdM,IdM) and the B"^ morphism 
{g,IdM) is locally invertible, then the differentiable (5f,/(iTM)-hft 



/ -^ TM 



(4.4.1.9) f^^ ^\A 

dt ) dx 



5J°c. — )— (c(t)), 



is parallel with respect to the connection F if the component functions 

are solutions for the differentiable system of equations 

ciis 
(4.4.1.10) _ + r^on(c,c)oc.5^oc.n^ = 0, 



namely 



(4.4.1.10)' 



W /^ / ^ /^ w . ^^ dcUt)\ 8 , , ,,\ dc^ (t) 



Moreover, if 5^ = Id^M, then the usual lift of tangent vectors (4.4.1.6) is parallel with 
respect to the connection T if the component functions ( -^, j € 1,^1 are solutions for 
the differentiable system of equations 

fill 

(4.4.1.10)" — + Tiou{c,c)oc-u'' = 0, 

namely 

4.4.2 The lift of a differentiable curve at the total space of dual vector 
bundle 

We consider the following diagram: 



(4.4.2.1) 



M ^N 



where {E,tt,M) G |B^| and [{F,u,N) ,[,]p,^,{p,r])) G |GLA| 
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We admit that (p, 77) F is a (/?, 77)-connection for the vector bundle ( E,tt,M 
Let 



I -^ M 



be a differentiable curve. We say that 

E\ lm{7johoc) 1 ^1 lm{riohoc) , lui (?] o /l o c) 



is a vector subbundle of the vector bundle i E,tt, M \ . 
Definition 4.4.2.1 Let 

(4.4.2.2) ^\lm{i]ohoc) 

t ^ Pa{t)s^{riohoc{t)) 

be a differentiable curve. 

If there exists g G Man [ E,F \ such that the following conditions are satisfied: 



L {g, /i) G BM I ^, ^, M J , (F, z/, iV) J and 

d(rj O ho cY (t) d ,, , N / NN r ,^1 -n 

2. pogocit) = -— ^ ((ry o no c) it)) , for any t G i ,then we will say 

dt ox^ 

that c is i/ie {g,h)-lift of the differentiable curve c. 
Remark 4.4.2.1 Condition 2 is equivalent with the following affirmation: 

(4.4.2.3) p^(^o/ioc(t))<7""(/ioc(t))p„(t) = ^^^^^^^^^, ^eT;^. 



Definition 4.4.2.2 If 



T ^ . Tp 

^ ^ \lv[\(rjohoc) 



is a differentiable (^f, /i)-lift of the differentiable curve c, then the section 

(4.4.2.4) 



u(cc) * 
Im (7? o /l o c) ^ E\ lm(,,o/ioc) 



r]ohoc{t) I — )■ c(t) 

will be called the canonical section associated to the couple (c, c) . 

We will denote by I T^ (c, c) , r, Im {rjoho c) ] the vector subbundle with minimal 
dimension such that 



(4.4.2.5) u (c, c) G r ( T^ (c, c) , r, Im (r/ o /i o c) 

and will denoted by I S^ (c, c) , o", Im [rj o ho c) ) the vector subbundle such that 



T (c, 0)0 5" (C, C) = £^1 lm{r;ofeoc) • 
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Definition 4.4.2.3 If {g, /i) € B^ I I £), vr, M j , (F, v, N) j has the components 

(7°"; a G l,r, a G l,p 

such that for any vector local [n + p)-chart {V, ty) of (F, z^, N) there exists the real 
functions 

V — ^^^^ M ; a G T~r, a (^T~p 

such that 

5aa (x) • <7"' (x) = 5l VX G l^, 

then we will say that the W -morphism (g, h) is locally invertible. 

Remark 4.4.2.2 In particular, if {IdTM,IdM,IdM) = (p, ??, /i) and the B^ niorphism 
{g,IdM) is locally invertible, then we have the differentiable ((7, /(iM)-lift 

/ -^ TM 
(4.4.2.6) ^^ju) . 

t ^ 5j.(c(t))^^dxMc(t)) 

Definition 4.4.2.4 If 

y ' ' ' ' ^ -'-'I Iin(»yo/ioc) 

is a differentiable {g, /i)-lift for the curve c such that its components functions [pb, fc G 1, r) 
are solutions for the differentiable system of equations: 

(4.4.2.8) -^ + (/>, 7?) r^^ o n (c, c) o (,? o /i o c) • 5^^" o /i o c • u„ = 0, 

then we will say that the {g,h)-lift c is parallel with respect to the {p,r]) -connection 

(p,^)r. 

Remark 4.4.2.3 In particular, if {IdTM,IdM,IdM) = {PtV^^) ^^^ the B^ morphism 
{g,IdM) is locally invertible, then the differentiable (5, /(ijvf)-lift (4.4.2.6) is parallel 

dd 



with respect to the connection T if the component functions I gji o c • — — , j £ l,m 
are solutions for the differentiable system of equations 



duj 
~dt 



(4.4.2.9) ^ + Tjfc o u (c, c) o c • 5^^ o c • nfe = 0, 



namely 



(4.4.2.9)' 



d / . X dc* it) 



dtV ^' dt 



+r,. (c (t) , (5,. o c (t) . ^) • dx^ (c (t))) • ^ = 
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4.5 Parallel transport 

We consider the following diagram: 



(4.5.1) 



I 



E 

-^ M 



IdM 



-^ {F,[,]^,ip,IdM)) 

-^ M 



where {E,tt,M) G |B^|, {{F,iy,M) ,[,]p ,{p,IdM)) G |LA| , (gJdM) is a B^-morphism 
and c is a differentiable curve. 

Let c be a (^f, /dM)-lift of the curve c. 

We admit that pT is a linear p-connection for the vector bundle {E, vr, M) . 

Definition 4.5.1 We will called parallel transport of tensor fields of {r,s) type along a 
curve c any family 

^c = [Pt„t, e /zo(7|'(i^,7r,M)^(,^) ,7?(^,7r,M)^(,^)) , t,,t2 e l} 

with the following properties: 

1. For any ti,t2 G / it exists a unique isomorphism Pti,t2 ^ ^c such that 

(-Pti.ta) = Pt2,ti- 



2. For any ^1,^2)^3 G / we have that -Pta.ta ° -Pti,t2 = -^f 



tl,t3- 



Theorem 4.5.1 // to; tGl and U is a local vector {ni+n)-chart such that c (to) , c (t) gC/, 
t/ien it exists an unique isomorphism 



Pto,t e Izo IT^ iE,7T,M)^^,^^^ ,TP iE,7r,M) 



c(t) 



\-l 



such that [Pto^t) = Pt,to which not depend on the local vector chart used. 
Proof. Let T^^t^) G if {E , n , M) ^(^^^^^ be. We admit that 



^7roc(to) 



rpai,...,ap 



'Sap(^S 



bi 



(c(io)) 



and 



Pu>,t {Tcito)) = K\::S: (c (*o)) Ati (to, t) • ... • az (to, t) • bi^ (to, t) 



...•^i'(to,t)-- sai «)...^sap«)s'i®...«)s''« (c(to)) 



where the matrices 



\All{to,t)\\,... AZ{to,t) , B'Uto,t) ,..., B'Uto,t) 



bi 



are the matrices used for base transformation. Using the equahty 

= jt K::::;r;^(*o)) = | (T:/::;r;c(to)^^j (to,t) • -■az (to,t) 

■Bll{t,,t)...-Bl^^{t,,t)).Al\{tM)-- 

■AX {t, to) • bIi (t, to) ... • <^ (t, to) + t:-;-7c (to 

•^^;(to,t).....A^^(to,t).i?-^;(to,t).... 

■Bl'ito,t)-^(All{t,to)---Atl{t,to) 



.Bll{t,to)...-Bll{t,t,) 
and the notation 

^.?::;Cc (t) = r;/;:-^ (vr o c (to)) a^j (to, t) .... . az (to, t) • i?^'; (to, t) ... • 4; (to, t) 

we obtain the equahty 

+AZ (to, t) |yi^^ (t, to) Ti;;;;;;^-^'^c (t) 

"^ ^b U J. \ rpO.!,.. .,dp 



+i?£(to,t)-<(t,to)7-;:-c(t) + 



dt 



Since the differentiable equations: 



di' 

AHito,to) =611 



All (*o, t) -a:- (t, to) = pT'Zc (t) <7? (x (t)) y- (t) 



X: (to, t) j^A:^ (t, to) = pr^^c (t) <7? (x (t)) y'^ (t) 

^^:(*o,to) =5^: 

<(to,to) =< 



-^; (to, t) |< (t, to) = -pTl^c (t) 5? (x (t)) y^ (t) 



i?-'^^ (to, t) f^B^^ (t, to) = -prj^^c (t) 5? (x (t)) y- (t) 

<Mto,to) =4: 
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are equivalent with the following difFerentiable equations 

I A^ it, to) = A«i {t, to) pTl^ (vr o c (t)) g- (x (t)) y^ (t) 
ATAto,to) =611 

j^All [t, to) = A7 {t, to) pT^^ (vr o c [t)) g^ {x (t)) y^ {t) 

AZito,to) =Sll 

^^bIi {t, to) = -Bl {t, to) pVll^ {7T o c (t)) 5? {x (t)) y^ (t) 

BllitoM =< 

j^bIi (t, to) = -Bl {t, to) pVll {n o c (t)) 5? (x (t)) y^ (t) 

BllihM =5% 

which has unique solutions which not depend on the local vector chart used, it results 
the conclusion of the theorem. q.e.d. 

Corollary 4.5.1 For any p,q ^'H, it exists a parallel transport Vc between the tensors 
of {p,q) type. 

This parallel transport will be called the parallel transport along the curve c associ- 
ated to linear p-connection pT. 

Proof. Let p,q £N and to,t € / be. Without restricting the generality, we admit that 

not exists a vector local m + r-chart U which contain the points c (to) and c (t) . 

Since / is a conex manifold, it results that it exist a finite numbers of real numbers 

ti,t2, ...,tr = t such that for each j € l,r, the points c{tj-i) and c{tj) belongs to the 

same vector local m + r-chart. 

Using the previous theorem, we build the linear isomorphisms Pto,ti, PtiMi ■■■ , Ptr-i,t- 
The linear isomorphism Pt^_^^t o ... o Pt^^t-z ° ^to.ti = Bto,t not depend on the vector 

local m + r-charts used. q.e.d. 

Remark 4.5.1 Using the notations of the previous theorem we obtain: 



(4.5.2) 



Theorem 4.5.2 // {E,it,M) = {F,iy,N) and Vc is the parallel transport along the 
curve c associated to linear p-connection pT, then, for any t ^ I we obtain: 

4.5.3 hm '-—^ ^ = {pD^^^)T) c (t) , 
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for any T GTq {E, vr, M) . 

Proof. Let be T G Xf (E, tt, M). Let t G / and /i > be such that ]t - h,t + h[(Z I. 
For any oi, ..., Op, 61, ..., 6^ G 1, n we build the following application 

[t,t + h] '^^^^ M 

e ^ 5i,...,a^ ^^^ 

fei,...,bg 

defined by 

C:.;t (^) =^£:::;t ' (*+^) ^'i (*+^' ^) • - • ^s (t + z^, e) • i?^'; (t+z^, e) ... • b^j {t + h, e) 

Using the main theorem, it exists a unique real number 
such that _ _ _ _ _ / 

ai,...,a, (^ ^ ;^) ^ Si,...,a, ^^^ ^ ^ fz-^-'f ) f^^'-f ) . 

bl,...,bq bi,...,bq V bl,...,bq J \^bl,...,bq J 

Since the component by indices r^' '"'r^ of a tensor Pt+h,t (Ec(t+h)) is -^r^' '"'r '^ (i), it results 
that 



lim r- 



^hm ^^^^2 ^ "1--"^ (^Sai ^ ... (8) Sap ® S^' ... ® S^5 j C (t) 



61 ,...,60 / \^b-,....,b. 



h — >0 



lim ^ "•' "{^ ^"""'^ ■ (S5i ®...(^Sap®S^^ (^...®s^A c{t) 



-- jjirtq"" (*) • (^'^i ^ - ® ^~^v ® ^^' ® - ^ «^') c (t) 

-jTll''''f^c{t) ■ [s-a, ... ® S-a^ ® S^' ® ... S^') C (t) . 



Using Remark 4.5.1 and the equality 






d mai,...,ap /,>, dx bi,...,bq 



dt h,-,bq ^ ^ dt dx^ yc V V /;« V /ra Q^i 

it results the conclusion of theorem. q.e.d. 

Definition 4.5.2 The tensor field T G Tif {E,Tr,M) is parallel along the curve c with 
respect to the linear p-connection pT if for any ^1,^2 G / it results that 

(4.5.4) Pt,,tATcit,))=T,^t,y 

Theorem 4.5.3 The tensor field T G Tq' {E,Tr,M) is parallel along the curve c with 
respect to linear p-connection pT if and only if 

(4.5.5) (y9D„(,,,)T)c(t) = 0,VtG/. 
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Corollary 4.5.2 The tensor field T G Tq {E,tt,M) is parallel along the curve c with 
respect to linear p-connection pT if and only if 



_^ai,...,ap pb _ ^ai,. ap fe )€(*) = 0, Vt G /. 

bb2,...,bq' bia bi,...,bq-ib'^ bqCtJ ^ ' ' 

4.6 Formulas of Gauss- Weingarten type 

Using the main ideas of the theory of Myller configurations, introduced by R. Miron in 
[37] and applied to Finsler spaces by O. Constantinescu in [13] and his Ph.D. Thesis, 
we present the Gauss- Weingarten formulas for generalized Lie algebroids. 
Let 

'(F,zy,iV),[,]„^,(p,7?)' 



be a generalized Lie algebroid given by the diagram: 



(4.6.1) 



M- 



PA,]F,hAp,v) 



^N 



The geometry of the couple (M, h) is the geometry of the pull-back vector bundle 
{h*F, h*v, M) using the diagram 



(4.6.2) 



h*F 

M- 



h*F 



Mm 



h*v 



-^M 



Let / — >M be a differentiable curve and let M' = Im [r] o h o c) be. 

Let / >h*Fij^ji be the (/(i/i*^?, /(iM)-hft of the curve c. 

Let {Ta, a G l,p} , {sfl, a € 1, g} and (x,) ^ ^ !> -s} be the base for 

r {h*F\M', h*u\M',M') , r (T^*-^ (c, c) , r, M') and F {S^'^ (c, c) , a, M') , 

respectively. 

The dimension of type fibre of the vector bundle (^h*F\^jr, h*u\Mi,M'^ is q + s = p. 
Consequently, for any a£ l,q we have 

(4.6.3) Sa = KTa 

and for any i € 1, s we have 

(4.6.4) X. = AfT,. 

Let g = Qapt"^ 0t"^T2 (-^) ^) ^) be a (pseudo) metrical structure. 
Remark 4.6.1 The following affirmations are satisfied: 
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h*F h*F a 

1. The section g = g ap'^'^ ®TP defined by 

(4-6.5) ''*g\p{x)=g^p{h{x)) 

is a (pseudo) metrical structure. 

rph* F rph* F 

2. The section g = g ab^"" ® ^^ defined by 

is a (pseudo) metrical structure. 

3. The section g = g ijX^ ® X' defined by 

(4.6.7) %\^{x) = Kfg^p{h{x))K^^ 

is a (pseudo) metrical structure. 

Remark 4.6.2 Using the diagram (4.6.2) we can construct the linear p-connection of 

h*F h*F 

Levi Civita type p T of components p To . 
We have the covariant p-derivative defined by 

(4.6.8) 'Jd.v. = z- ((T)^ t; + '7T-,y) T., 

where ( p I are the components of the map p . 

Definition 4.6.1 If we can defined 

(4.6.9) h*F ( (^7\^ du- , h*F A 

(4.6.10) h'F /^mf^ cffh*F\''de , ''*^-ri d\ 

p -D^eo (0 e = ^^ M p j^ a^ + p r*^c I Xi, 

(4.6.11) hj ff,n)-„h (h*f an-' , hj A 

P J^O®r] [UiiJU) — 7] I p ,^-Q^ + P J- bh^ I Sa, 

(4.6.12) y^o®, (000 = ^' (CI'Ol i& + '^*P^^)he) ^- 
and we can consider the bilinear applications 

r(T^*^(c,c),r,M') xr(r^*^(c,c),r,M') -^ T {S''* ^ {c, c) , a , M') 



and 



r (5^*^ (c, c) , a, M') X r (T^*^ (c, c) , r, M') ^ T (T^*^ (c, c) , r, M') 
which satisfy the following relations 

(4.6.13) ''7d,.j,2t, (^'Af T^) = "jD.eo (n 0) F {u, v) , 
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(4.6.14) p D,.j,2T, [^'^jT(s) = -A^ (v) p Z)„eo (0 

and 

(4-6.15) ^"g^ (^ (^^ „) , ^) = ^'g^ (^^ („) ^ ^) , 

then we will say that the relations (4.6.13), (4.6.14) and (4.6.15) are formulas of Gauss- 
Weingarten type associated to differentiable curve c, metrical structure g and bilinear 
applications H and A. 

The bilinear application H will be called the second fundamental form of differen- 
tiable curve c. 

Remark 4.6.2 Using the base sections, then the formulas of Gauss- Weingarten type 
become: 

(4.6.13') Aj (("?)' 1^ + '7r^,Af) = "^r^Aa + HlcK, 

(4.6.140 Aj [{p)^-gj^ + p r^7^^J = -^%^a + /r;.,A« 

oh* F rph* F 

(4.6.15') g ,jHl= a ,^A%. 

5 The geometry of total space of the Lie algebroid gene- 
rahzed tangent bundle for a vector bundle 

5.1 Adapted (p, r])-basis and adapted dual (p, 77)-basis 
In the following, we consider the following diagram: 

E (f,[,]p^, (/>,??) 



M ^ ^N 

where (i?, vr, M) G |B"^| and ( (F, v^ A^) , [, J^.^ , (p, 77) j is a generalized Lie algebroid. 
Let (/9, r/) r be a (p, ?7)-connection for the vector bundle (i?, vr, M) . 
If we put the problem of finding a base for the T (£')-module 

{T(B{p,ri)TE,{p,ri)TE,E),+,-) 

of the type 

which satisfies the following conditions: 

Tiip,r])7r\,IdE)(^) = r„, 

(5-1-1) ; ' ( 

r((p,7?)r,/ds)(^— J = 0, 
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then we obtain the sections 
(5.1.2) 






We observe that their law of change is a tensorial law under a change of vector fiber 
charts. 



Definition 5.1.1 The base 



6 d 
(5z" ' dv"- 



put 



Sa,da 



will be called the adapted {p,rj)-base. 
The following equality holds good 



r (p, Me) (U = {pl,oho n) d, - (p, 7?) T-Ja, 



(5.1.3) 

where ( di, da ) is the natural base for the T (E')-module (F (TE, te, E) ,+,•). 

Moreover, if pT is the p-connection associated to the connection F, then we obtain 

(5.1.4) T{~pJdE){lc) = {f^a°hoT,)5i, 

where f 5i,da ) is the adapted base for the F (E')-module (F {TE, te, E) ,+,•). 
Theorem 5.1.1 The following equality holds good 



(5.1.5) 
where 

(5.1.6) 



5 a, 5 13 



{P,V)TE 



Ll^o{ho7:)5^ + {p,r],h)R\^da, 



(p, r/, h) R\^ = F {p, Me) U/3 Up, r/) F" 



Moreover, we have: 



(5.1.7) 




Sa, 


% 


{p,V) 


and 




(5.1.8) 


r(p,/ 


dE) 


So 


,S(5 



r{p,ME)[da)[{p,v)n] + {Ll,ohon){p,v)r- 



Tip,ME)[dt]{ip,v)K)da, 



ip,v)TE 



T{p,ME)iK),rip,ME){l 



TE 



Let {dz'^,dy^) be the natural dual (p, 77)-base. 

If we consider the problem of finding a base for the J-" (i?) -module 



of the type 



{T{{V{p,^)TE)\{{p,^)TE)\E),+,.) 



>y'^ = e'^dz'^ + ujidy'', a G 1, n 
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which satisfies the following conditions: 

(5.1.9) /6r,da\ = lA(^6rX)=0, 

then we obtain the sections 

(5.1.10) (5j/" = (/9,77)r^(iz" + dy",aGT;n. 

We observe that their changing rule is tensorial under a change of vector fiber charts. 
Definition 5.1.2 The base {dz°',Sy"') will be called the adapted dual {p,r])-base. 

5.2 Remarkable Mod-endomorphisms 

In the following we consider the diagram: 



M ^N 

where {E, vr, M) € [B"^| and ( [F, u, N) ,[,]pf^, {p, i])] is a generalized Lie algebroid. 

Definition 5.2.1 For any Mod-endomorphism e of 

iT{{p,r])TE,{p,r])TE,E),+,-) 
we define the application of Nijenhuis type 

T{{p,r])TE,{p,r])TE,Ef ^^ T{{p,r,)TE,{p,r,)TE,E) 

defined by 

iVe {X, Y) = [eX, eY]pTE + e" [X, Y]^^^ - e [eX, Y]^^^ - e [X, eY]^^^ , 

for any X,Y e T{{p,r,)TE,{p,ri)TE,E). 

Remark 5.2.1 The vertical and the horizontal vector subbundles are interior differential 
systems for the Lie algebroid generalized tangent bundle 



((/?, v)TE,{p, v)te,E), [,]^p^r,)TE ' (P' ^dE)j ■ 

These interior differential systems will be called vertical and horizontal interior diffe- 
rential systems. 
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5.2.1 Projectors 

Definition 5.2.1.1 Any Mod-endomorphism e of 

T{{p,rj)TE,{p,r])TE,E) 

with the property 

(5.2.1.1) 6^=6 

will be called projector. 

Example 5.2.1.1 The Mod-endomorphism 

r{{p,r,)TE,{p,r])TE,E) -^ T {{p,r,)TE,{p,r,)TE,E) 
Z^S^ + Y'^da ^ Y^da 
is a projector which will be called the vertical projector. 



Remark 5.2.1.1 We have V ((Jq) =0 and V I 9a ) = da- Therefore, it follows 

V(^da)=ip,v)Kda. 

Theorem 5.2.1.1 A {p^rf)- connection for the vector bundle {E,it,M) is characterized 
by the existence of a Mod-endomorphism V of 

iT{{p,rj)TE,{p,rj)TE,E),+,-) 

with the properties: 

V (r Up, 7?) TE, (p, 7?) TE, E)) c r (y (p, ,?) te, (p, ,?) te, e) 

V{X) = X^^XeriVip,r])TE,ip,r])TE,E) 

Example 5.2.1.2 The Mod-endomorphism 

r{{p,r])TE,{p,r])TE,E) -^ T {{p,r])TE,{p,r])TE,E) 
Z^lc + Y'^da ^ Z'^Sa 
is a projector which will be called the horizontal projector. 

Remark 5.2.1.2 We have Ti iSa) =^a and ■H(9a)=0. Therefore, we obtain Ti (da) =Sa- 

Theorem 5.2.1.2 A {p,rf)- connection for the vector bundle {E,tt,M) is characterized 
by the existence of a Mod-endomorphism Ti of 

iT{{p,r])TE,{p,r])TE,E),+,-) 

with the properties: 

niT Up, r/) TE, (p, r/) te, E))criH (p, 77) TE, (p, 7?) te, E) 
'H{X)=X^^XGT{H{p,r])TE,ip,r])TE,E). 

97 



Corollary 5.2.1.1 A [p^rf)- connection for the vector bundle {E,Tr,M) is characterized 
by the existence of a Mod- endomorphism 7i of 

iT{{p,r])TE,ip,r])TE,E),+,-) 
with the properties: 

Ker {%) = (r {V {p, 7?) TE, {p, 7?) te, E) ,+,•)• 
Remark 5.2.1.3 For any 

XeT{{p,1^)TE,{p,1^)TE,E) 
we obtain the following unique decomposition 

x = nx + VX. 

Proposition 5.2.1.1 After some calculations we obtain 

(5.2.1.5) iVv {X, Y) = v [nx, nY]^^^^^TE = Nh (x, Y) , 

for any X,Y (^T ((p, 77) TE, (p, 77) te, E) . 

Corollary 5.2.1.2 The horizontal interior differential system 

iHip,r])TE,{p,r])TE,E) 
is involutive if and only if N\; = or N-^ = 0. 

5.2.2 The almost product structure 
Definition 5.2.2.1 Any Mod-endomorphism e of 

{T{{p,r])TE,{p,7^)TE,E),+,-) 

with the property 

(5.2.2.1) e^ = Id 
will be called the almost product structure. 
Example 5.2.2.1 The Mod-endomorphism 

T{{p,r,)TE,{p,r,)TE,E) -^ T {{p,r])TE,{p,r])TE,E) 
Z"5, + Y'^da ^ Z"5, - Y^da 
is an almost product structure. 
Remark 5.2.2.1 The previous almost product structure has the properties: 

V = 2n- Id; 

(5.2.2.2) V = Id-2V; 

V = H-V. 
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Remark 5.2.2.2 We obtain that V Uc) = (5^ and P ( (9^ ) = -da- Therefore, it 
follows 



Theorem 5.2.2.1 A {p^r})- connection for the vector bundle (E,tt,M) is characterized 
by the existence of a Mod- endoniorphism V of 

iTiip,r])TE,ip,r])TE,E),+,-) 

with the following property: 

(5.2.2.3) V{X) = -X<^^XGT{V {p, r/) TE, {p, r/) te, E) . 

Proposition 5.2.2.1 After some calculations, we obtain 

N-p {X, Y) = 4V [HX, -HY] , 
for any X,Yer {{p, ri) TE, {p, ri) te, E) . 
Corollary 5.2.2.1 The horizontal interior differential system 

iHip,r])TE,{p,r])TE,E) 
is involutive if and only if N-p = 0. 

5.2.3 The almost tangent structure 
Definition 5.2.3.1 Any Mod-endomorphism e of 

iT{{p,r])TE,{p,r])TE,E),+,-) 

with the property 

(5.2.3.1) 6^ = 

will be called the almost tangent structure. 

Example 5.2.3.1 If {E,tt,M) = {F,u,N), g £ Ma.n{E,E) such that {g,h) is a B^- 
morphism locally invertible, then the Mod-endomorphism 

T{{p,r,)TE,{p,r,)TE,E) '^ T {{p,r,)TE,{p,r,)TE,E) 

is an almost tangent structure which will be called the almost tangent structure associ- 
ated to 'B^-morphism {g,h). (See: Definition 4.4.1.3) 

Remark 5.2.3.1 We obtain that 

^(9>^) (^a) = '^ig,h) (^a) = {9a°hoTT) db and J(^g^h) idbj =0. 
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Remark 5.2.3.2 The previous almost tangent structure has the following properties: 

'P°J(g,h) = -J{g,h)\ 
J{g,h)°'^ = J(g,h)\ 

(5.2.3.2) ^°^(M) = 0; 

Ji,9M°y = 0; 

^°J(g,h) = J(g,K)\ 

^Ji.M = 0. 

5.2.4 The almost complex structure 

Let us consider in the case (E, tt, M) = {F, ly, N). 

Definition 5.2.4.1 Any Mod-endomorphism e of 

(T{{p,r])TE,{p,r])TE,E),+,-) 

with the property 

(5.3.4.1) e^ = -Id 

will be called the almost complex structure. 

Example 5.2.4.1 If {g,h) is a B'^ -morphism of {E,it,M) source and target locally 
invertible, then the Mod-endomorphism 

T{{p,r])TE,{p,r,)TE,E) ^^^ T {{p,r,)TE,{p,r,)TE,E) 

Z-~Sa + Y^db ^ {g^ ohoTT) Y'>~6a -{t°ho7:) Z'^db 
is an almost complex structure. 
Remark 5.2.4.1 We have 



^{9.h) [^aj = -{gaOhoTT)db 

and 

Therefore, we obtain: 

J'iaM {dc) = (P, V) r? {g'b ohoT,)~5a-{gloho vr) 4- 
Remark 5.2.4.2 The previous almost complex structure has the following properties: 



(5.2.4.2) 



^{g,h) ° J{g,h) -- 


= n-, 


^{g.h)°^ -- 


= ~^{9,hy^ 


^{9,h) ° ^ig,h) -- 


= V. 
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5.2.5 The (p, ?7)-tension endomorphism 

Since 






(5.2.5.1) 



Qyb' a y^a Q^i Qyb 

it results that 

Therefore, we can introduce the fohowing 
Definition 5.2.5.1 The Mod-endomorphism 

r{{p,r,)TE,{p,rj)TE,E) ^^ T {{p,r,)TE,{p,r,)TE,E) 
defined by 

{p, 7]) mi da) = 0{p,n)TE 

will be called the {p,r]) -tension of {p,r]) -connection {p,ri)T. 

In particular, if /i = Mm and {p,ri) = {IdTM,IdM), then we obtain the tension of 
connection T. 

Proposition 5.2.5.1 We obtain the following equalities 

J{ldE,ldM) oip,r])m = 0= {p, r/) M o Ji^MsJdM)- 

5.3 The (p, r], /i)-torsion and the (p, rj, /i)-curvature of a (p, ?7)-connection 

We consider the following diagram: 

E (^F,[,]p,^,{p,7])^ 



M >-N 

where [E, vr, M) € |B"^| and I [F, u, N) , [, J^.^ , (p, 77) J is a generalized Lie algebroid. 
Definition 5.3.1 If {E,tt,M) = {F,u,N), then the J" (£')-bilinear application 
T{ip,r,)TE,ip,r,)TE,Ef ^^^^^ T iip,r,)TE,{p,r,)TE,E) 



defined by 

'di p,r^)r- a(p,r?)rg 

Qyb Qy. 



{p,r^,h)T[5,X] =( T:r^ - .'.r^ --^ge°/^°vr)9,; 



(5.3.1) (p,r/,/i)T(,5,,aej =0 = (p,r?,^)T(5e,<5fc); 

{p,ri,h)T {Bb,~d)j =0; 
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will be called the {p,r],h) -torsion associated to {p,r]) -connection {p,r])T. 

In particular, if /i = Mm, then we obtain the {p,r]) -torsion associated to {p,r])- 
connection {p, rj) T. 

Moreover, if (p, r/) = (IdTM^IdM), then we obtain the torsion associated to connec- 
tion r. 

Remark 5.3.1 If {p, rj, h) T is the (p, ?], /i)-torsion associated to (p, 77) -connection (p, rj) F, 
then 

(5.3.2) (p, V, h) T{X, Y) = - {p, r,, h) T{Y, X), 
for any X,Y eV ((p, r/) TE, {p, r/) te, E) . 

Definition 5.3.2 If we consider the notation 

(5.3.3) (,, ,. H) n, -S' »J>!0I1 - ^(MlII _ ii^, „ „, „ , 

then the tensor field 

(5.3.4) (p, r/, /i) TVtt^ O d5* «> d^'^ 

will be called the {p,r],h) -torsion tensor field associated to {p,ri) -connection (p, 7?)r. 
Proposition 5.3.1 We obtain 

and 

{p,r],h)T{j(jdE,IdM)^'Y) = iP^V)^{j(IdE,IdM)^^J'{IdE,IdM)^) 

= ip,r^)T{X,J^ja^jaM)Y)^ 
for any X, Y € F ((p, r,) TE, (p, r,) te, E) . 

Theorem 5.3.1 Using the {p,rj) -tension tensor field 

(5.3.5) (p, ,) M^ A ^ d~z' = ((^, ,) r^ _ /^^^^) 1^ d5^ 
and i/ie {p,ri,h)- deflection of the [p^rf)- connection {p,r])T 



(5.3.6) (p, r,, /i) D^ = - (p, 77) r^ + y'^^i;^ - y'L^ ohon, 



,a(p^)r- 



we obtain that (p, rj, /i)D|^=0 z/ and only if (p, ?7)IH|J=0 and (p, 77, /i)T"^^=0. 
Proof If (p, 77, /i) 11)^=0, then deriving with respect to y'^, we obtain: 
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The equality {p, t], h) D^=0 implies: 



(1) (p, v) n = y'^^dir^ - y'Ll ohon. 






Since 



{p,il)Ul ={p,7^)Tl-y' 



dy" 



^d{p,r])Tl ^d{p,r])Tl 

= y Q b - y^bc ohoTT- y" ^ ^ ; = ^^ (p, ??, /i) t'^j,^ 

it results the equality (p, r/) IH^=0. 

Conservely, if (p, 77, /i) T"j^=0, then, multiplying with y'^^ we obtain: 

V ^ Qyb y Qyc y y be 

The equality (p, 77) EI^=0 is equivalent with: 

(3) „„)r? = /^<9^. 

Using (2) and (3), it results the equality (p, ??, /i) B^ = 0. q.e.d. 

Definition 5.3.3 The T (£')-bilinear application 

riip,r^)TE,ip,v)TE,Ef ^^^^^ Tiip,r^)TE,ip,r])TE,E) 
defined by 

(p, 7], h) M (^„, 5p) = (p, 7?, /i) R'^ „^a,; 
(5.3.7) (p, r/, /i) M U,, ^6 j = = (p, r/, /i) R T^, J« j ; 

(p,r?,/i)]Rf4,ai^ =0; 



will be called the {p,r],h) -curvature associated to {p,ri) -connection (p, 7?)r. 

In particular, if /i = Mm, then we obtain the {p,r]) -curvature associated to {p,ri)- 
connection (p, r/) F. 

Moreover, if (p, ??) = (IdrMjIdM), then we obtain the curvature associated to con- 
nection r. 

Remark 5.3.2 If (p, 77, /i) R is the (p, 77, /i)-curvature associated to (p, ?7)-connection 
(p, 77) r, then 

(5.3.8) (p, 7?, /i) R {X, Y) = - (p, 7?, /i) R (y, X) , 

for any X,Y eV ((p, r/) TE, (p, r/) r^, ^) . 
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Definition 5.3.4 The tensor field 

(5.3.9) ip,r],h)R'' ^p—^dz'^(^dz^ 

will be called the {p,r],h)- curvature tensor field associated to the {p,r]) -connection 
Using equality (5.1.5), we obtain 

Remark 5.3.3 The horizontal interior differential system {H (p, rj) TE, (p, rf) te, E) 
is involutive if and only if the (p, r/, /i)-curvature tensor field associated to the {p, rf)- 
connection (p, r/) F is null. 

Theorem 5.3.2 // J-" is the almost complex structure presented in Example 5.2.4.1, 
then {p, r],h)T = and (p, r],h)R = if and only if Njr = 0. 

Proof. After some calculations, we obtain the relations: 

Nt [Sb, Sc) = (p, V, h) T%Ja - (p, V, h) W ,^da, 

Nt (h, dc] = (p, ri, h) W Ja - (p, ??, h) T\^da, 

Nt (db, a,] = - (p, r/, h) T%J, - (p, ri, h) W J^. 

Obviously, (p, r/, h) T =0 and (p, rj, h) M =0 imply Njr = 0. 
Conservely, if Njr = 0, then we have the equalities: 

(p,7?,/i)TVa-(p,r/,/i)M'^ 6A = 0, 

(p,77,/i)E'^ Ja-(p,r/,/i)TVa = 0, 

- (p, 77, h) T-Ja - (p, r/, h) W Ja = 0. 



q.e.d. 



5.4 Tensor rf-fields. Distinguished hnear (p, 7])-connections 

We consider the following diagram: 

E (F,[,]p,,{p,v) 



M ^N 

where {E, tt, M) € [B"^| and ( [F, u, N) ,[,]pf^, (p, 77) j is a generalized Lie algebroid. 
Let 

{TZiiP,v)TE,{p,v)TE,E),+,.) 

be the J-" (£')-module of tensor fields by (g^'s)-type from the generalized tangent bundle 

{H (p, r])TE®V (p, 7?) TE, (p, 7?) te, E) . 
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An arbitrarily tensor field T is written as 

T = T^i:::0^bT.b7~^^i ... ^ ^^^ a^t^^ ... ^ dz^^® 

dai ® ... da, (g) (5y^i (g) ... (g) (Jy^^. 

Let 

(T ((p,r/)TE,(p,r/)Ti,,^),+,.,^) 

be the tensor fields algebra of generalized tangent bundle {{p, rj) TE, (p, rj) te, E). 

If Ti G 7Z]s7{{p,v)TE,{p,7])TE,E) and T2^X,%'{{p,n)TE,{p,r,)TE,E), then the 
components of product tensor field Ti (g T2 are the products of local components of Ti 
and T2. 

Therefore, we obtain Ti T2 G X^.'^glX'Z? Hp^ v) TE, {p, r/) r^,, E) . 

Let VT{{p, ri)TE, (p, ?7)t£;, £') be the family of tensor fields 

TeT{ip,r])TE,{p,r])TE,E) 

for which there exists 

TieTj^!,''iip,r^)TE,ip,r])TE,E) s^nd T2 e T^;iip,v)TE,ip,r^)TE,E) 

such that T = Ti + T2 . 

The J^ (-E)-module {VT {{p,ri)TE,{p,ri)TE,E) ,+,■) will be called the module of 
distinguished tensor fields or the module of tensor d- fields. 

Remark 5.4.1 The elements of 

T{{p,7^)TE,{p,7^)TE,E) 

respectively 

T{{{p,r^)TEY,{{p,r^)TE)\E) 

are tensor d-fields. 

Definition 5.4.1 Let {E,Tr,M) be a vector bundle endowed with a (p, r/)-connection 
(p, rj) r and let 

(5.4.1) {X,T)^-^^{p,rj)DxT 

be a covariant (p, 77)-derivative for the tensor algebra of generalized tangent bundle 

{{p,r])TE,{p,r])TE,E) 

which preserves the horizontal and vertical IDS by parallelism. 
The real local functions 

((p, 7?) H^^, (p, r,) H^^, (p, 7?) y^"„ (p, 7?) y£) 

defined by the following equalities: 

{p,r])D-,Ji, = ip,r^)H»J^, {p,r,) D~,_^~d, = {p,r,) Hfja 
(p, 7?) Z) J^ = (p, 7?) y^°^,, (p, r/) D, db = (p, 7?) V,% 

dc dc 
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are the components of a linear (/>, 77)-connection 

((p,7?)F,(p,7?)y) 

for the generahzed tangent bundle ((p, r/) TE^ (p, r/) te, E) which will be called the dis- 
tinguished linear {p^rj)- connection. 

If /i = IdM, then the distinguished linear (IdTM, -^^m) -connection will be called the 
distinguished linear connection. 

The components of a distinguished linear connection [H^ V) will be denoted 

Theorem 5.4.1 // {{p,r])H,{p,ri)V) is a distinguished linear {p,ri)- connection for 
the generalized tangent bundle {{p,r])TE,(p,r]) te,E), then its components satisfy the 
change relations: 



(5.4.3) 



(p, r,) H^^- =A'^ohoTT- \r {p, Me) [S^j l^A}ohoTTJ + 

+ {p, ri) F°^ • A^o /i o ^] . A^,o /i o TT, 

(p, r,) H^^. = M-' o vr • [r (p, Me) (d^) (Mg o vr) + 
+ {p,r])H^^-Mlon] -K^ohoT:, 

(p, r,) V^, =A'^.ohon- (p, 7]) V^^ • AJo /i o ^ • M^ o tt, 
(p, v) Vi. = Mf o vr • (p, 7?) V,l -M^.oTT- M? o vr. 

The components of a distinguished linear connection (H, V) verify the change relations: 



iji ax „ _ 



dxl 



S ( dx"^ \ i dx^ 



(5.4.3') 



HS-k- =M>7r. 



VI- 



y^c 



.4 dx^ 



Q^k 



- O TT, 



9x^ 



:- ° TT, 



dx^ ^ 

dx^ ^""dxJ " 

M^o-K- V{^^ • M^, o vr • Me o TT. 



Example 5.4.1 If {E,Tr,M) is a vector bundle endowed with the (p, r/)-connection 
(p, rj) r, then the local real functions 

d{p,v)r- d{p,7i)^ ^^ 



dyt' 



dy^ 



are the components of a distinguished linear (p, 77) -connection for ((p, rj) TE, (p, rj) te, E) , 
which will by called the Berwald linear {p, rj)- connection. 

The Berwald linear (/d^M, ^c?M)-connection will be called the Berwald linear con- 
nection. 



106 



Theorem 5.4.2 If the generalized tangent bundle {{p,r])TE,{p,r])TE,E) is endowed with 
a distinguished linear {p^rj)- connection {{p,r])H,{p,7])V), then, for any 

X = Z^la + Y^da G r((p, r])TE,{p,7])TE,E) 

and for any 

Teri2{p,v)TE,{p,rj)TE,E), 

we obtain the formula: 



{p, r,) Dx [t'^IZpIZ:Z~5-, ^ - ® K ® dz^' ^ -^ 
®dz^i ® dai ... (8) da, (8) Sy''^ (g) ... ^ djf'' 

= ^^T^^'y.'/j^'fe'Jl.Xf^^ai «) ... ^ ^a^ «) dl^^ (g) ... ^ dz^-i <S>da,0. 

®~da, <5j/^i ® ... 6t^ + i'^t;^':. jri!:.C le ^^i ® ■■■® 

(g^a (g) dz^^ g) ... g) (ii'^9 g) 5ai g) ... g) da, g) (Jy^l g) ... g) (5y^% 



where 



-,ai...a„ai...ar y^ /- t, \/J \ „Qi---apai---ar 






— (n r,\ fjl^ rpai...apai...ar _ _ ( „ „\ fjl^ rpOLi...apai...ar 
_l_('r, n^ r7-an--"l---"paa2...ar i /- „ „\ j^q ^ai...Q!pai...ar-ia 



3qbb2...bs ■■■ \P^'^)^bs-i'^l3i...l3qh 



KP^V)J^bn'^l3i...l3bb2...bs ••• yP^^>^bs-y'^l3i...l3 bi...bs-ib 



and 



^ft.../3;6i...fe. Ie= r {p, Me) l^dcj T^^.../?;^,...^, + 

^ r^ Ti^ TAai7."a2...apai...ar _l Cn n^ ^aprj.ai-ap-iaai...ar 

+ \P^V) Vac'^l3^...l3^bi...bs '^ -^yP^^) ^»^ ^I3^...^^bi...bs 

^ \P-> 'n ^ac -^ I3^...l3^bi...bs ^ ■■■ ^ yP-" 'l> ^a.c ^/3^.../3^6i...fe^ 
KP^V) %c^/3i.../3„6b2...fes---- ^P'^) ^bsC^Pi...l3„bi...bs-ib- 



Definition 5.4.2 We assume that {E,tt,M) = (F, z/, iV) . 

If (p, r/) r is a (p, ?7)-connection for the vector bundle {E, vr, M) and 

(p, r/) i:f,"„ (p, r/) #,"„ (p, 7?) y,"„ (p, 7?) vc, 

are the components of a distinguished linear (p, r/) -connection for the generalized tangent 
bundle ((p, rj) TE, (p, 77) te, E) such that 

(p, r,) i:f,", = (p, 7?) Hi, and (p, 7?) F^ = (p, r?) y,",, 
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then we will say that the generalized tangent bundle {{p,7])TE, {p,rj)TE-,E) is endowed 
with a normal distinguished linear {p, r])- connection on components {{p, rj) H^^, (p, rj) V^J. 
The components of a normal distinguished linear (Jd^-M, /(iM)-connection {H,V) 



will be denoted ( -f^j^, V,\ i • 

5.5 The lift of accelerations for a differentiable curve 

We consider the following diagram: 



(5.5.1) 



M ^N 



where {E,tt,M) G |B^| and ({F,u,N),[,]p,^,{p,ri)j G |GLA[ . 

Let (p, r/) r be a (p, ?7)-connection for the vector bundle {E, vr, M) . 

We admit that i{p,'r]) H, {p,r]) V) is a distinguished linear (p, ?7)-connection for the 
vector bundle ((p, rj) TE, {p, rj) te,E) . 

Let g G Man {E, F) be such that {g, h) is a B"^-morphism of [E^ vr, M) source and 
{F,u,N) target. 

Let 

(-552) I lm{ijohoc) 

t ^ y"(t)sa(r/o/ioc(i)) 

be the {g, /i)-lift of differentiable curve / > M. 

Definition 5.5.1 The differentiable curve 

I -^ {p,v)TE\i^^ 
^'■'■'^ t ^ i9>hoc{t).y^{t))^{c{t)) + ^^Jc{t)) 

will be called the differentiable {g,h)-lift of accelerations of the differentiable curve c. 
The section 

Im (c) — '-^^ {p, rj) TE\ ii„(c) 
(5.5.4) , , Q 1 a (f\ a 

m ^ {9^''hocit)-y'{t))—icit)) + ^—{cit)) 

will be called the canonical section associated to the triple (c, c, c) . 
Remark 5.5.1 For any t G /, we obtain: 



u (c, c, c) (c (t)) =[g^ohoc (t) y" (t)) — (c (t)) + ^^^ (c (t)) 
(5.5.5) _ 

+ (p,r,)r^on(c,c)or/o/ioc(t)-(<7?o/ioc(i)y'(t))^(c(t)). 
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We observe easily that u (c, c, c) (c (t)) G H (p, rj) TE\ jjn(c) if a^id only if the compo- 
nents functions {y"", a G l,n) are solutions for the differentiable equations 

(5.5.6) — — + {p,r])T'^ o u {c, c) o r] o h o c ■ {g^ o h o c) ■ u'' = 0, a £ T~r. 

Remark 5.5.2 In particular, if {p,ri,h) = {Mtm, IdM , Idpi) and {g,IdM) is locally 
invertible, then, using the ((7, JdM )-lift 



the differentiable (5, /(iM)-lift of accelerations for the differentiable curve c is 



(5.5.9) -^ + (/9, 7?) F^^ o u (c, c) o r/ o /i o c • z'^ • 2^ = 0, a G l,p, 



/ -^ (/(iTAf,/(iM)rTM|ijn(c) 

Definition 5.5.2 If the component functions 

(((7>/ioc)y", aeT~?) 
are solutions for the differentiable system of equations 

IE 

then the differentiable curve c will be called horizontal parallel with respect to the dis- 
tinguished linear {p, r]) -connection ((/?, rj) H, (p, rj) V) . 

If the component functions [y^, a £ l,nj are solutions for the differentiable system 
of equations 

(5.5.10) — — + {p,r])V^^ou{c,c) or] o ho c- u'' ■ u" = 0, a e 1, r, 

then the differentiable curve c will be called vertical parallel with respect to the distin- 
guished linear (p, r])- connection ((/?, 77) H, (p, rf) V) . 

Remark 5.5.3 In particular, if {p,ri,h) = {Mtm , IdM , IdM) and {g,IdM) is locally 
invertible, then the {g, /(iM)-lift of tangent vectors (5.5.7) is horizontal parallel with res- 
pect to the distinguished linear connection (H, V) if the component functions 

— — , i £ l,m] are solutions for the differentiable system of equations 
dt J 

dJ 
'dt 



(5.5.12) -j;- + Hj,, ou{c,c)oc- z^ ■ z" = 0, i el,m. 



Moreover, the (5, 1(iM)-hft of tangent vectors (5.5.7) is vertical parallel with respect to 
the distinguished linear connection (H, V) if the component functions 

dc^ (t) 
~dt 



9j ° ^' — H — ' ^ £ 1) "^ 



are solutions for the differentiable system of equations 

(5.5.13) — + Vj4 ° ^^ (c, c) o c • u^ • u^ = 0, i G l,m. 
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5.6 The (p, 1], /i)-torsion and the (p, t], /i)-curvature of a distinguished 
Hnear (p, r7)-connection 

We consider the following diagram: 

E iF,l]F,h,{p,v)) 



M ^N 

where {E,Tr,M) G jB^j and {{F,iy,M) ,[,]p,^,{p,r])) € |GLA| . Let {p,r])T be a (p,r/)- 
connection for the vector bundle {E, vr, M) and let {{p, rj) H, (p, rj) V) be a distinguished 
linear (p, 77) -connection for the generalized tangent bundle ((p, r/) T£', (p, r/) rg, £') . 

Definition 5.6.1 The application 

Tiip,v)TE,ip,r^)TE,Ef ^^'^^ riip,v)TE,ip,v)TE,E) 
iX,Y) ^ ip,rj)TiX,Y) 

defined by 

(5.6.1) (p, r?, /i) T {X, Y) = (p, 7?) D^l" - (p, r/) DyX - [X, Y\^^^^^^ , 

for any X,Y £ T ((p, 77) TE, (p, 77) r^;, E') , will be called the (p, 77, h)-torsion associated 
to distinguished linear {p,ri) -connection {{p,r]) H,{p,r])V) . 
The applications 

n{p,v,h)T{'H{-),n{-)),V{p,v,h)T{n{-),n{-)),...,V{p,v,h)T{V{-),V{-)) 

are called T-L{'H'H), V (TiV.) , ...,V (VV) {p,rj,h) -torsions associated to distinguished li- 
near {p,rj) -connection {{p,ri) H,{p,ri)V) . 

Proposition 5.6.1 The {p,r],h) -torsion (p, 77, /i) T associated to distinguished linear 
{p,ri) -connection {{p,rj) H,{p,rj)V), is ^.-bilinear and antisymmetric in the lower in- 
dices. 

Using the notations: 

n (p, r], h) T [6y, 6pj = (p, r], h) T"^^^^, 
V (p, r/, h) T (l^, Ip) = (p, 77, h) T-p^~da, 

(5.6.2) ^ ^P' ^, ^) T f (9c, ^/3 j = (p, ??, /i) IP%^a, 

V(p,r,,/i)T('ac,5^') =(p,r/,/i)PV^,, 

V(p,r/,/i)T('ae,4) =(p,77,/i)SVa- 
we can easily prove the following 
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Theorem 5.6.1 The {p,r],h) -torsion {p,r],h)T associated to the distinguished linear 
{p^Tj)- connection {{p,ri) H, {p,ri) V), is characterized by the tensor fields with local com- 
ponents: 

{p, V, h) T°^^ = (/>, 7?) H1^ - {p, 77) H^^ -L^^oho^, 

(5.6.3) (P>^>^)PV ={P^v)V^c^ 

(p,r?,/i)PV =^((p,r,)r^)-(p,7?)F53, 

{p,V,h)E>\^ ={p,r,)VC,-{p,v)V^,. 

In particular, when {p,ri,h) = {IdTM,IdM,IdM) , we regain the local components of 
torsion associated to distinguished linear connection (H, V) : 



(5.6.3') r.^ =vi^, P^^ 


J Tja 


SV =n"c-K"6- 




Definition 5.6.2 The application 




iTiip,,)TEAp,v)rE,E)f ^^^^^ 


T{{p,7])TE,{p,1^)TE,E) 


i{Y,Z),X) ^ 


{p,r],h)R{Y,Z),X 


defined by: 





ip, T], h) M (y, z)x = {p, 7?) Dy Up, v) DzX) 

^^^'^^ - (P, V) Dz Up, v) DyX) - {p, r,) D[Y,z],^^^,,,X, 

for any X,Y,Z G T {{p,r])TE, {p,ri) te, E) , will be called the {p,ri,h) -curvature asso- 
ciated to distinguished linear {p, rj)- connection {{p, rj) H, {p, rj) V) . 

Proposition 5.6.2 The {p,r],h) -curvature (p, ?7,/i)IR associated to distinguished linear 
{p, rj)- connection {{p, rj) H, (p, rj) V), is R-linear in each argument and antisymmetric in 
the first two arguments. 



Using the notations: 

ip, Tj, h) R (5e,~d^) h = (P^ V, h) M°^ ^,5„, 

(p, 7j, h) R (le, l^) db = [p, 7?, h) R% ^^da, 

(p, rj, h) R (dc, 5^ Is = {p, V, h) P° .^X, 

[p, rj, h) R (d„ ~5^}j db = (p, V, h) ^\ ^A^ 

{p, r],h)Ri dc, dbj6(s = {p, rj, h) S"^ f^Ja, 

{p, r/, /i) M f dd, dcjdb = {p, rj, h) S% ^^da- 
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(5.6.5) 



we can easily prove the following 



Theorem 5.6.2 The {p,r],h) -curvature {p,r],h)M associated to distinguished linear 
{p, rj)- connection ((/?, 77) H, (p, 77) V), is characterized by the tensor fields with local com- 
ponents: 



(5.6.6) 



(p, r/, h)R-^ ^^ =r(p, Me) [5^) (p, v)H^y-nP, Ids) (^j (/>, r])H'^, 
+ (p, v)Hl{p, r^)Hl^-ip, r^)H^^{p, r^)H% 
-ip,V,h)R%Mv)H%-L%oho7rip,r^)H^„ 

(p, r/, h)R% ^, =r(p, Me) (^.) (p, v)HS^-rip, Me) (^) (/>, v)HSe 



+{p,r])meip^v)Kr^p^v)^lM^v)Hi 

-(p, 7?, /i)M%^(p, il)VC,-L% o /i o 7r(p, 7?)y,"„ 



(5.6.7) 



(p,r?,/i)P", ^, = T{pJdE){dc){p,v)Hf^-'C{pJdE)[5^){p,v)Ve 
= {p,ri)V,%p,7i)H% - (p,7?)/7,"^(p,r,)y/, 

(p, r;, /i)P«, ^, = T{p, Me) {d^ (p, 7?)i:f,-^- 

-r(p, Id,,) (^^) (p, 7?)V;« + (p, r,)y,- (p, r?)i7,^^- 

-{p,v)Ht^{p,^)v,i + —{(^p,^)Ti){p,l^)v,% 



(p,r?,/i)§°^,^ =r(p,/d,,) ae (p,7?)y^ 



-r (p, Me) [d,J (p, 7?) y^", + (p, 7?) y,"^ (p, r,) y;, 
-(p,r/)y,°,(p,r/)v;f. 



3c' 



(p, 7?, /i) S-, ^, = r (p, Me) dd (p, ^) y^: 



(5.6.8) 



-r (p, Ids) (^^ej (p, r,) v;-, + (p, r,) y;, (p, 7?) y,-^ 

-(p,r/)K-(p,r/)V;-^. 

/n particular, when {p,r],h) = (MrMiIdM^MM) , we see the local components of the 
curvature associated to distinguished linear connection (H, V) in the followings: 



(5.6.6') 



j ki 



kl 



Si m,) - 4 mA + HkH^, - Hl,H^, 



kl^jc^ 



a Tjd 
dk"-bl 



112 






(5.6.7') 



kc 



b kc 



^ {Hi,) - 6k {V{,) + V^Htk - HlkVi'', + ^ (rf ) Vj^, 
Q-^ (.Hbk) - h Wc) + ^dc^bk - HdkVbc + -Q-^ \^k) ^bd^ 



d 



d 



(5.6.8') 



s^- bc = ^c {vj^ - ^ (^y + VLV.I - ykvfc. 



b cd 



^ i^b^c) - £7 (Vm) + v,^,v,i - v,iy,% 



d_ 



Definition 5.6.3 The tensor field 

Ric ((/>,,?) //,(/>, 7?) y) = 

(5.6.9) = (p, r/, /i) M „ pdz'^ ® dz^ + (p, r],h)F ^ ^dz'^ 5y^ 

+ (p, 7],h)W a ^Sy" «) dz^ + {p, v,h)Sa bSy" ® Sy\ 



(5.6.10) 



{p, r],h)¥ a (5 = {p, V, h) R"^ p^ {p, 'n,h)§ ab = {p, V, h) ^"^ ^^ 



will be called the Ricci tensor field associated to distinguished linear {p,r]) -connection 
{{p,v)H,{p,rj)V). 

This tensor field will be used to write the Einstein equations in Subsection 5.10. 



5.7 Formulas of Ricci type. Identities of Cartan and Bianchi type 

We consider the following diagram: 

{F,l]F,h,ip,v)) 



E 



M- 



N 



where (^,7r,M) G |B^| and {{F,v,M) ,l]pj^,{p,ri)) G |GLA| . Let {p,rj)T be a (/3,r/)- 
connection for the vector bundle (£', vr, M) and let ((p, r/) H^ {p, 77) V) be a distinguished 
linear {p, 77) -connection for the generalized tangent bundle ((p, rj) TE, (p, rj) te, E) . 

Theorem 5.7.1 Using the definition of {p,r],h) -curvature associated to the distin- 
guished linear [p^r])- connection {{p,r]) H,{p,r])V), it results the following formulas: 



{Til 



(p, v) Dux (p, v) Duy'HZ - (p, 77) DuY (p, v) Dhx'HZ 
= (p, r,, h) M {%X, UY) nZ + (p, r,) D^^^xmy^^^^.^.^Z 

+ ip,r])Dy[^X,HY]^^^^^^^^Z, 

(p, 77) Dyx (p, r]) D-uyT-LZ - (p, r/) D-^y (p, rf) D^x'HZ 
= (p, 77, h) M (VX, -HY) UZ + (p, 77) Z)^[vx,w](,,,)^^^^ 
+ (p,r/)Z)v[vx,w](^,^)^^^^, 

(p, 77) Dyx (p, ??) DvyT-LZ - (p, 77) Dvy (p, r]) DyxT-iZ 
= (p, r/, h) E (VX, Vy) ?^Z + (p, 77) i?v[vx,vy](,,,)^^^^, 
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and 



(^2 



(P, V) Dux {p, v) DuyVZ - {p, T]) D-HY {p, v) DnxVZ 
= (p, r/, h) M inX, %Y) VZ + (p, r,) Z)^[^^,^y]^^^^^^ VZ 

(p, 7?) Dvx {p, ri) DyyVZ - (p, r/) D^y (p, 77) DyxVZ 
= (p, 7?, /i) M (VX, ?^y) VZ + (p, r/) Z);,[vx,w](,.,)^^ VZ 

(p, rf) Dvx {p, v) DvyVZ - (p, 77) Dyy (p, v) DyxVZ 
= (p, 7?, h) R {VX, VY) VZ + (p, r/) Z)v[vx,vy](,,,)^^ VZ. 

Using the previous theorem, the horizontal and vertical sections of adapted base and 
an arbitrary section 

we propose the following 

Theorem 5.7.2 We obtain the following formulas of Ricci type: 



{■Ri 



and 



I7I/3 



+ (p, r/, /i) T"^^Z"U + (p, 7?, /i) T'^^^Z",,, 
Z"|^|fe - Z%\^ = {p,v,h)F^, ^,ZC - (p,7?,/7)P"^,Z"U 

-(p,r?)M-^Z"U, 
Z^lclfc - Z%\, = (p, 7?, h) S% ,,Z^ + (p, 77, /i) S^J'^l, 



(7^2 



\/^a 



l7l/3 



V 1 1, 



y 



y^a 



'1^1^ =(p,r,,/7)]R'^,^^y^+^L^^o/io^jy^l^ 
+ (p,r/)T^^^y-|b+(p,7?,/7)T^^^y-|„ 

fei^ = (p, 7?, /i) p'^, ^,y^ - (p, r/, /i) p%,y"|e 
Y%\b - yibic = (p, r/, /i) s", ,,y^ + (p, 7?, /i) s'^,,yid. 

In particular, if {p,rj,h) = (IdTM,IdM,idM) cind the Lie bracket [,]xm 
bracket, then the formulas of Ricci type {TZij and {IZ2) become: 



is the usual Lie 



yi yi 

\k\3 li|fc 



. i. -Z^ + T".. Z*L + T'*.. Z* ,, , 

h kj ' jk I" ' jk |/i' 



^ \k\h — ^ \h\k 



T>i yh 

h kb^ 






hk^ l«' 



Z' 



c\b 



\b\c 



i yh I iga yi\ 

h cb^ +^ bc^ l«' 



and 



{■R2 



\ra 



k\j 



\^a 



y \k\b- y \b\k 

y«| 1, _ y«|, I 

^ \c\b ^ \b\c 



c kj 



y^ + T^.,y«|fe + T^,y" 



h kb 



yfi 



jk 

c va\ 
kb^ \c 



F V°-\ 

hk^ lc) 



d cb^ +^bc-^ \d- 
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(5.7.1) 



Using the 1-forms associated to distinguished Hnear (p, r/)-connection ((p, ij) H, (p, ij) V) 

{p, 7?) o;^ = {p, 7?) H^^^d~z^ + {p, 7?) V^^6r, 

(p, r/) ivt = (p, r/) H^dz"' + (p, 7?) V,%5r, 
the torsion 2-fornLS 

(p, f], /i) T" = ^ (p, 7?, /i) TVc?^'^ A dp + (p, 7?, /i) F^dzf^ A <5r , 



(5.7.2) 



(p, 7?, /i) T'^ = ^ (p, 7?, h) T^dz^ A dz^ + (p, 7?, /i) P%d5^ A 5r 



+ -{p,r^,h)S%Jy'A5r 



and the curvature 2-fornis 

(p, r/, /i) M"^ = I (p, 7?, /i) M"^ ^gdF A d5^ + (p, 77, /i) P"^ ^,dF A 6y' 



(5.7.3) 



,-^d 



+-(p,r/,/i)S"^,/rA<5y 

(p, r/, /i) M", = i (p, 77, /i) M'^, ^.dz'' A d/ + (p, r/, /i) P«, ^.dz^ A 6^ 

+^{p,V,h)E>%,,5r/\6y'', 
we obtain the following 
Theorem 5.7.3 We obtain the following identities of Cartan type: 

(p, 77, h) T" = (i(^.'?)^^ (di") + (p, 77) w" A dz^^. 



(C: 



(C2 



(p, 77, /l) T" = SP'n)TE ^^ya^ j_ ^p^ ^) ^a ^ ^yb ^ 



(p, V, h) M"^ = d(^''')^^ ((p, r/) a;°) + (p, 77) a;^ A (p, 77) u:}, 
(p, 77, /i) M-, = d(^''')^^ ((p, r/) ^^) + (p, r/) a;? A (p, r/) a;g. 



In particular, if (p, 77, /i) = {IdTM,IdM,IdM) and the Lie bracket [, ]j^j^ is the usual Lie 
bracket, then the identities of Cartan type (Ci) and (C2) become: 



(CiY 

and 

(C2)' 



T" = SldTE,IdE)TE (^g-a^ + w^ A (5j/^ 



i^. ^ ^{IdTE,IdE)TE /^\ ^ ^i^ ^ ^fc^ 
r, = SIdTE,IdE)TE /^ax + ^a ^ , 



^ _ u,- ---. --- yuj^) -ruj^ /\uj^. 

Remark 5.7.1 For any X,Y,ZeT ((p, 77) TE, (p, 77) te, E), the following identities 

V{p,ri,h)R{X,Y)nZ =0, 
?^ (p, r/, /i) M (X, y) VZ =0, 



(5.7.4) 
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(5.7.5) 



and 



VDx{{p,7],h)R(Y,Z)HU) = 0, 
nDx{{p,v,h)R{Y,Z)VU) =0, 



(5.7.6) (p, f], h) R{X,Y)Z = n (p, f], h) M {X, Y)nZ + V (p, f], h) M (X, Y) VZ. 

hold. Using the formulas of Bianchi type from Theorem 4.2.3 and Remark 5.7.1, we 
obtain the following 

Theorem 5.7.4 The identities of Bianchi type: 

Y, {n {p, v) Dx Up, V, h) t {y, z)) - n {p, r,, h) m {x, y) z 

cyclic{X,Y,Z) 

+n{p,v,h)T{n{p,v,h)T{X,Y),Z) 

+n {p, V, h) T (V (p, 11, h) T {X, y) , z)} = 0, 



{Bi 



Y, {V (p, r?) Dx ((p, r?, h) T {Y, Z)) - V (p, r?, h) M (X, Y) Z 

cydic{X,Y,Z) 

+V{p,7i,h)T{n{p,7i,h)T{X,Y),Z) 

+V (p, r/, ^) T (V (p, r/, ^) T (X, Y) , Z)} = 0. 



and 



{B2 



Y {n{p,v)Dx{{p,V,h)R{Y,Z)U) 

cycUc{X,Y,Z,U) 

-n (p, r/, /i) M {% (p, r?, /i) T {X, Y),Z)U 

-n (p, r/, h) M (V (p, r?, h) T (X, y) , Z) ^} = 0, 

Y {Vip,v)Dxi{p,V,h)RiY,Z)U) 

cyclic{X,Y,Z,U) 

-V (p, r?, /i) M (7^ (p, r?, /i) T (X, Y),Z)U 

-V (p, r?, /i) M (V (p, r/, /i) T (X, Y) ,Z)U} = 0, 

hold good for any X,Y, Z £T ((p, rj) TE, (p, r/) te,E) . 

Corollary 5.7.1 Using the following sections {6Q,5-y,6p), the identities {Bi) become: 
J2 {{p,V,h)T-^^^^-{p,rj,h)R-^^, 

cyclic{l3 ,^ ,9) 



(Si 



+ 



(p, 77, h) T\, (p, V, h) T"^^ + (p, 77, /i) T''^, (p, r/, /i) T"^„} = 0, 



Y [{P^V:h) T- p^^^ + (p, 77, /i) T"^, (p, r/, /i) P«^^ 

cyc/ic(/3,7,0) 



+ 



(p,77,/i)P%(p,r/,/i)P-,^}=0, 
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and using the following sections {Sx,Sg,S^,5i3), the identities {B2) become: 



{B2)' 



J2 {{p,r],h)R-f,^,^^-{p,r^,h)T%^{p,v,h)R-^ 

cyclic(f5,'y,0,X) 

J2 {{p,V,h)R\ .^e,, -iP^V, h) T%^ {p, V, h) W^ 

cyclic{l3,'y,8,X) 



7/i 



(/>,7?,/l)T«,^(p,7?,/l)P°^^„} 



0. 



Using another base of sections, we shall obtain new identities of Bianchi type nec- 
essary in the applications. 

5.8 The (p, ?7)-(pseudo)metrizability 

We consider the following diagram: 

E {F,l]F,h,iP,v)) 



M- 



-^N 



where {E,7r,M) G |B^| and ({F,u,M),[,]pf^,{p,r])] G jGLAj . Let (/?, 77) T be a (p,r/)- 
connection for the vector bundle {E, tt, M) and let ((p, rf) H, {p, 77) V) be a distinguished 
linear {p, 77) -connection for the generalized tangent bundle ((p, rj) TE, (p, 77) te, E) . 

Definition 5.8.1 A tensor d-field 

G = g^pd-z'^ d~z^ + gabSr ® ^v' G ^7^^ ((p, v) TE, (p, r/) te, E) 

will be called pseudometrical structure if its components are symmetric and the matrices 
\\gai3 (^a;)||and \\gab iux)\\ are nondegenerate, for any point Ux G E. 

Moreover, if the matrices \\gai3 i'Ux)\\ and \\gab i'Ux)\\ has constant signature, then the 
tensor d-field G will be called metrical structure. 

Let 

G = gafsdz" ® dz^^ + gabSy"" 5y^ 

be a (pseudo) metrical structure. If a,/3 € l,p and a,b £ l,r, then for any vector local 

[m + r)-chart iU, suj of I E, vr, M ) , we consider the real functions 



and 






-gba 



such that 



TT-' {U) 



||ff^°(«a;)|| = hapiUa 
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and 

for any u^ G n'^ (U) \ {Ox}. 

Definition 5.8.2 We will say that the (pseudo)metrical structure 

G = Qafidz'^ <S) d~z^ + QabSy" 5y^ 

is Riemannian (pseudojmetrical structure if around each point a:; G M it exists a 
local vector m + r-chart {U,su) and a local m-chart {U,^u) such that 5^^ o s'j^^ o 
{S,^^ X Mm.^) {x,y) and Qab o Sj}^ o (^^^ x IdR™) {x,y) depends only on x, for any 
Ux G TT-i ([/) . 

If only the condition is verified: 

" 9a/3 o s^ o (^^ X IdRm) (x,y) depends only on x, for any Ux G tt^^ (t^) " respec- 
tively "gab o s^ o (^^ X /diRm) (x,y) depends only on x, for any Ux G vr"^ (^)"; then 
we will say that the (pseudo)metrical structure G is a Riemannian Ti- (pseudo)nietrical 
structure respectively a Riemannian V - (pseudo)metrical structure. 

Definition 5.8.3 We will say that the (pseudo)metrical structure 

G = ga/sdz'^ ^ d~z^ + gab^y" 5y^ 

is a locally Minkowski structure if around each point x ^ M there exists a local vector 
m + r-chart ([/, su) and a local m-chart ([/, $^u) such that g^p osjj o (^^jj x /(i]Rm) [x, y) 
and 5(16 o s^ o (^^ x IdiRm) (x, y) depends only on y, for any Ux G tt"-*^ ([/) . 

If only the condition is verified: 

"5q/30S^ o{i~[j X /diRm) (x,y) depends only on y, for any Ux G vr^^ (t/)" respectively 
"dab o s^ o (^~ X /diRm) (x,y) depends only on y, for any Ux G tt~^ (U)", then we 
will say that the (pseudo) metrical structure G is a (pseudo)metrical structure Ti-locally 
Minkowski and V-locally Minkowski, respectively. 

Definition 5.8.4 The generalized tangent bundle {{p,r])TE,{p,ri)TE, E) will be 
called {p,r])-(pseudo)metrizable if there exists a (pseudo)metrical structure 

G = ga/sdz'^ ^ d~z^ + gab^y" dy^ 

and a distinguished linear (p, 77) -connection 

{{p,r^)H,{p,r^)V) 

such that 

(5.8.1) (p, r/) D^G = 0, VX G r ((/>, 7?) Ti?, (p, 7?) te, E) . 
Condition (5.8.1) is equivalent with the following equalities: 

(5.8.2) g^p\^ = 0, 5'ab|7 = 0, gap \c= , gab \c= 0. 

If (7q,^I^=0 and gab\-^=^., then we will say that the vector bundle ((p, ri)TE, (p, 77)r£;, E) 
is 'H-{p,r])-(pseudo)metrizable. 

If fl'a/3|c=0 and gab\c=0, then we will say that the vector bundle ((p, ri)TE, (p, 77)t£;, E') 
is V-{p,r])-(pseudo)metrizable. 
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/ 0\ 

Theorem 5.8.1 If I (p, r/) H, (p, r])V\ is a distinguished linear [p, 7])- connection for the 

generalized tangent bundle {{p,ri)TE,{p,ri)TE,E) and G = g^pdz'^^dz^ +gab^y°'^5lf' 
is a (pseudo)metrical structure, then the following real local functions: 



iP,r])H^^ =-r'[rip,IdE)[6^)gep 



+r (p, Me) {6/3 j ge^ - T {p, Me) [Ssj g^-y 
+9eeLf^l3 ohoTT - gpeL'^^e ohon - ge^L'^p^ oHott) , 



iP,v)H^ =ip,r])H,^ + lr9 
(5.8.3) 2 6c|7 



Pe\c 



(P> r,) V,l = \r (r (p, Me) [d^i 5e6 

+r (p, Me) (dA gee - T (p, Me) [ de 1 gbc 



are components of a distinguished linear [p^r])- connection such that the generalized tan- 
gent bundle {{p,ri)TE,{p,ri)TE,E) becomes {p,r])-(pseudo)metrizable. 

( ° °A 

Corollary 5.8.1 If the distinguished linear {p,r])- connection I {p,rj) H,{p,r])V 1 coin- 
cides with the Berwald linear {p,ri) -connection, then the local real functions: 

(p, v) il^fi^ = \r' (r (p, Me) (5^) gefi + r (p, Me) {l^ ge^ 



-T (p, Me) [5ej 5/37 + geeLZ^p o /i o vr 
-g^eL^^e ohoTT- ge-yL'^ps o ft, o vr ^ 
(5.8.4) . .^" d{p,v)r^^ 1,^^ 



(P>^)V=2r^^, 



Irae fdgeP , ^^ec ^^fec 



are the components of a distinguished linear {p,r]) -connection such that the generalized 
tangent bundle {{p,ri)TE,{p,ri)TE,E) becomes {p,rj)-(pseudo)metrizable. 

Moreover, if the (pseudo)metrical structure G is H- and V -Riemannian, then the 
local real functions: 
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dgpi^ 



+ge£Vi^poho'K - gpeVt^^ohoTT - ge^L^^^ohonj , 
ca dip,r^)T- 1 .,, / , dg,, dp^ dpT^^ \ 

[P, V) Hh^ = ^-r '- + -g p^ohoTT—- - -—r^gec - -TT-^Qeb , 



(5.8.5) 

(p,r?)F^, = 0, (p,r?)FL = 

are t/ie components of a distinguished linear [p^r])- connection such that the generalized 
tangent bundle {{p,ri)TE,{p,ri)TE,E) becomes (p,r])-(pseudo)metrizable. 

Theorem 5.8.2 Let {p,r])T be a [p^r])- connection for the vector bundle {E,tt,M) . Let 

0^ 

{p,v)H,{p,r])V 



be a distinguished linear {p^rf)- connection for {{p,ri)TE,{p,ri)TE,E) and let 

G = gaisdz"^ dzl^ + gah^y" ® 6y^ 

be a (pseudo)metrical structure. 
Let 

(5.8.6) -^ \ 

Oil = 2 (^t^c - %cD , OIT = - {5161 + g,,D , 

be the Obata operators. 

If the real local functions ^«^;^flc' -^'^c '^''^ components of tensor fields, then the 
local real functions are given in the following: 

(5_g_7) (p, v) HS, = {p, v) h\ + o,",^y4, 

{p,^)v- = {p,v)K+oiryec, 

are the components of a distinguished linear {p,r])- connection such that the generalized 
tangent bundle {{p,ri)TE,{p,ri)TE,E) becomes {p,r])-(pseudo)metrizable. 

Theorem 5.8.3 Let {p,r])T be a {p^rf)- connection for the vector bundle {E,Tr,M). 

If 

o^ 

{p,r])H,{p,r])V 



is a distinguished linear [p^r])- connection for the generalized tangent bundle 

{{p,r])TE,{p,r])TE,E) 

and 

G = g^pdz'' ® dz^ + gabSr «> Sf 
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is a (pseudo)metrical structure, then the real local functions: 

(5.8.8) ^ ^'1'^ 

{p.n)v:, = {p,v)K, + \r9eX 

are the components of a distinguished linear {p,rj) -connection such that the generalized 
tangent bundle {{p,ri)TE,{p,ri)TE,E) becomes (p,r])-(pseudo)metrizable. 

5.9 Generalized Lagrange (p, ?7)-spaces, Lagrange (p, ?7)-spaces 
and Finsler (p, r7)-spaces 

We consider the following diagram: 

E {F,l]p^h,iP,v)) 



M ^N 

such that {E, vr, M) = (F, v, N) and the generalized tangent bundle 

{{p,v)TE,{p,r])TE,E) 

is (/9, 77)-(pseudo)metrizable. 

Definition 5.9.1 A smooth Lagrange fundamental function on the vector bundle 
{E,Tr,M) is a mapping 

E -^ M 

which satisfies the following conditions: 

1. L o n G C°° (M), for any n G T {E, tt, M) \ {0}; 

2. L o G C° (M), where means the null section of {E, tt, M) . 

Let L be a Lagrangian defined on the total space of the vector bundle [E, tt, M) . 
If {U, sjj) is a local vector (m + r)-chart for {E, vr, M), then we obtain the following 
real functions defined on tt""'^ ([/): 

put uLi put ^ / T \ T P^^ P"* I /" r \ 

3x* 3x* * dx^dv^ dx^ \ du^ 

(5.9.1) 2 

pMi C'lv put U , put U Li put U I U , , 

Definition 5.9.2 If for any local vector m + r-chart {U, sjj) of {E, vr, M) , we have: 

(5.9.2) rank\\Lab{u3;)\\ = r, 
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for any Ux ^ it ^ (U) \ {Ox}, then we will say that the Lagrangian L is regular. 

Proposition 5.9.1 If the Lagrangian L is regular, then for any local vector m + r-chart 
{U,su) of {E,iT,M) , we obtain the real functions L"^ locally defined by 

^ ab 



(5-9-3) 



Ux ^ L"^ {Ux) 



where 



L^^iux) =\\Lab{ux)\\ \ /or any n^ G vr-i ([/) \ {0^} 



Definition 5.9.3 A smooth Finsler fundamental function on the vector bundle (E, vr, M) 
is a mapping 

E -^ R+ 

which satisfies the following conditions: 

1. F o n G C°° (M), for any u G T {E, tt, M) \ {0}; 

2. F o G C° (M), where means the null section of {E, vr, M); 

3. F is positively 1-homogenous on the fibres of vector bundle {E, vr, M) ; 

4. For any local vector m + r-chart [U^ sjj) of (E, tt, M) , the hessian: 

(5.9.4) \\F\i,{ux)\\ 

is positively define for any Ux G vr"^ {U) \ {Ox}- 

Definition 5.9.4 If the (pseudo) metrical structure G is determined by a (pseudo) metrical 
structure 

g ^T %{V {p,r^)TE,{p,r^) ,TE,E) , 

then the (p, ??)-(pseudo)metrizable vector bundle 

((/5,r/)TF,(p,r/)rs,F) 

will be called the generalized Lagrange {p,rj) -space. 

In particular, if the (pseudo)metrical structure g is determined with the help of 
a Lagrange fundamental function or Finsler fundamental function, then the {p, rj)- 
(pseudo)metrizable vector bundle 

{{p,r])TE,{p,r])TE,E) 

will be called the Lagrange {p,ri)-space or the Finsler {p,ri)-space, respectively. 

The generalized Lagrange {IdrM , IdM)-space, the Lagrange {IdrM, /(iM)-space, and 
the Finsler {IdTM,IdM)-sp8iCe will be called the generalized Lagrange space, Lagrange 
space, Finsler space. 

Definition 5.9.5 The normal distinguished linear (/>, 77) -connections of a Lagrange or 
Finsler (p, ?7)-space will be called Lagrange or Finsler linear {p,r]) -connections. 

The Lagrange and Finsler linear (IdrM ,IdM)-connections will be called Lagrange 
and Finsler linear connections, respectively. 
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Theorem 5.9.1 If the (pseudo) metrical structure G is determined by a (pseudo)metrical 
structure 

geT''^{V{p,v)TE,{p,r]),TE,E), 

then, the real local functions: 

{p, v) H-^ = hf^ (r (^, Ue) {h) 9ec + r (p, He) {5c) 9be - T (p, Me) (Se) gbc 

- gcdLte° (^°^) +9bdLic° (.hoTT) - gedLtc° (^o^t)) , 



{P,V)V{^C =\r{^{~pJdE){d)jgeb 

+r {p, Me) (dA gee - T {p, Me) ( de ] gbc 



are the components of a normal distinguished linear {p, r])- connection with {p, r])-T-L {T-LTi) 
and {p,r])-V (W) torsions free such that the generalized tangent bundle 
((/?, rj) TE, {p, rj) te, E) derives generalized Lagrange (/?, rj)-space. 

This normal distinguished hnear {p, 77)-connection will be called generalized linear 
{p,ri)- connection of Levi-Civita type. 

If the (pseudo)metrical structure g is determined with the help of a Lagrange and 
Finsler fundamental function, then the Lagrange and Finsler linear (p, ?7)-connections 
will be called canonical Lagrange and Finsler linear {p,r])- connection, respectively. 

The canonical Lagrange and Finsler linear (Jd-rMi-^'S^A^) -connection will be called 
the canonical Lagrange and Finsler linear connection respectively. 

Theorem 5.9.2 Let {{p,ri) H, {p,ri) V) be the normal distinguished linear {p,r])- connec- 
tion presented in the previous theorem. 

If 

TlX ® dz' d~z' G r^l" ((p, v) TE, {p, 7]) TE, E) 

and 

Steda ^ Sf 6r G 7^i ((/>, V) TE, {p, r,) te, E) 
such that they satisfy the conditions: 

then the following real local functions: 



{p, v) H-^ = {p, v) HI + -r [gedTt - gbd^t + gcdTt , , 



(5.9.6) 

(P, V) V,l = {p, 7?) y£ + -r [ged^te - ghdte + ffcrfS^ 

are the components of a normal distinguished linear (p, rj)- connection with {p, r])-T-L {%%) 
and {p,r])-V iyV) torsions a priori given such that the generalized tangent bundle 
{{p,ri)TE,{p,ri) Te, E) derives generalized Lagrange {p,r])-space. 
Moreover, we obtain: 

,,,,^ ^te=iP^V)HSe-iP^V)H^eb-Lte°hon, 

(5.9.87 

Sl={p,r^)V,%-ip,r^)V-. 
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5.10 Einstein equations 

We shall consider a metric structure 

G = gaf^dz'' ^ dzf^ + gabSy" ^ 6y^ 

and a distinguished linear (p, ?7)-connection ((/?, rf) H, (p, rf) V) compatible with the struc- 
ture metric G having % {WH) and V (VV)-torsions prescribed. 

Definition 5.10.1 If (/?, r/, /i) M ^ ^ and {p, r],h)§ a b are the components of tensor Ricci 
associated to distinguished linear (p, ?7)-connection 



then the scalar 
(5.10.1) 



{{p,v)H,{p,r])V), 



{p, 7],h)R = (p, V,h)Ra /35"^ + (P, V,h)Sa b^'' 



will be called the scalar of curvature of distinguished linear {p,ri)- connection 
{{p,r])H,{p,r,)V). 



Definition 5.10.2 The tensor field 

(p, r],h)T = (p, v,h)T a fsdz'^ ^ dz^ + (p, r/, /i) T „ ^di" ® 6f 
+ {p,7],h)T a^Sr^d2'^ + {p,r],h)T abSr^Sy'' 

such that its components verify the following conditions: 



(5.10.3) 



x{p,ri,h)T a 13 =(/>,??, ^) K Q /3 - 2 (P' V, h) R-gai3, 

->c{p,r],h)T ab = {p,r],h)F ab, 

x{p,ri,h)T a 13 = {p,r],h)F a 13, 

>c{p,r],h)T a b = {p,r],h)S ab- - (p, ??, h) R-gab, 



where x is a constant, will be called the energy-momentum tensor field associated to 
distinguished linear [p^rj)- connection {{p,ri) H,{p,ri)V) and metrical structure G. 

The equations (5.10.3) will be called the Einstein equations associated to distin- 
guished linear {p^rj)- connection {{p,r]) H,{p,ri)V) and metrical structure G. 

Formally, the Einstein equations will be written 



(5.10.3') 



Ric ((p, 7?) H, (p, 7?) y) - - (p, r/, h) R-G = x- (p, r/, h) T. 



5.11 Mechanical systems 

Using the diagram: 



(5.11.1) 



E 



EA,]E,h^iP^^) 



M- 



-^M 
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where f {E, vr, M) , [, ]^ /j , (/>, ??) ) is a generalized Lie algebroid, we build the generalized 
tangent bundle 

(((p, r])TE, {p, r])TE, E), [,](p^n)TE, (p, IdE))- 

Definition 5.11.1 A triple 

(5.11.2) ((i^,7r,M),Fe,(/9,7?)r), 
where 

(5.11.3) Fe = F" J^ G r (y (p, r/) TF, (p, r/) r^,, F) 

is an external force and (p, r/) F is a (p, ?7)-connection, will be called the mechanical 
{p, 7]) -system. 

A mechanical (p, 77) -system 

((F,7r,M),Fe,(p,7?)r) 

endowed with a (pseudo) metrical structure G determined with the help of a (pseudo) metrical 
structure 

9 = 9abdr ®dy^^T [J^ ((p, r/) TE, (p, r/) r^j, F) 

will be denoted 

(5.11.4) ((F,7r,M),Fe,(p,7?)r,G). 

and will be called generalized Lagrange mechanical {p,ri) -system. 

Any mechanical (/(iTM)-^(^M)-system and any generalized Lagrange mechanical 
{IdTM,IdM)-system. will be called mechanical system and generalized Lagrange me- 
chanical system, respectively. 

Definition 5.11.2 If L (respectively F) is a smooth Lagrange (respectively Finsler 
function), then we put the triples 

((F, TT, M) , Fe, L) ( respectively (F, F^, F)) 

where Fe = F""-—^ G F (y (p, 77) TF, (p, 77) te, E) is an external force. These are called 

Lagrange mechanical {p,ri)-system {Finsler mechanical {p,r])- system, respectively). 

Any Lagrange mechanical (JdT a/, 7^^) -system and any Finsler mechanical 
{LdTM,IdM)-systeioa will be called Lagrange mechanical system and Finsler mechanical 
system, respectively. 

5.11.1 (p, r/)-semisprays and (p, r/)-sprays for mechanical (p, r/)-systenis 
Let ((F, 7r,M) ,Fe, (p, r/)F) be an arbitrary mechanical (p, ?7)-system. 

Definition 5.11.1.1 The vertical section 

(5.11.1.1) C=y''da, 

will be called the Liouville section. 
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Definition 5.11.1.2 The section S G T {{p,r])TE,{p,7])TE,E) will be called (p,r/)- 
semispray if there exists an almost tangent structure e such that 



(5.11.1.2) 



e{S) = C. 



Let g € Man (E, E) be such that (5, h) is a locally invertible B^-morphism of 
{E, vr, M) source and {E, vr, M) target. 

Theorem 5.11.1.1 The section 

(5.11.1.3) S={gtoho vr) y^ A _ 2 (g'^ - If^) A 

is a {p, ri)-semispray such that the real local functions G", a £ l,n, satisfy the following 
conditions 



(5.11.1.4) 



{p, 7?) r^ =g^ohoTr 



d {G" - iF'^) 






-- (^g^ o h o TT ■ y^) L'^^o h o TT ■ g^ o h o TT, a,b £ l,r. 



In addition, we remark that the local real functions 



(5.11.1.5) 



{p,rj)tt '='~gtohon^^ 



■^ [gi o ho-iT ■ y^) L^^ o/iott-^^o/iott, a,bel,r 



are the components of a {p,ri) -connection {p,r])T for the vector bundle {E,tt,M) . 

The {p, r7)-seinispray S will be called the canonical {p, r])-semispray associated to me- 
chanical {p,r])-system {{E,Tr,M) ,Fe,{p,ri)T) and from locally invertible B^-morphism 
{9,h). 

Proof We consider the Mod-endoniorphism 



r{{p,7])TE,{p,7])TE,E) 

X 



r{{p,r])TE,{p,r])TE,E) 

Jig,h) [S, ^](p,,,)TE - [S, ^{9,h)^] (p,^)T£ 



Let X = Z"'da + y^da be an arbitrary section. Since 



[S,X] 



ip,v)TE 



{g^ohon- y^) da, Z'df, 



2{G''--F^]da,Z''db 



(p,T!)TE 



(p,ri)TE 



+ 



{g^,ohoTT-y^)da,Y% 



2(G'^--F")a„,y^9fe 



ip,n)TE 



{p,ri)TE 



and 



{g-oho7r-y-)da,Zbdb 



dZ'^ 

ip,,)TE =i9>ho^.y^)pl^oho^ — ^ 

7b j r dig^ohoTT-y'') ~ 
-Z ploho vr —. dc 

+ {g-,oho7T.y')Z'Ll,d,, 
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{g^oho7T-y^)da,Y% 



(p,r,)TE 



2{G--jF'']da,Z% 



{P,V)TE 



--{9e°hoTT-y^)ploho T^-g — dc 

^^b 9i9e°hoTr-y'') ~ 
V 4 J dy^ " 



it results that 



{P,V)TE 



2 {G'^ - IF^) ipS, - 2^^^ '-de, 



dZ^ 



7.d 



J{g,h) [S, X] (^ ,^)y^ ={glohoTT-y'')p\oho vr^ ■ g'^ o h o nda 
-Z p^oho TT —. g^ohoTTdd 



fPi 



+ {g-,oho7r-y')Z'Ll,.~gioho7:dd 



dyb 



1 \ f)Z'^ 

-2{G^--F^j — -gtohond,. 



Since 



and 



[S,J(g,h)X] 



ip,v)TE 



{gloho-K- y"") da,gl oho nZ'^dc 



2(G^--F'']da,gtohonZ>'d, 



(P,V)TE 



(p,r,)TE 



{g^oho-K ■ y^) da, gloho TiZ^dc 



{p,v)TE 



(5f> /i o vr • y^) p> /i o vr- 



o h o ttZ 



dd 



-g^ohoTT-Z -— '-dd, 

oy" 



2(G''-^F-]da,g'boho7TZ% 



{p,v)TE 



2 ( G" - -F" 



d(gfohoTT.Z^ 
~~dy^ 



d. 



-2~gl ohoTT- Z^^i^l-i^^rf 
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it results that 

-gbohoTT- Z — '-dd 



We remark that 



/ 1 X 5 ^b^o/iovr-Z" 
-2 C^ - -F'^ ^ '-d, 

~^d{G'^-\F'^)-~ 
+2~gl ohoTT- z'^-^-^-Ldd. 



dgfoho^Z^ __^_,_ ^_^ ..._5^^ ~d 



{glohoTl.y^)p\oho TX ^^. =g^ohoTT- y^ p\ oho TT^— ■ g^ O h O TT 

p^h i 1 d(g^ohoTT ■ y^) , , 



dx^ 



^ ^rbd{g'e°ho'K-y'^) 

and 



dy^ 



-.d _.c ,_ ~,a(fffo/io^-j/^) 



Z^ =gloho7r-Z'' 



dy" 
Using equahties (Pi) and {P2), we obtain: 



Z'^da + Y'^daj =Z''da + 

+ I-Y-- 2gl o h o vr^i^^^-^l^Z^ +(^gdoho7r- y^) Z^L^ o ho n ■ g^c o ho tt) B^. 

After some calculations, it results that P is an almost product structure. 
Using the equality 

P = /d-2(p,r/)r, 

we obtain that 






Y- + -glohoTT ' ^^^^ ' Z' --[glohoT:.y-] Z'L^ oho7r-rcOhoTr]da 



Since 



{p, v) r (z^Ba + Y'^Ba] = (y'^ + {p, v) r?^') Ba 

it results that relations (5.11.1.4) are satisfied. In addition, since 



1 riV' 

{p,ri)tl = {p,r^)Tl+-gioho^^ 
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and 



a, 1.6- . dF- 



= M>^(^p^o/iovr.^/+(p,ry)r^)M,^o/iovr 



(rlTVI'^ f 1 r)V^\ \ 

= M>7r (^p^/iovr . ^/ + (p, r,) T" J M^o/iOTr 

it results the conclusion of the theorem. q.e.d. 

Remarks 

1. If (p, ??) = (IdTpijIdM), ig,h) = {Me, IdM), and F^ 7^ 0, then we obtain the 
canonical semispray associated to connection T which is not the same canonical 
semispray presented by I. Bucataru and R. Miron in [7]. 

2. If {p,7]) = {IdrM, Mm), {g,h) = {Me, Mm), and F^ = 0, then we obtain the 
canonical semispray associated to connection T which is not the classical canonical 
semispray associated to connection T. 

Using Theorem 5.11.1.1, we obtain the following: 

Theorem 5.11.1.2 The following properties hold good: 

o 

1° Since Sc = dc — {p, r]) t^da, c G 1, r, it results that 



(5.11.1.6) 6c = Sc- -gcOhoTT ■ -T^da, c G 1, r. 



1-fe ^ dF-~^ _ 

— q^ o ft o vr • ——r_ 



2° Since Sy"" = {p, rf) T'^dz^ + dy"", it results that 
(5.11.1.7) hr = 5r + -/c ° h o vr^dr, a G T;7. 

Theorem 5.11.1.3 The real local functions 



d{ p,v)Tl d{p^T- 

Qyb ' Qyh 



(5.11.1.8) (^^^^'^^^%f^'0' ^\^-^b,c^—r, 

and 



(5.11.1.8') y ^^J \ YJ 'Q' OJ, a,6,cGl,r, 

respectively, are the coefficients to a normal Berwald linear {p^rf)- connection for the 
generalized tangent bundle {{p, rj) TE, {p, rj) te, E). 
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Theorem 5.11.1.4 The tensor of integrability of the {p,r]) -connection {p,r])T is as 
follows: 



(51119) 1 (~e r. dF". ^ d'F'' . ^ dF"^^ ^ a^F" \ 



where i^ is the h-covariant derivation with respect to the normal Berwald linear {p^rj)- 
connection (5.11.1.8). 

Proof. Since 

(p, r?, h) M^^ = r (p, Me) {l^j ((p, r/) f ") - T (p, Me) (s^^ ((p, v) f ? 
+Ll^oho{ho7T){p,r,)tt, 
and 



r (p, Me) { ~5c ] ( (p, v) ry = r (p, Me) (6,) ((p, ,?) r^) 

+ -T{p,Me)(Sc) {g^a°hoTT 



1 5F-/' 5 

4^" dy^ dyf ^^^ " '^' 



r (p, /d^) ri] ((p, r,) f") = r (p, Me) {Id) ((p, r/) r«) 



1 / \ / BW" 

+ -T{~pJdE){5d) {~glohoTT 



1 dFf d 

1 .e , dFf d / e , aF" 



16 ^"^ ay^ dyf V % 

L^,o/i07r-(p,r,)f- = L^, o /j o vr ■ (p, ,?) r« 

+L'^cd ° ho TT ■ I gl o ho IT 1 



dyf J 
it results the conclusion of the theorem. q.e.d. 

Theorem 5.11.1.5 Let 

Tl^6a ® dz' d2' G T^o'' ((p, r/) TE, (p, r/) r^,, E) 
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and 

StA ® Sf Sr G 7^i Up, v) TE, {p, r,) TE, E) 
such that they verify the following conditions: 



TL 



-Tl,, Sl = -S%, V6,cGl,r. 



V ({P}V) E[,{p,f])V j is the distinguished linear {p,r]) -connection presented in the 
Theorem 5.9.2, then the local real functions: 



(p, 7?) HI = ip, r,) H^, + ir (-9[ o /I o vr 



(5.11.1.10) 



dF'^dgbe 
dyf dy^ 



^.f , dF^dgbc .f , dF'^dgeA 
ip,r])Kc =iP,r])Kc 



are the components of a normal distinguished linear {p, r])- connection with {p, r])-7i {%%) 
and (/9, r/)-V(VV) torsions a priori given such that the generalized tangent bundle 
{{p, Tj) TE, (/9, rf) te, E) derives generalized Lagrange {p, r])-space. 
In addition, we have: 



(5.11.1.11) 



{p,r^,h)Tl = Tl 



Proposition 5.11.1.1 // S is the canonical {p,r])-semispray associated to the mecha- 
nical {p,ri)-system {{E,tt,M) ,Fe,{p,r])T) and from W -morphism {g,h), then 



(5.11.1.12) 



2G-' = 2G-M:oho7T-{g-b°ho7T)y'{ploho7:)^. 



Proof. Since the Jacobian matrix of coordinates transformation is 



M"; oho-K 







dM" O TT 
plo{ho^)^^—y- M«ovr 



and 



dx^ 



M^ohoTT 



M^ohoTT 



{9t oho7:)y^ 
-2 ( G'* - -F"" 



{g^' o h o tt) y'' 
-2 1 G"'-^F"' 



the conclusion results immediately. 

In the following, we consider a differentiable curve I ^ M and its (g, /i)-lift I ^ E. 
q.e.d. 

Definition 5.11.1.3 The curve c is a integral curve of the (p, r/)-semispray S of the 
mechanical (p, ry)-system {{E, vr, M) , Eg, (p, rf) F), if it is verifies the following equality: 



(5.11.1.13) 



dc{t) 
dt 



T{p,IdE)S{t{t)). 
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Theorem 5.11.1.6 All {g,h)-lifts solutions of the equations: 

(5.11.1.14) ^^^ + 2G"o n (c, c) {x (t)) =^i^"o u (c, c) (x (t)), ogT^, 

where x (t) = (rj o h o c) {t) , are integral curves of the canonical (p, rj)-semispray asso- 
ciated to mechanical {p,r]) -system {{E^n^M) , Fe,{p,rj)T) and from locally invertible 
'B^ -morphism {g, h) . 

Proof. Since the equality 

^ = T{p,IdE)S{c{t)) 

is equivalent to 

±({^ohocy{t),y-{t)) 

plor^oho c{t)gt o h o c{t)y\t), -2 Tg" - \f'^\ ((r, o /j o c)^(t), y'^(t))] , 



it results 



dy'' (t) ^ 2G- (x* it) , y- (t)) = If" (x* (t) , y» it)) , ael,n, 



dt V V ^'^ V // 2 

pior/o/ioc(t)56"o/ioc(t)t/''(t), 



'^2;* (i) i ^ „ ^ I, ^ „u\ „a ^ I, ^ „u\ „,b 



dt 
where x* (t) = (r/ o /i o c)* (t). g.e.d. 

Definition 5.11.1.4 If S* is a (/?, ?7)-semispray, then the vector field 

(5.11.1.15) [C,5](p,^)Ti?-5 

will be called the derivation of {p,r])-semispray S. 

The (/9, r7)-semispray S will be called {p,r]) -spray if the following conditions are 
verified: 

1. S" o G C^, where is the null section; 

2. Its derivation is the null vector field. 

The (p, ??)-seniispray S will be called quadratic {p,r]) -spray if there are verified the 
following conditions: 

1. 5 o € C^, where is the null section; 

2. Its derivation is the null vector field. 

In particular, if (p, r/) = (idrMi IdAi) and {g,h) = {IdE,IdM) , then we obtain the 
spray and the quadratic spray which is similar with the classical spray and quadratic 
spray. 

Theorem 5.11.1.7 // S is the canonical {p,ri)-spray associated to mechanical {p^rf)- 
system {{E,Tr, M) , Fg, {p,ri)T) and from locally invertible W^ -morphism {g,h), then 



2(G'^-\FA={p,v)Tt(g'}oho7r-yl 
.1.16) V 4 / 



(5.11.1.16) 

+ 2[9e°ho7r-y''jL''^^oho7:g^oho7^(^g'johoTT-yfj,ae T~f. 
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Then, we obtain the spray 



d 



(5.11.1.17) 



S ={glohoT,)y^— + {p,ri)Tl[g'^^oho^.yi 



d 

dy<^ 



+ 7: [ai ° h o TT ■ y^\ L\^o h o TT ■ gl o h o t: ig'j o h o TT ■ y^ 



This (p,rj) -spray will be called the canonical {p,rj) -spray associated to mechanical 
system ({E,tt,M) ,Fe,{p,ri)T) and from locally invertible W^ -morphism {g,h). 

In particular, if {p,rj) = (idrMi IdM) o^f^d {g,h) = {IdE,IdM) , then we get the 
canonical spray associated to connection T which is similar with the classical canonical 
spray associated to connection T. 



Proof. Since 



y''da,{glohoTT-y'')di 



y-da, [ G" - -F" ) db 



y''da,{gloho7r-y'')db 



{p,v)TE 

ad{gl°ho-K -y^ 
= y TT-a 

{p,v)TE ciy 

= y''gloho7r-6ldb-0=(gloho7r-y^)db 



{p,v)TE 



db-(glohoTr-y^)p'f^oho vr^ 



and 



y^da, (G' - iF^) Bb 



{P,V)TE 



J{G'-\F 
8{G^-lF^)^ 



-db -{G'--F'] Sida 



dy"" 



1 



it results that 

(^1) [C,S] 



MTE -S =2 ( -y/^l^l^i^ + 2{G'^-^F^]]da 



y 



f 



db- G"- -F" db 



Using equality (5.11.1.4), it results that 

a 1 jpa^ 



d (G'^ - IF" 



iS'. 



y 



f 



+ ^ [at ° h o TT ■ y^j L^a^ o h o TT ■ gl; o h o IT ■ gj o h o IT. 
Using equalities (Si) and (^2), it results the conclusion of the theorem. 



q.e.d. 



Remark 5.11.1.2. If (p, ry) = {idTM,IdM) and {g,h) = {IdE,IdM) , then we get the 
canonical spray associated to connection T. 

Theorem 5.11.1.8 All (g,h)-lifts solutions of the following system of equations: 
'^y\ip,v)K[gjohon.yf) 



(5.11.1.17) 



dt 



1 



e\ rb 



+ 7^[9e°ho-K-y j L^^0h0TT-gi,0h0TTigj:0h0TT-y 



.,/ 



0, 



are the integral curves of canonical {p,r]) -spray associated to mechanical {p,r]) -system 
{{E, IT, M) , Fe, {p, rf) r) and from locally invertible W -morphism {g, h) . 
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5.11.2 The Lagrangian formalism for Lagrange mechanical (p, ?7)-systems 

Let {{E,TT,M) ,Fe,L) be an arbitrarily Lagrange mechanical (p, ?7)-system. 

/ d d \ 
The natural dual {p,rj)-base {dz°',dy"') of natural (p, ?7)-base I ^7—, -^z- 1 is deter- 
mined by the equations 

It is very important to remark that the 1-forms dz", a € l,p and dy'^, a G l,n are 
not the differentials of coordinates functions as in the classical case, but we will use the 
same notations. In this case 

(dz") / d(''''?)^^ (z") = 0, 

where d^^'^' is the exterior differentiation operator associated to exterior differential 
T (i?)-algebra 

{A{{p,7])TE,{p,7])rE,E),+,;A). 

Let L be a regular Lagrangian and let (^f, h) be a locally invertible B'^-morphism of 
{E, IT, M) source and [E, vr, M) target. 

Definition 5.11.2.1 The 1-form 

(5.11.2.1) eL = {9a°hoTT-Le)dz'' 

will be called the 1-form of Poincare-Cartan type associated to the Lagrangian L and 
to the locally invertible 'B^-morphism {g,h). 

We obtain easily: 

(5.11.2.2) ^L(J^)=go/,ovr.L„ 0,. ( A 

Definition 5.11.2.2 The 2-form 

will be called the 2-form of Poincare-Cartan type associated to the Lagrangian L and 
to the locally invertible 'B^-morphism {g,h). 

By the definition of d^^'^' , we obtain: 

ool{U,V) =T{~pJdE){U){eL{V)) 

(5.11.2.3) . N 

- r (p, idE) {V) {Ol (u)) - Ol [[u, T^](,,,)Ti^) , 

for any [7, F € P ((p, ??) TE, (p, 7?) te,E). 
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It follows: 



(5.11.2.4) 



WL 



WL 



WL 



d _d_ 



d d 
d d 

Qya ' Qyb 



(P5 o /l o vr) ■ Lia - Llf^ o h o TT ■ g^ o h o TT ■ Le] 
-gl ohoTT ■ Let; 

0. 



Definition 5.11.2.3 The real function 
(5.11.2.5) 8L = y''-La-L 

will be called the energy of regular Lagrangian L. 
Theorem 5.11.2.1 The equation 

(5.11.2.6) is (ojl) = -d(P''?)^^ (Sl) ,ser Up, t?) TE, (p, 7?) te, e) 

has an unique solution Sl (g, h) of the type: 

d 



(5.11.2.7) 

where 

(5.11.2.8) 

and 

(5.11.2.9) 



feohon) /-^ - 2 ( G'^ - \fA 4r - 



2G'' = glohoT,. L^b . E, {L,g, h) + ^F" 



Eb{L,g, h) = plohoTT ■ Li- g^ohoTT -y" ■ plohon 

+ (7g o /i o vr • y^ • Lf^o/iovr ■ {g^ o h o tt ■ L. 



d {gl o h o -K ■ Le 



dx'^ 



Sl ig,h) will be called the canonical {p,r])-semispray associated to Lagrange mechanical 
{p,ri)- system {{E,it,M) ,Fe,L) and from locally invertible 'B^-morphism {g,h). 
Proof We obtain that 

.s(a;L) = -d(^''')^^(^L) 



if and only if 



u;LiS,X) = -T{pJdE){X){£L), 



for any X G r ((p, 77) TE, {p, r]) te,E) . 
Particularly, we obtain: 



-^L{S,^)=-r{p,IdE)(^,]{£L). 
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If we expand this equality by using (5.11.2.2) and (5.11.2.4), we obtain 
glohoTT -y 



i u dig^ohoTT- Le) i d{glohoTT-Le) 

PaOhoTT 2_^ pf^ohon ■ 



-plohon .{gtohon- /) • ^(gg°^^°^--^e) ^ ^.^^^^ . ^^ 



After some calculations, we obtain 



2[G'' --^F-] = glohoT, -L-K E, {L,g, h) 



where 



Eb [L, g, h) = pf^ohoTT ■ Li- g^ohoTT -y ■ Paohoir — \- 

+ 5" o /i o vr • y^ • L'^b°h°T^ ■ {9d°^°'^ ' ^e) ■ 

q.e.d. 

Remarks 

1. If Fg = and 77 = Mm, then Sl {Me, Mm) = Sl is the canonical p-semispray 
associated to regular Lagrangian L which is similar with the semispray presented 
in [27] by M. de Leon, J. Marrero and E. Martinez. 

2. If Fg 7^ and (p, r/) = {Mtm,Mm), then Sl{Me,Mm) = Sl will be called 
the canonical semispray which is not the same canonical semispray presented by 
I. Bucataru and R. Miron in [7]. 

3. If Fg = and {p,ri) = {Mtm, Mm), then Sl{Mm,Me) = Sl will be called 
the canonical semispray which is not the same canonical semispray presented by 
R. Miron and M. Anastasiei in [41]. 

Theorem 5.11.2.2 The real local functions 

I ,^a l~e , d{g-oho7r-L-'^-Eb{L,g,h)) 

(5.11.2.10) ^ ^y 

- 2 [9e ° f^ ° ^ ■ y"") ^dc ° h o IT ■ g^ o h o TT, a,ce l~r. 

are the components of a (p, rj)- connection (p, 77) F for the vector bundle {E, it, M) which 
will be called the {p,ri) -connection associated to Lagrange mechanical {p,ri) -system 
{{E,TT,M) ,Fe,L) and from 'B^-morphism {g,h). 

Corollary 5.11.2.1 The real local functions 

dG" 



{p,7^)t\ = (gloho7:) 



(5.11.2.11) ' ' ^y 



2 ^9e°ho7:-y'')L^^oho7:-g^ohoTT, a, c G 1, r 
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are the components of a (p, ij)- connection {p, rf) f for the vector bundle {E, vr, M) . 
In addition, we have 

(5.11.2.12) (/>, 7?) ^, = {p, r,) n +-{g^^ohon)- ^, Va, c G T;7. 

Theorem 5.11.2.3 The parallel {g,h)-lifts with respect to {p,ri)- connection {p,ri)T 
are the integral curves of the canonical (p,ri)-semispray associated to mechanical {p^rj)- 
system {{E,tt, M) ,Fe,L) and from locally invertible W -morphism {g,h). 

Definition 5.11.2.4 The equations 

(5.11.2.13) ^^ + (ff« o /I o ^ . L-b . E, (L, g, h)) o u (c, c) (x (t)) = 0, 

where x{t) = r]oho c(t), will be called the equations of Euler- Lagrange type associated 
to Lagrange mechanical {p,ri)-system {{E,Tr,M) ,Fe,L) and from locally invertible B^- 
morphism {g, h) . 
The equations 

(5.11.2.13') ^^ + [L-b . E, (L, IdEjdM)) o u (c, c) [x {t)) = 0, 

where x (t) = horj o c{t), will be called the equations of Euler- Lagrange type associated 
to Lagrange mechanical {p,rj)-system ({E,tt,M) ,Fe,L). 

Remark 5.11.2.1 The integral curves of the canonical (p, r/)-semispray associated to 
mechanical (p, ry)-system {{E,tt,M) ,Fe,L) and from locally invertible B^-morphism 
{g,h) are the {g,h)-Mts solutions for the equations of Euler-Lagrange type (5.11.2.13). 
It is known that, in classical sense, a geodesic with respect to a Finsler metric 

TM -^ M+ 

is a curve c on the manifold M such that the components of its tangent lift 

dc* d 
dt dx"^ 

are solutions for the Euler-Lagrange equations 

(5-11-2.14) l(lP)-f^ = o, ^ei;^. 

If 

\TM,TM,M),[,]T^,^,^,{p,r,) 

is a generalized Lie algebroid different by the generalized Lie algebroid 

{TM, TM, M) , [, \TMJdM ' i^'^TM, IduYj > 

then, using the classical method by work, we can not determine the geodesies on the 
manifold M such that the components of their lifts (different by the tangent lift) are 
solutions for the Euler-Lagrange equations (5.11.2.14). 
Using our theory, we obtain the following 
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Theorem 5.11.2.4 If F is a Finsler fundamental function, then the geodesies on the 
manifold M are the curves such that the components of their {g,h)-lifts are solutions 
for the equations of Euler- Lagrange type (5.11.2.13) . 

Therefore, it is natural to propose to extend the study of the Finsler geometry from 
the usual Lie algebroid 

{{TM, TM,M), [, ]y^^ , {IdTM,IdMJ) , 

to an arbitrary (generalized) Lie algebroid 

Ji^,7r,M),[,]^^^,(p,r/)^ 

6 The geometry of total space of the generaUzed tangent 
bundle for dual vector bundle 

6.1 Adapted (p, 7])-basis and adapted dual (p, 7])-basis 
In the following we consider the following diagram: 



E 



F, [, ]Rh ' (P' V) 



M ^A^ 

where {E, vr, M) G |B"^| and ( {F, u, N) ,[,]pf^, {p, 77) j is a generalized Lie algebroid. 

* / * * ^ 

Let (p, 77) r be a (p, ?7)-connection for the vector bundle I E,tt,M 



If we put the problem of finding a base for the F I E ] -module 



T{H{p,ri)TE,{p,ri)T^,E],+, 



of the type 



* 



TOO 



which satisfies the following conditions: 



r((P'^)-!>^^^)|4| = T. 



eJ \ bz 
(6.1.1) 



r((/>,.)r,/d.ll^l = 0, 



then we obtain the sections 

(6.1.2) J_ - J_ + fo „^ f, JL. 
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We observe that their law of change is a tensorial law under a change of vector fiber 
charts. 

Definition 6.1.1 The base 



Sz" ' dpa 



5a, d 



will be called the adapted {p,rj)-base. 
The following equality holds good 



(6.1.3) 



r(p,Id^] (6a] = {pl,oho7r)d, + {p,r])rhad' 



where ^8., d^ ) is the natural base for the T ^E ) -module (T (TE, r.^,E),+, 

* * 

Moreover, if (p, rj) T is the {p, ?7)-connection associated to connection T, then we 

obtain 



(6.1.4) 



T(p,Id^) (6a) ={pl,ohon)6^ 



where I 6i, da 1 is the adapted base for the J^ ( E J -module I P I TE,t* ,E] ,+, 
Theorem 6.1.1 The following equality holds good 



(6.1.5) 
where 



6a, 6 13 



(P,V)TE 



Lip o(ho'K\6^ + {p, 7], h) Mf, aiid , 



(6.1.6) 



{p,7^,h)Ri, ap =T(p,Id,] (6fi\ (p,7?)r, 



ba 



+ T(pJd.^] (6a] ({P,V)'^H3 



Lip ohoTTJ {p,ri)Tb^, 



Moreover, we have: 



(6.1.7) 
and 



6a, d 



{p,v)TE 



-r(p,id,^] \d ) ({p,v)na]d , 



(6.1.8) r(p,id,^ 



6a, 6 13 



T(p,id,^ I6a],rrp,id,^ 



{p,v)TE 

Let {dz°',dpa) be the natural dual (p, r/)-base. 

If we consider the problem of finding a base for the T ( E ] -module 



TE 



r( (V{p,v)TE] ,({p,v)r^) ,E],+, 
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of the type 

5pa = Oaadz"^ + uj\dph, a G 1, r 

which satisfies the following conditions: 

(6.1.9) l8pa,^\=5i^(5pa,~5})=^., 



then we obtain the sections 

(6-1-10) 5pa = - (p, V) Ladz'^ + dpa, O G T;7. 

We observe that their changing rule is tensorial under a change of vector fiber charts. 
Definition 6.1.2 The base {dz"',6pa) will be called the adapted dual {p,r])-base. 

6.2 Remarkable endomorphisms 

Now, let us consider the following diagram: 



E 



(f,[,]^^^,(p,7?)) 



M ^N 

where {E, tt, M) G jB"^| and ( {F, u, N) ,[,]pf^, (p, 77) j is a generalized Lie algebroid. 
Definition 6.2.1 For any Mod-endomorphism e of 

r((p,r,)TE,{p,r,)T,^,EY+, 
we define the application of Nijenhuis type 

2 Ne 



r Up, r,) TE, {p, r,) T^, E\ T Up, r,) TE, {p, r,) r^, E 

defined by 

NAX,Y) = [eX,eY] ,+e^X,Y] .-e[eX,Y] .-e[X,eY] ., 

(p,ri)TE (p,v)TE (p,ri)TE (p,v)TE 

for any X,Y eV ({p, r,) TE, {p, r,) r^, e] . 

Remark 6.2.1 The vertical and the horizontal vector subbundles are interior differential 
systems for the Lie algebroid generalized tangent bundle 



ip,,)TE,ip,,)r,^,E),[,]^^^^^^^,^,^p,Id,^ 

These interior differential systems will be called vertical and horizontal interior 
differential systems. 
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6.2.1 Projectors 

Definition 6.2.1.1 Any Mod-endoniorphism e of 

T((p,r,)TE,{p,7])T^,E 

with the property 

(6.2.1.1) e2 = e 

win be cahed a projector. 

Example 6.2.1.1 The Mod-endomorphism 

* .a .a 

Z"l^ + Ya~d ^ Ya~d 
is a projector which wiU be cahed the the vertical projector. 

* f ■J\ :" 
Remark 6.2.1.1 We have V ( (5„ 1 =0 and V \ d \ = d . Therefore, it follows 



V(da] =-{p,v)had . 



Theorem 6.2.1.1 A {p,r])- connection for the vector bundle [ E,tt,M j is characterized 
by the existence of a Mod-endomorphism V of 

r({p,r,)TE,{p,r,)T,^,E],+, 



with the properties: 



Vi^ri^{p,r])TE,{p,rj)T.^,EJj CT i^i^V {p,r^)TE,ip,r^)T,^, E 
V{X) = X ^^ Xer(^(vip,r^)TE,ip,r^)T^,E 
Example 6.2.1.2 The Mod-endomorphism 

r(^(p,7?)T^,(p,7?)T^,^) -^ T(^ip,r])TE,{p,r])T^,E 

* ■ a * 

Z'^Sa + Yad ^ Z''5a 

is a projector which will be called the horizontal projector. 

*/;\; * -J * /t \ t 

Remark 6.2.1.2 We have Ti ISa) =Sa and ^{[d )=0. Therefore, we obtain Tilda) =So 
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Theorem 6.2.1.2 A [p, 7]) -connection for the vector bundle ( £',7r,M ) is characterized 
by the existence of a Mod- endomorphisni T-L of 



T[{p,7^)TE,{p,r,)TyE],+, 



r(ip,r])TE,ip,r])T.^,E\ CT iH {p,r^)TE,ip,r^)T,^, E 



n{X) = X^^Xer{H{p,r,) TE, {p, v)r^,E]. 



with the properties: 
(6.2.1.3) 



Corollary 6.2.1.1 A {p,r]) -connection for the vector bundle [ E,ir,M j is characterized 

* 
by the existence of a Mod- endomorphism 7i of 



r({p,r])TE,{p,r])T,^,E],+, 



with the properties: 
(6.2.1.4) 



n = n 



Ker(n] = {r{V{p,r])TE,{p,r])T,^,E],+, 



Remark 6.2.1.3 For any 



XeT(ip,r])TE,ip,r])T*^,E 



we obtain the following unique decomposition 

X= 'HX+ VX. 
Proposition 6.2.1.1 After some calculations we obtain 



(6.2.1.5) 



m{X,Y) = V 



nx, HY 



(P,V)TE 



N^{X,Y), 



for any X, y G r ( {p, 77) TE, {p, v)r,^,E 



Corollary 6.2.1.2 The horizontal interior differential system 



H{p,7])TE,{p,7])T,^,E 



is involutive if and only if N* = or N* = 0. 
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6.2.2 The almost product structure 
Definition 6.2.2.1 Any Mod-endomorphism e of 

with the property 

(6.2.2.1) e^ = Id 
win be cahed the almost product structure. 

Example 6.2.2.1 The Mod-endomorphism 

r(^{p,r^)TE,ip,r^)T^,E^ -^ T (^(p,r/) T^, (p,r/) r^, ^ 

Z^5a + Yad ^ Z°5, - Yad 

is an almost product structure. 

Remark 6.2.2.1 The previous almost product structure has the properties: 

V = 2n- Id; 

(6.2.2.2) V = Id-2V; 

* * * 

V = 'H-V. 

* /* \ * * / ' "\ ' '^ 

Remark 6.2.2.2 We obtain that V iSa] = ~5a and V [ d = -d . Therefore, it 



follows , ^ .6 



Theorem 6.2.2.1 A {p,ri) -connection for the vector bundle [ E,-it,M ] is characterized 
by the existence of a Mod-endomorphism V of 

r(^{p,r])TE,{p,r])T,^,Ey+, 
with the following property: 

(6.2.2.3) r(X) = -X ^^X er(v{p,r]) TE, {p,r])T,,E 

Proposition 6.2.2.1 After some calculations, we obtain 

N, {x,Y) = 4v nx,nY 

■p 



for any X,Y ^T \ {p, r/) TE, {p, 77) t^,E\ . 

Corollary 6.2.2.1 The horizontal interior differential system 

H{p,ri)TE,{p,ri)T.^,E 
is involutive if and only if N* = 0. 
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6.2.3 The almost tangent structure 
Definition 6.2.3.1 Any Mod-endomorphism e of 

with the property 

(6.2.3.1) 6^ = 

win be cahed the almost tangent structure. 

Example 6.2.3.1 If {E,-it,M) = {F,u,N) and g G Man [E,e\ such that {g,h) is a 
B'^ -morphism locally invertible, then the Mod-endomorphism 

r(^ip,r^)TE,ip,r^)T^,E^ ^ T (^{p,r^)TE,ip,r^)T ^,E 

* . b -b 

Z'^da + Ybd ^ (~gba oho^) Z^b 



is an almost tangent structure which will be called the almost tangent structure asso- 
ciated to 'B^ -morphism {g,h). (See: Definition 4.4.2.3) 

Remark 6.2.3.1 We obtain that 

J'(ciM) {~^a] = J (ah) ida] = ( (jba o h o n] d 



(9,h) I ''a I - J (g,h) \^a 

and 

Remark 6.2.3.2 The previous almost tangent structure has the following properties: 

* * * 

J'ig,h)°'P = J(g^y^ 
^°J{g,h) = -J{g,hy, 



(6.2.3.2) 



'^ {g,h) ^ rL - 
* * 


= 0; 


*^{9.h)-y -- 


= 0; 


^°*^(9.h) -- 


* 


•^(g.h) 


= 0. 
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6.2.4 The almost complex structure 

Let us consider in the case {E, tt, M) = {F, u, N). 

bkDefinition 6.2.4.1 Any Mod-endoniorphism e of 

T{{p,r])TE,{p,7])T, *E),+,- 

hi 

with the property 

(6.2.4.1) e2 = -Id 

win be called the almost complex structure. 

Example 6.2.4.1 If {g, h) is a B^-morphisni of ( i?, tt, M ) source and {E, it, M) target 
locally invertible, then the Mod-endomorphism 

* ■ a ^, . b 

ah 



Z-6a + Yad ^ (g^'ohoTr]YhSa-(gbaohon]Z-d 

is an almost complex structure. 
Remark 6.2.4.1 We have 



■^(9,h) ( ^a j = - (56a ohonj d 



and 

,,ab 



Therefore, we obtain: 

* /*\ */ \ * / \ -^ 

^ig,h) ( ^c j =-(/>, v) Tbc (5"^ ohonj6a- (dbc ohonjd . 

Remark 6.2.4.2 The previous almost complex structure has the following properties: 
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6.2.5 The (p, ?7)-tension endomorphism 

Since 

it results that 

* dip,?]) Tba n^b *L ^r 9{p,r])rba\ f.a . * 
[P, V) Tfe- - Pd g— = Mb-OTT \ (p, r]) Tba - Pa g \ A^-ohoTT, 

Therefore, we can introduce the fohowing 
Definition 6.2.5.1 The Mod-endomorphism 

T(^ip,r])TE,ip,r])T.^,E^ ^^ T (^ip,r])TE,ip,r]) r ^,E 
defined by 

{p,r])M(h) = (ip,r])Tba-Pa^^^^)d, 
(6.2.5.1) ).a{ 

(p,ry)M 9 =0 

* 
will be called the {p,r]) -tension of {p,r]) -connection {p,ri)T. 

In particular, if (p, r/, h) = {IdTM,IdM,IdM), then we obtain the tension of connec- 
tion r. 

Proposition 6.2.5.1 We obtain the following equalities 

[IdtJdM] {Idt,IdM 

6.3 The (p, 1], /i)-torsion and the (p, t], /i)-curvature of a (p, 7])-connection 

We consider the following diagram: 



E 



(^1 I ]F,h ' (P' V)) 



M ^N 

where (E, tt, M) € |B"^| and ( [F, v, N) ,[,]pf^, (p, ??) ) is a generalized Lie algebroid. 

Definition 6.3.1 If (£', vr, M) = (F, u, N), then the F ( E ) -bilinear application 



r ( (p, 7?) TE, (p, 7?) r^, e) ^^^^ r ( (p, r,) TE, (p, r/) r^, E 
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defined by 

(/>, T], h) T [^b, 5c j = I -^^ ^^- Lf,, o /i o vr I <5a; 

(6.3.1) (p,,?,/j)TU,,a J =0 = (p,r/,/i)Tfa,^J; 

(p,r/,/i)Tfa,9 j =0; 

will be called the {p,ri,h) -torsion associated to {p,r]) -connection {p,r])T. 

In particular, if /i = IcIm, then we obtain the {p,r]) -torsion associated to {p^rf)- 

connection (p, rf) T. 

Moreover, if (p, r/) = (IdTM^IdM), then we obtain the torsion associated to connec- 

tion r. 

Remark 6.3.1 If {p, rj, h) T is the {p, rj, /i)-torsion associated to (p, 77) -connection (p, rj) F, 
then 

(6.3.2) (p, ^, h) T(X, y) = - (p, r/, h) T(y, X), 



for any X, y G r ( (p, 7?) TE, (p, r/) r^, E 
Definition 6.3.2 If we consider the notation 

(noo\ ( u\^^ p«t d (p, rj) Tfce g (p, ??) Vch ja , * 

(6.3.3) (p, ??, /i) T 6, = ^- ^-- h^ohoTT 

then the tensor field 

(6-3-4) (p^ rj, h) T b^(5a «) dz^ ^ dF 

* 
will be called the {p,r],h) -torsion tensor field associated to {p,r])- connection (p, 77) F. 

Proposition 6.3.1 We obtain 

Jf ^o(p,^)T = 

id* ,IdM 
E 



and 






147 



for any X,Yerl {p, r,) TE, (p, r,) t,^,E\. 
Theorem 6.3.1 Using the {p,rj)-tension tensor field 

(6.3.5) (p, v) Mhad ^dz-={ {p, r/) f ,, - p.^i^^ll^ ] d ^ dz' 



and the (p^rj^h)- deflection of the {p^r})- connection {p^r})T 

(6.3.6) (p, r/, h) Obc = - {p, Vj) r^c + Pa ^^ — +Pa- Ll^°ho^, 

OPa 

we obtain that (p, r/, /x)D5c=0 if and only if {p^ri)M.i)c=0 and (p,r/, /i)T^c=0. 
Proof If (/), 77, /z) I3)5c=0, then deriving with respect to p^, we obtain: 

%^ 9pi^ + ^bc°ho7: = 0^^{p,r],h) Tfe, = 0. 

The equahty (p, /y, /i) B5c=0 impHes: 

(1) (P,??)r6c=Pa ^ +PaLf,^ohoTT. 

Since 

* 
9 (p, 77) Ffec 



(p, 77) Hbc = (P, ??) Tfec - Pa - 



dpa 



_ d{p,v)T,b d{p,v)nc .g , *_ ^,, „ .w" 

— Pa ^ Pa ^ rPa^bc o H o n — Pa (p,ri,n) li^^ 

CPa CrPa 

it results the equality (p, r/) ]HIf,c=0. 

Conservely, if {p,rj, h) T{,(,=0, then, multiplying with pa, we obtain: 

/o^ ^(P,^)rcb d{p,r])Tbc ra u * n 

(2) Pa a Pa a \-paLbcO hoTr = 0. 

OPa OPa 

* 

The equality (p, ij) El5c=0 is equivalent with: 
3 {p,v)^bc = Pa T. • 

OPa 

Using (2) and (3), it results the equality {p.,ri, h) D^c = 0. q.e.d. 
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Definition 6.3.3 The J- I E ] -bilinear application 

r {{p, ri) TE, (p, l^) r^, E^ ^^^^^ T [{p, r^) TE, (p, r/) r^, E 

defined by 

* ft t \ * ■} 

[p, ri,h)R{ Sa, Sfs j = {p, 7], h) M^ ^^5 ; 

(6.3.7) ip,r],h)Ri~6a,d = = ip,r],h)Rid ,K] ; 

ip,r],h)Rld ,d J =0; 

will be called the {p,r],h)- curvature associated to {p,ri) -connection {p,ri)T. 

In particular, if (p, rj, h) = {Mtm, Idu, Idu), then we obtain the curvature associa- 

ted to connection T. 

Remark 6.3.2 If {p,r],h)R is the (/?, 77, /i)-curvature associated to (p, ?7)-connection 

* 
{p,r]) r, then 

(6.3.8) (p, r], h) R {X, Y) = - {p, 77, h) R {Y, X) , 

for any X,Y eV ({p, r,) TE, {p, v)t^,E 

Definition 4.3.4 The tensor field 

(^•^•^) ip,V,h)Rbapd (^dz'^(^dz^ 

will be called the {p,ri,h)- curvature tensor field associated to the {p,r])- connection 

Using equality (4.1.5) we obtain 

(* * 

H [p, rj) TE, {p,rj)T * ,E 

is involutive if and only if the {p, rj, /i)-curvature tensor field associated to the {p, rj)- 
connection (p, rj) T is null. 

6.4 Tensor d-fields. Distinguished linear (p, ?])-connections 

We consider the following diagram: 



M >-N 
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where {E, vr, M) G IB"^! and f {F, u, N) ,[,]pf^, (/?, 77) j is a generalized Lie algebroid. 
Let 

be the J- i E ] -module of tensor fields by (g,'s)-type from the generalized tangent bundle 



H {p, ri)TEeV {p, ri) TE, {p, rj) r.^,E\. 
An arbitrarily tensor field T is written by the form: 



Let 



r( {p,v)TE,{p,r,)T^,E],+,-,® 



be the tensor fields algebra of generalized tangent bundle I (p, r/) TE, {p,r])T * ,E 

If riG7^^^7 ("(p, r/) TE, {p, ri) r^, ^"j and TaGT^^f/ ("(p, r/) T^, {p, r,) t ^, e\ , then 

the components of product tensor field Ti (8> T2 are the products of local components of 
Ti and T2. 

Therefore, we obtain Ti Ts G 7;^^++^;^;;^^' ((P> ^) ^^, (P> ^) r ^, E^ ■ 
Let VT ( (p, 1]) TE, (p, 77) r . , £' j be the family of tensor fields 



for which there exists 



and 



such that r = Ti + T2 . 



Ter{{p,v)TE,{p,ri)T.^,E 



TiGT^^i' (^{p,v)TE,ip,r^)T,^,E'^ 
T2€T^:: (^ip,r])TE,{p,r^)T,^,E^ 



The J-" I E I -module I T>T I (p, 77) TE, {p,r])T* ,E I , -|-, • I will be called the module 
of distinguished tensor fields or the module of tensor d- fields. 

Remark 6.4.1 The elements of 



respectively 



T[{p,r^)TE,{p,r^)T,^,E 



r( [{p,v)TE] ,{{p,r,)T,^r,E 
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are tensor d-fields. 

* ( * * 

Definition 6.4.1 Let {p,r])r be a (p, 77) -connection for the vector bundle I E,tt,M 

and let 

(6-4.1) (X,T)^(p,,)f)xr 

be a covariant (p, r7)-derivative for the tensor algebra of generalized tangent bundle 

ip,r])TE,ip,7j)T*^,E 

which preserves the horizontal and vertical distributions by parallelism. 

If \U,si/] is a vector local (m + r)-chart for i E,7r,M \ , then the real local functions 



* « * a n: ac ^ be 

{p, V) Hp^, {p, T]) i^b^, (p, T]) Vp , (/), 77) V^ 



defined on tt {U) and determined by the following equalities: 



{p,r])D, 6p = {p,'n)Hp^5a, {p,v)D*d ={p,r])Hf,^d 
(6.4.2) ^-r ^^ , 

{p,i])D./5p = {p,ri)Vp5c,, {p,r])D.cd ={p,r])V^d 
d d 

are the components of a linear (p, ?7)-connection 

(p, r/) i7, (/9, 7?) y 



for the generalized tangent bundle I {p,ri)TE,{p,r])T* ,E I which will be called the 

distinguished linear {p^rf)- connection. 

If /i = Mm, then the distinguished linear (JtirM, 1^^-) -connection will be called the 

distinguished linear connection. 

(* * \ 
H,V \ will be denoted 

* 4 * a if ic if he 



Theorem 6.4.1 // ((p, r/) H, (p, rj) V) is a distinguished linear {p, rj)- connection for the 
generalized tangent bundle ( {p,r])TE,{p,ri)T* ,E \ , then its components satisfy the 
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change relations: 



(6.4.3) 



ip,v)Hffy' =K%ohoTT 



T(~p,Id, ][S^] (A'lohoTT] + 



/3 



+ {p,ri)Hsy- Ag.o ho TT 



• A^-o/iovr, 



(p,r?)i7,Y =Mfo7r 



T(~p,Id,^]{6,][M-o^] + 



+ {p,n)Hf^-Ml.o^ 



• AX o /i o vr, 



* ac 



* ac 



ip,v)yi3- =K°hoTT-{p,r])V,^ -A^pohoTT- M^ o vr, 

* ac * ac 



(6.4.3)' 



The components of a distinguished linear connection [ H,V ] verify the change re- 
lations: 



HjT,- = ^^ o vr 



3x* 
5x* 



^'°^l+^.^-9^'°- 



/7,^, =M"o^ 



ffeTc- 



^/ 



5 / dx' * 



dx'' * 



dx 



dx'' 



:- ° ^) 



5X* * *^^dx^ * i,^r * 



V^^- =M^'o^.V^ -MJio^M^o^. 



Example 6.4.1 If I E,tt,M \ is endowed with the (p, r/)-connection (p, r/)r, then the 
local real functions 

d{p,v)'^b'y d{p,r])Tb-y 



dpa 



dpa 



-,0,0 



are the components of a distinguished linear (p, r/) -connection for the generalized tangent 
bundle 



{p,v)TE,{p,r,)T^,E\, 

which will by called the Berwald linear {p^rj)- connection. 

The Berwald linear (/drM;-^'^M)-connection will be called the Berwald linear con- 
nection. 



Theorem 6.4.2 // the generalized tangent bundle I (p, ??) TE, {p,ri)T * ,E \ is endowed 
with a distinguished linear {p,r])- connection {{p,r])H, {p,r])V), then, for any 



X = Z^5^ + Yad er{{p,r])TE,{p,r])T*^,E 
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and for any 



we obtain the formula: 

(p, r/) Dx ( rg7;:;j;'^!;,C^«i ^ - ® K ® ^^^^ ^ -^ 

®dz^i®d (g)...(g)9 (8)(5pai (8)...(8)(5pa, I = 



where 



and 



l.../3„fei...fes|7'- 



* .bi.bs 



, / \ TT rrCiCX2...Cipai...ar . . ( \ rj TnOl...Op-iatti...ar 

r« ^\ n rpai...apai...ar , n jt rpai...apai...ar 

— ( n r,\ n rpai...apaa2...ar _ _ ( „ „\ tt '' rpai...apai...ar-ia 

\P^V)^a-tJ'P^...p b^...bs ■■■ yP^y)^a-/J'i3^...l3 bi...bs 



9 

^biy^l3^...l3 bb2...bs + ••• + yP^V)J^bs'y^l3^...l3bi...b,^i 



rj^ai...apai...ar ,c_ -p I 7, Trl \ I ft \ rpai...apai...ar 
^t3,...l3^b,...bs I -^ Y'^^h) \ ) ^/3l-/3,6i-b. + 

* aic ^, cipC 

if \ TA maa2---apai...ar , . , \^t „oi---Op-iaai---ar 

+ (p,7?)y, 7>^...^^fel...fe, +... + (/>,??) l^„ ^/3,.../3;fei...6, 

* /3c * /3c 

-[P,V) >//3iJ/3/32.../3,bi...fe, ---IP'^J >//3//3i.../3,_i/3bi...fe, 

* aiC ^, OrC 

/ \Tr rpOLi...apaa2...ar / \ -r^ rTiai---apai---ar-iQ. 

{P,'>l)Va -L I3^...l3^bi...bs ■■■ {P^VJ^a ^ l3^...l3^bi...bs 

^,bc ^,bc 

+ [P,V) ^bi'^(5,...(5^bb2...bs--- + yP^^> ^ bj fi^...p^b,...bs-ib- 

Definition 6.4.2 We assume that {E, tt, M) = {F, u, N) . 

* ( * * \ 

If (p, r/) r is a (p, ?7)-connection for the vector bundle I -E, vr, M I and 



* a * " ^, ac * "c 

(p, ri) H^^, (p, 7?) #bc> (.P, V) Vb > (P> V) Vb 
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are the components of a distinguished hnear (p, r/) -connection for the generahzed tangent 

(* * \ 

(/9, 7]) TE, (/9, 77) r . , -E I such that 

{p, V) Hi,^ = (p, 7?) ^fec and (/?, ??) y^ = {p, 77) y^ , 

(* * \ 

(/9, 77) T£', (/?, 77) r . , -E I is endowed 

with a normal distinguished linear {p,ri)- connection on components 



The components of a normal distinguished linear (/(iTM)-^rfAf)-connection ( //, y ) will 

6.5 The lift of accelerations for a differentiable curve 

We consider the following diagram: 



E 



F^ I ]F.h ' (P' V) 



M ^N 

where {E,tt,M) € [B^] and {{F,u,N) ,[,]pf^ ,{p,r])) G |GLA| 



Let (p, r/) r be a (p, r/)-connection for the vector bundle I i?, vr, M 1 . 

We admit that I (p, r/) ff, (p, 77) y I is a distinguished linear (p, ?7)-connection for the 



vector bundle I (p, r/) TE', {p,r])T, ,E 

Let (7 G Man [ E,E ] be such that (5, h) is a B'^-morphism of [ E,7r,M ] source 



and {E, vr, M) target. 
Let 

T ^ V XT' 

t ^ Pa(i)s"(77o/loc(t)) 

be the {g, /i)-lift of differentiable curve / — >M. 
Definition 6.5.1 The differentiable curve 
I -^ {p,v)TE\i^^ 
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will be called the dijferentiable {g,h)-lift of accelerations of the differentiable curve c. 
The section 

,, , ,, Im (c) ^^^ (p, V) TE\ ijn(c) 

c (t) ^ ^"'^ (7? o /i o c (t)) • p, (t) a, (c (t)) + ^^a (c (t)) 

will be called the canonical section associated to the triple (c, c, c) . 
Remark 6.5.1 For any t (^ I, we obtain: 

u (c, c, c) (c (i)) = 5"" (r/ o /I o c (t)) • Pa (t) i (c (t)) + ^^3 (c (t)) 

(6.5.4) «* 

+ (p, 7?) f b„ o n (c, c) o r/ o /i o c (t) • 5"" o /i o c (t) • pa (i) 9 (c (t)) . 

* * 

We observe easily that u (c, c, c) (c (t)) € H (p, r/) TE'i im(c)if and only if the compo- 
nents functions (pa, a G l,r) are solutions for the differentiable equations 

(6.5.5) — h (p, r/) r^Q, o u (c, 6) o rj o h o c ■ 51"" oho c- Ua, a £ l,r. 

Remark 6.5.2 In particular, if (p, r], h) = {Mtm, IdM-, IdM) ■, then, using the differen- 
tiable (5, /(iM)-lift 

/ -^ TM 

i ^ ^^.^(c(t))^li.dx*(c(t)), 

we obtain the (5,/dM)-lift of accelerations of the differentiable curve c as being 

* 
I — ^ {IdTM,IdM)TE\i^^i^f^-^ 

(^■^■^) dd (t) d dc^ (t) d 

Definition 6.5.2 If the component functions 

{{g"''ohoc)-pa, aei;^) 
are solutions for the differentiable system of equations 

(6.5.8) — h (p, 7?) Hfj^ o u {c, c) o rj o h o c ■ z^ ■ z'^ = 0, a £ l,p, 

then the differentiable curve c will be called horizontal parallel with respect to the dis- 
tinguished linear (p, rj)- connection I (p, r/) H, (p, 77) y 



If the component functions (pa, a G l,r) are solutions for the differentiable system 
of equations 

duh * ""^ * 

(6.5.9) — {p,il)^b ° u {c, c) o T] o h o c ■ Ua • Uc = 0, b £ l,r. 
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then the difFerentiable curve c will be called vertical parallel with respect to the distin- 
guished linear (p, r])- connection I (p, 77) H, [p, rj)V ] . 



Remark 6.5.3 In particular, if {p,r],h) = {IdTM,IdM,IdM) ; then the differentiable 
((7, /(iM)-lift (6.5.6) is horizontal parallel with respect to the distinguished linear con- 

nection I //, y j if the component functions I — - — , i G l,r« ] are solutions for the 

differentiable system of equations 



dz^{t) 
~dt 



(6.5.11) 2, + ^jk o ^i (c, c) o c • z^ • z" = 0, i el,m. 



Moreover, the differentiable ((7,/(iM)-hft (4.5.6) is vertical parallel with respect 

H,V ] if the component functions 
dc^ 



9ji ° ^ ' ~T~) i G 1, w. 1 are solutions for the differentiable system of equations 

duj * *'^ 



(6.5.12) — -^ + ^1 ° ^ (c, c) o c ■ Ui ■ Uk = 0, J € 1, m. 

dt -^ 

6.6 The (p, 77, /i)-torsion and the (p, t], /i)-curvature of a distinguished 
Hnear (p, r7)-connection 

We consider the following diagram: 



M ^N 

where {E,Tr,M) G |B^| and ({F,u,M),[,]p,,^,{p,r])) G [GLA] 

Let (/?, 77) r be a (/?, ?7)-connection for the vector bundle ( £", tt, M ) and let 

{p,r])H,{p,ri)V 



be a distinguished linear (p, ?7)-connection for the generalized tangent bundle 

{p,r,)TE,{p,r,)T^,E 

Definition 6.6.1 The application 

r(^(p,r/)T^,(p,r/)T^,^) ^^^^ ri^{p,r,)TE,{p,rj)T,^,E 
{X,Y) ^ {p,r,,h)T{X,Y) 
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defined by 

(6.6.1) (p, r/, h) T (X, Y) = (p, 7?) DxY - (p, r/) DyX - [X, Y] * , 

(P,V)TE 

for any X,Y gF I {p, 77) TE, (p, 77) r . , -E j , will be called the [p, 77, h) -torsion associated 



to distinguished linear {p,ri) -connection ( {p,ri) H,{p,r])V 
The applications 

n{p,r],h)T(n{-),n{-)],n{p,v,h)T{n{-),n{-)],...,v{p,v,h)T{v{-),v{-) 



are called Ti ( T-LT-L I , V ( TiTi j , ..., V ( W ) (p, 7/, h) -torsions associated to distinguished 

(p, 7/) //, (p, 77) V 

Proposition 6.6.1 The {p,r],h) -torsion (p, 77, /i) T associated to distinguished linear 
(p, 77) //, (p, 7/) V^ I , is M.-bilinear and antisymmetric in the lower in- 
dices. 



, a * 



Using the notations: 

* * /; I \ 
n{p,ri,h)T Uy,5(s\ ={p,ri,h)T f^^Sa, 

* * /; I \ * i'' 

V{p,r],h)T l5j,5(^\ = {p,ri,h)Tbf^^d , 



*a c* 



(6.6.2) 



n{p,v,h)T\d ,6^] ={p,r,,h)¥ ^5a, 



,..b 



V(p,7/,/7)T(5,<5/3l =(p,r/,/i)P,^ a, 
V{p,v,h)Tld ,d j =(p,7/,/i)S, 9 , 

we can easily prove the following 

Theorem 6.6.1 The {p,r],h) -torsion (p, 7/,/i)T associated to the distinguished linear 
{p,ri) -connection [ {p,ri) H,{p,ri)V ] , is characterized by the tensor fields with local 
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components: 

(p, ?7, /i) T ^^ = (p, 77) Hp^ - (p, 7?) i7^^ - L°^ o /i o 7T, 

(p, ?7, /i) Tb/37 = -(p,?7,/i)]Rb /37, 
(6.6.3) (/>,^,^)IP/3 = {p^ri)Vp , 

(p, 77, /i) Pfe^ ^~d~\ ^^' '^^ ^^'^ J ~ ^^' ^^ ^'"^' 

(p, 7?, /i) s„ = (p, 77) y„ - (p, 7?) y„ . 

In particular, when {p,r],h) = (IdTM^IdM^IdM) , we regain the local components of 
torsion associated to distinguished linear connection I H, V 









* 


= -^6 jk 


* J c 

p, 


* Jc 






dhk 
dpc 


* be 


* 6c 


* be 
-Va- 







(6.6.3/ P, =y,, n, =_^-i7,„ 



Definition 6.6.2 The application 

r(^(p,r/)Tl;,(p,r/)T^,l;)) ^^^^^ r (^(p, 77) Tl;,(p,r/)T^,i5; 
((y,z),x) ^ (p,r,,/i)M(y,z)x 

defined by: 



(p, 7?, /i) M y, Z X = (p, r/) Dy (p, r/) i?^X 

(6-6.4) . / . X . 

- (p, 7?) i?^ (p, r/) D^X - (p, r/) Z)r^ ^1 ^ X, 

V / ^ ' -'(p,r,)Ti5 

^ ~ ^ / * * \ 

for any X,Y ,Z € F I (p, r/) TE, {p,ri)T* , E ] , will be called the (p, 77, h)-curvature as- 
sociated to distinguished linear {p,r])- connection ( {p,ri) H,{p,ri)V 



Proposition 6.6.2 The {p,r],h) -curvature (p, ?7,/i)]R associated to distinguished linear 
(p, 77) H, (p, 77) y I , zs ^.-linear in each argument and antisymmetric 
in the first two arguments. 
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Using the notations: 



(6.6.5) 






'* 1 \ i'^ * "■ 'J' 

{p,r],h)R{~6e,dj]d = {p,r],h)Rf, d , 



{p,r],h)R [6^,8 ]~6e = ip,V,h): 



e ■y'^aj 



ip,V,h)R{~6^,d ]d ={p,r],h)¥,^ J 



c .b\ 



^a be* 



{p,r],h)R[d ,d \ 5f} = {p,r],h)S /^ 6a, 

/ . c . b\ .a g^ij^ . d 

{p,il,h)R(d ,d \~d =ip,r],h)S^ B . 



we can easily prove the foUowing 

* 
Theorem 6.6.2 The {p,r],h) -curvature {p,r],h)R associated to distinguished linear 

(/?, 7]) H, [p, rj)V ] , is characterized by the tensor fields with local 

components: 



(6.6.6) 



E 
a 



{p, V, h)R p ^, =r(p, Id,) 5e {p, v)Hfs^-T{p, Id,) 6^ {p, 7^)H p_ 



+ (p, v)Hesip, r])Hs -{p, r])Hg Jp, r])H 



ab 



-{p, r], h)Rb s-y{p, V)y(5 -Ll^ ohoTT-{p, r])Hijg, 



ip,V,h)Rh^, =r{p,Id,^)\6ejip,r])Hf,^-{p,Id^)Uyj ip,r])Hf,^ 

^ C ^ 0, ^C 1^ Ci 

+ ipi v)Hbe{p, r])H^^-{p, r])Hi,^{p, 7])H^ 

-(/9, ??, h)Rc ejip, r])Vb -LL ohoTT-{p, r])Hi,g, 



(6.6.7) 



, a b 



ip,r],h)F 



e 7 



ab 

s 



rip,Id,^){6,){p,rj)V, -r{p,Id,^)\d Up,v)H^^ 



ab 



+ {p,v)H0y-{p,r])V, -{p,r])Vg ■ {p,r])H^^ 
+T{p,Id^)ld i{p,r])r,A-{p,r,)V, , 



ab 



ip,r^,h)¥, ^ =rip,Id.){6^]ip,r^)V, -Tip, Id,) 1 8 \{p,r^)H 



E 
^ d ^ ab jf db ^ a 

+ {p,ri)H^.^{p,ri)Vj^ -{p,r])V^ {p,ri)H^^ 

* /-^\ / * \ *'"'■ 

+T{p,Id^)ld\ ({p,r])r,A{p,rj)V, , 



C7 
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(6.6.8) < 



ta be 



. ab 



(p, v,h)S^ =Tip,Id^)ld \ (p, r/) V^ - r{~p, Id,^) \d Up, v) Vp 

if ac if 9b ifOh * Sc 

+ {p,^)Ve {p,r])Vp -ip,r])Vg ip,r])Vp, 

>t abc ^ f ' '^\ *"'^ * / \ * "''^ 

{p, V, h) s^ = r(p, id.^) [d Up, v) v^ - r{p, id^) id Up, v) v^ 



+ {p,r])Va {p,r])V^ - (p, r/) F^^ (p, 77) 1/^ . 
In particular, when {p,rj,h) = {MtMi IdM,IdM) , we see the local components of 
the curvature associated to distinguished linear connection [ H,V ] in the followings: 



(6.6.6)' 



=(= ^ 



* / * 



j ki - ^i [ Hjk ] - h A H^ 



k Hji 



+Hhi • Hjk - ^hk ■ Hji -^bik- Vj , 
61 H,,]-6k H, 



^b kl 



^bl 



^ c ^ ct 



+Hhi ■ -f^cfc - -^bfc • H^i -M.C lk■V^J , 



(6.6.7)' 



fi b * / * *\ / * J 

'ik =6AVi]-~d [Hi,, 



if: % ^ rib if: 10 if: ri ' /^ \ if: 1C 

+HHk-Vi -V^-Hi^+~d [T,A-Vi, 



: ab 



kiv, \-d [H, 



f ab 

^c k - 'Jk \v c j - '-' \^^ck 

*rf i, ab n: db *a /* \ * "■'^ 

+H,,-V, -V, ■H,, + d Tak]-V, , 



(6.6.8)' 






abc 



ab 
^ d 



■ CtC\ ^ Cie. if: U,U ^ CU ^ 

9 ( y^ 1 - a ( y . + y . • y, - y. • y, 



eb ^, ac 
d ■ •' e ~ ^ d '^d ■ 



Definition 6.6.3 The tensor field 



(6.6.9) 



Ric Up,r]) H,{p, 7]) V 

* *Q! */3 * b 

= (p, ri,h)R a pdz ^ dz + (p, r],h)W ^ dz (g) 6ph 

* a ^,(3 >f a b 

+ {p,r],h)F p5pa®dz +{p,r],h)S 6pa<S)6pb, 



(6.6.10) 



(p, 7], h) M„/3 = (p, ?7, /i) M„ ^^ (p, ?7, /i) P„ = (p, 77, /i) P „ ^ 

*a * ac ^afe ^ acb i 

{p,ri,h)¥ p = {p,r],h)¥^ p {p,r],h)§ = {p,r],h)S^ 
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will be called the Ricci tensor field associated to distinguished linear {p,r]) -connection 

ip,v)H,ip,r])Vy 
This tensor field will be used for writing the Einstein equations in Subsection 6.10. 



6.7 Formulas of Ricci type. Identities of Cartan and Bianchi type 

We consider the following diagram: 



E 



M' 



F, [, ]Rh ' (P' V) 



-^N 



where {E,tt,M) G |B^| and {{F,u,M) ,[,]pj^,{p,r])) £ |GLA| . 

* / * * 

Let {p, ?]) r be a {p, ?7)-connection for the vector bundle [ E,tt,M \ and let 



{p,r])H,{p,r])V 



be a distinguished linear (p, ?7)-connection for the generalized tangent bundle 



{p,rj)TE,{p,r,)T^,E 



Theorem 6.7.1 Using the definition of (p, 77, /i)-curvature associated to the distin- 
guished linear [p, ?7)-connection I [p, rj) H, (/?, 77) y ) , it results the following formulas: 



(Til 



{p,r])D, {p,r])D, nZ-{p,r])D, ip,r])D, UZ 
nx MY UY HX 

= {p,r],h)R(nx,nYjnz + {p,r])b,r. .1 nz 



HX,nY 



(p,v)TE 



+ {p,r])D, 



HXMY 



HZ, 



(p,v)TE 



{p, v) D^^ {p, n) D^^nZ - {p, n) D^^ (p, r,) D^^HZ 

= {p,r],h)R(vX,nYjnZ+{p,r])D.r. .1 HZ 



VXMY 



(p,v)TE 



+ {p,r])D, 



VXMY 



nz, 



{p,r,)TE 



{p,v)D, {p,r])D, nZ-{p,r])D, {p,v)D, UZ 



(p, r/, /i) M VX, VY\nZ^ (p, 7?) D 



V 



vxyY 



nz, 



(P,V)TE 
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and 



(^2 



* * 



{p. V) D^^ (p, v) D^^VZ - (p, r,) D^^ (p, 77) D^^VZ 



(p, r/, /i) R (nX, ■HY]VZ+ {p, r/) D . 



nx,nY 



vz 



(p,v)TE 



+ {P,V)D^ 



HX,-HY 



VZ, 



* * 



{p^ri)TE 

{p, v) D^^ {p, r/) D^^VZ - {p, r?) D^^ {p, r/) I)^^ VZ 



* / * * 



(p, r/, /i) M ( VX, ?^y ) VZ + (p, r?) D . 



vx,wr 



VZ 



(P,'7)TB 



+ {P,V)D^ 



VXMY 



VZ, 



* * 



{p,ri)TE 

{p,7])D, {p,v)D, VZ-{p,r,)D, {p,v)D, VZ 

VX VY VY VX 

(p,r/,/i)MfvX,Vy ) VZ + (p,r?)I),r* *i VZ. 

' ' V vxyY 

- {P,V)TE 



Using the previous theorem, the horizontal and vertical sections of adapted base and 
an arbitrary section 



we can propose the following 

Theorem 6.7.2 We obtain the following formulas of Ricci type: 



(7^l 



Z"|^l^ - Z-|^|^ = (p,r/,/i)R , ^p-Z'- (L^^poho^^ . Z-|, 
- (p, r/, h) Tb^p • Z"|^ - (p, r?, h)T^p- Z" ,„ 

Z«|/-Z°|^,^ =(p,r/,/i)]p",^.Z''-(p,r/,/i)]P,^ -Z^l- 

*6i 6 



(p,r/,/i)P^ -Z",,, 



7 |e' 



mlclb nra\b\c 



* be 



(p,r?,/i)S, •Z^-(p,r/,/i)S, -Z^r, 



and 



(^2 



^a |7|/3 - ^a |/3|7 = (p, ^, /l) ^a 7/3 ' ^c " (^^^^ o /l o VT j • F^ 



(p, r/) Tc^/3 • Y'al'^ - (p, r?, /i) T ^^ • y„ i^, 
(p,r/)P^-y, |,, 

* dbc 



Ya ^^\' -Ya\' \^ =ip,V,h)F, yY,-ip,7J,h)F,^ ■ Ya 



V |c|f' _ V l^|c 
^ a\ \ -'all 



be 



(p,r/,/i)S„ • Yd - (p, ??, /i) Sd -Ya] 
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In particular, if {p,r],h) = {IdTM,IdM,idM) and the Lie bracket [,]tm ^-^ ^^^ usual 
Lie bracket, then the formulas of Ricci type (TZi) and (7^2) become: 



in,)' 



yi yi 

ryi \h '7i\b 

^ \k\ ~ ^ \ \k 



1 ^ * ^ * ^ 

Z~ h TP 7i\b T 7* 



z 



j|c|6 yi\b\c 






1/1' 



/i 



•Z'^-S^ -Zl" 



and 



(^2)' 



-'a I fell -'a 



il's 



Y ,\b_Y\b 



"I \k 



V \c\b V \b\c 

^ a\ \ -'all 



^a kj ■ ^c — Tcfcj • Yaf—Tj,j ■ Y^ |j, 

* c6 =„ fe ^;/i fe 

IPa k'^c — ^ck ■ ^aT — P fc -^a |/ii 

* dfec =„ be 



Using the 1-forms associated to distinguished linear {p, r/)-connection I (p, rj) H, {p, rj) V 



(6.7.1) 



the torsion 2-fornis 



(P> V) ^p = (p, V) Hp^dz'^ + (p, r?) F^ 5pc, 
(P, Tl) ^b = (P' ^) H^^^dz^ + {p, r]) V^ 5pc, 



(6.7.2) 



{p, 7],h)T = i (p, r/, /i) T ^^dz^ A dz^ + (p, r/, /i) P ^ dzl^ A (5pc, 
(p, ?7, /i) Tfe = i (p, ?7, /i) Tbi3^dz^ A dz'^ + (p, 77, /i) P^^ dz^^ A (5pc 

* ac 
+ i(p,?7,/l)Sf, 5paA5pc 



(6.7.3) 



and the curvature 2-fornis 

(p, ??, /i) M ^ = i (p, r/, /i) M ^ ^gdiT A df + (p, r/, /i) P ^ ^dz^ A 5pc 

if a be 

+^{p,r],h)S 13 5pbA5pc, 
(p, 7], h)Rf, = i (p, r/, h) Mf, ^ed^T A di'^ + (p, ??, /i) P;, ^dz^ A (5pc 

^a cd 

+l(p>^>^)S6 6pcA6pd, 
we obtain the following 

Theorem 4.7.3 Identities of Cartan type hold good: 



(Ci 



(p, ri,h)T = SP'V)TE (^^a) + ^p^ ^) ^^ ^ ^^/3 
(p, 7?, /l) i = (i(A'')^^ (5pfe) + (p, 7?) ul A (Jp, 



(C2) 



*7 



(p, r/, /i) M ^ = d(^''?)^^ ((p, 77) u;^J + (p, 77) i^ A (p, 77) ^^ 
(p, 77, h) i," = d(^''')™ f (p, r/) ^n + (P, V) ^l A (p, r/) ul 
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In particular, if {p,rj,h) = {IdTM,IdM,IdM) and the Lie bracket [,]tm i^ ^^^ usual 
Lie bracket, then the identities of Cartan type (Ci) and (C2) become: 



{CiY 



, Id t,Id, \TE , ., *j 

T =dV TE eJ (^(iz') +u)jAdz3 

* (id ,,Id-ATE 

Tfe = dV Ti. e) (Sph) + LJ'I a 5pa 



and 



(C2)' 



Id 



,,IdATE ( ^ 



^ _CI\ TE' Ej / J;^. I ^^\/\u. 



Id ,,Id, ]TE /*a\ *a *c 

dV Ti5 is; a;J +tj^ Aojf,. 



Remark 6.7.1 For any 

X,Y,Zer((p,r,)TE,{p,r,)T^,E 
the following identities hold good: 

V{p,ri,h)R{X,Y)nZ =0 
n{p,r],h)R{X,Y)VZ =0, 



(6.7.4) 



(6.7.5) 



and 



VDxi{p,V,h)R{Y,Z)nU] =0 
nDx({p,V,h)^{Y,Z)Vu] =0, 



(6.7.6) (p, ?7, /i) M (X, y) Z = ?^ (/?, ?7, /i) M (X, y) ?^Z + V (/9, ?7, /i) M (X, y) vz. 

Using the formulas of Bianchi type presented in Subsection 4.2 of our paper and the 
Remark 6.7.1 we obtain the following 

Theorem 6.7.4 The identities of Bianchi type: 

Y, {n {p, v) Dx ({p, V, h) T (y, z)] - n {p, 7?, h) r {x, y) z 

cyclic(X,Y,Z) ^ ^ ^ 



(61 



+n{p,ii,h)T[n{p,ii,h)T{X,Y),Z 
+n{p,v,h)T (v {p,ri,h)T {X,Y) , Z 



Y, \v{p,7i)Dx({p,V,h)T{Y,Z) 

cyclic{X,Y,Z) 



+V ip,v,h)T in{p,V,h)T iX,Y) , Z 
+V{p,r],h)T(v{p,v,h)T{X,Y),Z 
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0, 



V{p,v,h)R{X,Y)Z 



0. 



and 



{B2 



J2 \n{p,v)Dx({p,V,h)^{Y,Z)U 

cyclic{X,Y,Z,U) 



-n {p, r/, h) M in {p, f], h) T (X, Y),Z\U 

-n (p, 7], h) M (v ip, V, h) T (X, Y) ,z]u\= 0, 



Y, \v{p,n)Dx[{p,V,h)^{Y,Z)U 

cydic(X,Y,Z,U) 



-V (p, r?, h) M (7^ {p, r?, /i) T (X, Y),Z\U 

-V (p, r/, /i) M fv (p, r/, /i) T (X, Y) ,z]u\= 0, 



hold good for any X,Y, Z €z T I (p, rj) TE, {p,'r])T* ,E 1 . 

Corollary 6.7.1 Using the following sections ((5^, (5-y,(5/3), the identities (Bi) become: 
^ I (p, r/, /i) T ^^1^ - (p, r/, /i) M ^ ^0 

cj;ciJc(/3,7,0) 

+ (P, V, h) T ^g (p, 7], /i) T ^^ + (p, r?, /i) Tfo^e (p, r?, /i) P ^ |> = 0, 
^ <j (p, r?, /i) Tfe/3^ j^ + (p, r/, /i) T ^g (p, r/, /i) Tfe/j^ 

cyclic(l3,'y,d) 



+ {P, V, h) Tc^e (p, r?, /i) : 



6/3 



and using the following sections {6x, 6^,6^,613), the identities (B2) become: 



{B2)' 



*M 



^ j (p, ??, /i) K /3 ^e,;, - (p, ^, h) T e;, (p, r?, h) T^^^ 



(p, r?, /l) TfoSA (P, ^, /l) IP /3 



7f ^0' 



*M 



* a 



Y^ <j (p, r/, h) Mf, ^0|^ - (p, J], h) T g;, (p, ry, /i) M,, ^^ 

cj/c/ic(7,0,A) 



(p, r?, /i) TceA (p, ^, /i) IPfo 



0. 



Using another base of sections, we shall obtain new identities of Bianchi type necessary 
in the applications. 
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6.8 The (p, ?7)-(pseudo)metrizability 

We consider the following diagram: 



E 



M' 



F. 



' Li JP 



h^ip^v) 



-^N 



where {E,tt,M) € 1B^[ and {{F,iy,M) ,[,]p,^,{p,r])) G |GLA| . Let ip,r])T be a (p,r/)- 
connection for the vector bundle I E, vr, M ] and let I (p, rj) H, {p, r])V ] be a distin- 
guished linear {p, 77)-connection for the generalized tangent bundle 



{p,r,)TE,{p,r,)T^,E]. 



Definition 6.8.1 A tensor (i- field 

G = Qasdz" C 



+ g'^'Spa Spb € VTfo ( {p, 7]) TE, {p, 7i)t*^,E 



will be called a pseudometrical structure if its components are symmetric and the ma- 



trices 



9al3 I Ux 



and 



g^'in^ 



are nondegenerate, for any point Ux (z E. 



Moreover, if the matrices 



gai3 I Ux 



and 



g^'inx 



has constant signature, then 



the tensor d-field G will be called metrical structure. 
Let 

G = gapdz'^ ® dz^ + g^^Spa Spb 

be a (pseudo) metrical structure. If a,/3 G l,p and a,b £ l,r, then for any vector local 
(m -|- r)-chart ( [/, S(7 ) of I iiJ, vr, M I , we consider the real functions 



,-1 



and 



such that 



n (U) 



n (U) 



5^" (ux) ■ gaf (ux) = S^ 



^,l3a 



gba 



and 

Qba \Uxj ■ g"" [Uxj = 01, 

for any Ux e n (U) \{0x}- 

Definition 6.8.2 We will say that the (pseudo)metrical structure 

G = gapdz"^ (g) dz^ + g"'''6pa ^ 6pb 
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is Riemannian (pseudo) metrical structure if around each point x £ M it exists a lo- 
cal vector m + r-chart lU,sij] and a local m-chart {U,S,u) such that g^/s o s^ o 
(.^^ X Id^m) {x,p) and g"-^ o s^ o (,f^ x Id^m.^ {x,p) depends only on x, for any 

* *~^ /TT\ 

Ux<£tt (U) . 

If only the condition is verified: "gap o s^ o (^^^ x /dum) (x,p) depends only on x, 

for any u^ £ n {U)" (respectively "g"'^ o s~ o (,f^ x Id]^m) {x,p) depend only on x, 

for any Ux (z n (U) "), then we will say that the (pseudo) metrical structure G is a Rie- 

mannian Ti- (pseudo) metrical structure respectively a Riemannian V- (pseudo)metrical 
structure. 

Definition 6.8.3 We will say that the (pseudo)metrical structure 

G = gapdz"^ ® dz^ + g^-^Spa (E> 6pb 

is locally Minkowski structure if around each point x G M it exists a local vector m + r- 
chart [U,su] and a local ?n,-chart {U, ^jj) such that g^/s o s^ o (,f ~ x IdiRm) {x,p) and 



g"''^ o Sjj o (^^jj X /dij™) {x,p) depends only on p, for any Ux £ it (U) . 

If only the condition is verified: "(7q,/3 o s~ o (,f~ x Id^m^ {x,p) depend only on 



,-1 



p, for any u^ £ it {Uy^ respectively "5"^ o s^^ o (,f^ x /diRm) (x,p) depends only on 
p, for any n^; G tt (f/)", then we will say that the (pseudo)metrical structure G is a 
(pseudo) metrical structure Ti-locally Minkowski and V-locally Minkowski, respectively. 



Definition 6.8.4 The generalized tangent bundle I (p, r])TE, (p, ri)T * ,E j will be called 
{p,ri)-(pseudo)metrizable if it exists a (pseudo) metrical structure 

G = ga/sdz'^ ® dz^ + g^^dpa 6pb 
and a distinguished linear (/?, 77) -connection 

such that 



(6.8.1) (p, r/) DxG = 0, VX G r Up, 7?) Ti^, (p, 7?) r^, i^J . 

The condition (6.8.1) is equivalent with the following equalities: 

(6.8.2) 5a/3|7 = 0, 9"' 1^ = 0, <7a^r = , g"'']' = 0. 

If 5^/31^=0 and g i =0, then we will say that the vector bundle 



{p,ri)TE,{p,r,)T.^,E 



is T-L-{p,rj)-(pseudo)metrizable. 
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If gap\'^ = and g \'^ = 0, then we will say that the vector bundle 

is V-{p,rj)-(pseudo)Tnetrizable. 

Theorem 6.8.1 // 

(* * \ 

ip,r^)H,ip,v)Vj 

is a distinguished linear {p^rf)- connection for the generalized tangent bundle 

((p,r])TE,{p,7])T^,E 

and 

G = gaf}dz°' ® dz^ + g^^Spa 6pb 

is a (pseudo)metrical structure, then the real local functions: 

+r(p,Id,] iSi3Jgej-T(p,Id,] iSejgi3j+ 
+g0eLf^i3 ohon- gjseL^je ohon - ge-yL^^e oho^j , 



a *"■ I 



(6.8.3) 



{p, V) Hiy^ = {p, f]) H^ + -gbcg""" 



7 



*ac *ac ^ qc 

{P,V)V^ ={p,v)Vf, +-gper' I , 
{P,V)K =\9beU{~pJd,\ (9 ]/ 



are components of a distinguished linear [p^rj)- connection such that the generalized tan- 
gent bundle 

\p,ri)TE,{p,7])T^,E 

becomes {p, rj)- (pseudo)metrizable. 

Corollary 6.8.1 If the distinguished linear {p^rj)- connection 

/ * * \ 

[{p,ll)H,{p,1^)v\ 
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coincide with the Berwald linear {p,r]) -connection, then the local real functions: 



c a 



+Tip,Id,^\ i6i3Jge-y-Tlp,Id,^\ Uelff/?^ 



(6-8.4) ^" d{p,7^)h, , 1. ., 

(yPa ^ 1 7 

c QC 

* 1 ar^ 

c ^c 

, ,* 1 (dg''^ dg^^ dg'>^ 



2 V dpc dpb dpe 

are the components of a distinguished linear {p,r]) -connection such that the generalized 
tangent bundle 

\p,rj)TE,{p,7])T^,E 

becomes (p, rj)-(pseudo)metrizable. 

Moreover, if the (pseudo)metrical structure G is %- and V-Riemannian, then the 
local real functions: 

c a 

t \TJ ^ ae f k , dgep j dgsy g 9^/37 

{p,r])Hp^ = -g Ip^^ohoTT^-j^ + p'^ohoTT-^ - p^0h07T-^ + 



+9ee^(S°hoTT - g/^g^^ohoTT - ge^L'^^^ohoTT j , 

(^•^•^) ^" d{p,v)^ I ac( ^ . d9bc dp^ 5pr^ \ 

c « c ct 

are t/ie components of a distinguished linear {p,7]) -connection such that the generalized 
tangent bundle 

\p,r])TE,{p,7])T^,E 
becomes (p, r])- (pseudo)metrizable. 

Theorem 6.8.2 Let {p,r])T be a {p,r])- connection for the vector bundle [ E,tt,M ] . 

Let 

(* * ^ 

{p,v)H,ip,r])V 

be a distinguished linear [p^rf)- connection for 



{p,v)TE,{p,7])T-^,E 
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and let 

G = ga^dz"^ ® dz^ + g^Hpa ® 6pb 
be a (pseudo)metrical structure. 



Let 



(6.8.6) ^ 

Oae /'X«xe 7, J^^\ r^*ae 1 /rare , ~ „ae\ 

be - 2 ^"b^'c - 9bcg j , (->bc - 2 (.'^6°c + 9bcg ) , 

be the Obata operators 

If the real local functions Xg ,Xo'^,Y^,Y^'^ are components of tensor fields, then 
the local real functions are given in the following: 

c ct 

{p, V) Hfi^ = (p, r/) Hp^ + O^^X^p, 

c a. 

(6.8.7) 



{p,r,)V, =(/9,7?)n +0,Tn^ 



ac 

*ae\rdc 



are the components of a distinguished linear [p^r])- connection such that the generalized 
tangent bundle 

((p,7])TE,{p,7])T*^,*E 

becomes (p, rj)-(pseudo)metrizable. 

Theorem 6.8.3 Let {p,ri)T be a {p,rj)- connection for the vector bundle IE,tt,M] . 
If 

{p,v)H,ip,v)Vj 

is a distinguished linear {p^rf)- connection for the generalized tangent bundle 

{{p,r,)TE,{p,r,)T,^,E 

and 

G = gaf^dz"" (S) dz^ + g'^^dpa O 5pb 
is a (pseudo)metrical structure, then the real local functions: 



*a *" 



(P> n) Hi3j = (P, V) H/S-y + 291^69"°' ' 

7 
* a *^ 

,„ ^ ^, (.P, v) Hb^ = {p, ri) Hb^ + Igbeg""" > 

(6.8.8) |7 



1 „ „ zea 



O'^ 



{P, V) y^ = {P, V) yp + 29lieff 
{p,7l)V, =(/9,7?)n +ifffeeff"" 

170 



c 



are the components of a distinguished linear {p,r]) -connection such that the generalized 
tangent bundle 

\p,r,)TE,{p,r,)T*E 



becomes (p, rj)-(pseudo)metrizable. 

6.9 Generalized Hamilton {p,ri)-spaces, Hamilton (p, ?7)-spaces 
and Cartan (p, ?7)-spaces 



We consider the following diagram: 



E 



M' 



F^ I ]Kh ' (P^ V) 



N 



such that {E, it, M) = (F, u, N) and the generalized tangent bundle 

{p,r,)TE,{p,r,)T,^,E 

is (/9, 77)-(pseudo)metrizable. 

Definition 6.9.1 A smooth Hamilton fundamental function on the dual vector bundle 
i E,TT, M ] is a mapping 

E -^ M 
which satisfies the following conditions: 

1. HoueC°°{M), for any u G r (k, n, M j \ {0}; 

2. F o € C° (M), where means the null section of | £^, tt, M | . 

Let H he a differentiable Hamiltonian defined on the total space of the vector bundle 

E,n,M 

If [U, su] is a local vector (m + r)-chart for I E,tt, M \ , then we obtain the following 



real functions defined on tt ([/): 
(6.9.1) 



put dH put d 1^ put d H put d f d 

dx'- dx^ * dx''dpb dx^ \dpb 



H 



dH put d , „, ^^^^ put d'^H put d f d 



^ put On put 



7^ = j^iH) H" 

OPa OPa 



dpadpb dp a \dpb 



Definition 6.9.2 If for any local vector m + r-chart [U,si/] of [ E,tt, M ] , we have: 



(6.9.2) 



rank 



H^" u^ 
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for any Ux (z n (U) \ {Ox}, then we say that the Hamiltonian H is regular. 

Proposition 6.9.1 If the Hamiltonian H is regular, then for any local vector m+r-chart 
U,su] of { E,-ir,M ] , we obtain the real functions Hi,a locally defined by 



(6.9.3) 



where 







TT 


{U) 


* 
Ux 


Hba [Uxj 


= 


H-' [ux) 


-1 



Hh. 



Hba ( Ux 



, for any ti^^ G tt (U) 



Definition 6.9.3 A smooth Cartan fundamental function on the vector bundle ( E,Tr,M 
is a mapping 

E -^ M+ 
which satisfies the following conditions: 

1. KoueC°°{M), for any n G r (k, n, M j \ {0}; 

2. K oO £ C^ (M), where means the nuU section of | E', tt, M J ; 

3. K is positively l-homogenous on the fibres of vector bundle i E,7:,M ] ; 

4. For any local vector m + r-chart [U, su) oi [ E,7:,M ] , the hessian: 



(6.9.4) 



K 



2 ah 



U,, 



is positively define for any u^^ G vr {U) \ {Ox}- 

* 
Definition 6.9.4 If the (pseudo) metrical structure G is determined by a (pseudo) metrical 

structure 

g (^Tl(v {p,7^)TE,{p,7^)T*E 



then the (p, 7?)-(pseudo)metrizable vector bundle 

(/5,r,)r^,(p,r/)r^,^ 

will be called the generalized Hamilton {p,r]) -space. 

In particular, if the (pseudo) metrical structure g is determined with the help of 
a Hamilton fundamental function or Cartan fundamental function, then the (p, rj)- 
(pseudo)metrizable vector bundle 



{p,v)TE,{p,7])T-^,E 



will be called the Hamilton (p,ri) -space or the Cartan {p,ri) -space, respectively. 
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The generalized Hamilton (Mtm, IdM)-space, the Hamilton {Mtm, IdM)-space, 
and the Cartan (IcItm, IdM)-spa.ce will be called the generalized Hamilton space, Hamil- 
ton space, Cartan space. 

Definition 6.9.5 The normal distinguished linear (p, 77)-connections of a Hamilton or 

Cartan {p,ri)-spa,ce will be called Hamilton and Cartan linear {p,r]) -connections. 

The Hamilton and Cartan linear {IdTM,ddM)-connections will be called Hamilton 

and Cartan linear connections, respectively. 

* 
Theorem 6.9.1 If the (pseudo) metrical structure G is determined by a (pseudo) metrical 

structure 

gerl(v{p,r,)TE,{p,r,)T^,E 

then the real local functions: 

(p, r/) hI = \^g-' [y (^, Id^j {l^ 5ec + r [],, Id^ ][6c] gte 
T {p,Id.^] [6e] gbc- Qcd ■ Lf^ohon 



(6.9.5) 



+gbd ■ Lj^ohoi - ged ■ Lf^oho^ 
(P,^)V^r =\9ae\T{p,Id,^ id\g^' 

+r {},Id,\ [d \g^'-T (*p,Id.^ ]{d \g 



be 



are the components of a normal distinguished linear (p,rj) -connection with 
{p,ri)-H j T-iT-l\ and {p,rj)-V I W) torsions free such that the generalized tangent bundle 

\p,r^)T*E,{p,r,)T,^,E 

derives generalized Hamilton {p,r])-space. 

This normal distinguished linear [p, 77)-connection will be called generalized linear 
{p,r])- connection of Levi-Civita type. 

If the (pseudo)metrical structure g is determined with the help of a Hamilton or Car- 
tan fundamental function, then the Hamilton and the Cartan linear [p, r/)-connections 
will be called canonical Hamilton and Cartan linear {p,r])- connection, respectively. 

The canonical Hamilton and Cartan linear (/d^'M) -^t?M)-connection will be called 
the canonical Hamilton and Cartan linear connection respectively. 



Theorem 6.9.2 Let [{p,r])H,{p,rj)V\ he the normal distinguished linear {p,ri)- 

connection presented in the previous theorem. 
If 

Tja ^ dz' ^ dz' G Tio^ ({p, r,) TE, {p, v)t^,E 
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and 

S^d 6pb Spc G 7?i' ({p, v) TE, {p, ri) r^, E 

such that they satisfy the following conditions: 



* a * a * be ^ fee 

Tfoc = -Tcfe, Sa = -Sa 1 V6,c G l,r, 



i/ien t/ie rea/ /oca/ functions: 



(6.9.6) 



t" *a-[^ / ifd *d ^,d 

(P> ^) -H'tc = (P, ??) ^6e + 2^'""' • ( 5edT;,^ - ^ferfTg^ + 5cdTbe ) , 



6c 



* fee 1 / ^ fee * ee 



(p, r,) y, = (p, 7?) V, + ^5ae • ( /"§, - /"S, + g'^^d 



2^ 



are t/ie components of a normal distinguished linear (p,r]) -connection with 
(p, rj)-'H I 'H'H I and (p, r/)-V I W I torsions a priori given such that the generalized tan- 
gent bundle 

\p,v)TE,{p,r,)T,^,E 

derives generalized Hamilton {p,ri)-space. 
Moreover, we obtain: 

^bc = (P, V) Hi,^ - (p, T]) H^^ - L'^^ohon, 

y ' ' ' ^ fee * fee * cfe 

6.10 Einstein equations 

We shall consider a metric structure 

G = gapdz"^ (g) dzl^ + g"-''5pa (E> 5pb 

(p, 77) -ff, (p, 77) V I compatible with the 
structure metric G having 7i I T-LH | and V ( VV j -torsions prescribed. 

Definition 6.10.1 If (p, r/, /i) M ^ ^ and (p, r/, /i) S are the components of tensor Ricci 
associated to distinguished linear (p, r/)-connection 

iip,v)H,ip,v)V), 

then the scalar 

(6-10.1) (^^ r], h) M= (p, 7?, /i) i „ ^^^'^ + (P, ^, /i) S " 5afe 



will be called the scalar of curvature of distinguished linear {p,ri)- connection 
{{p,v)H,{p,7i)V). 

174 



Definition 6.10.2 The tensor field 

(b.iU.z) , 

+ (p, r/, h) T p5pa dz^ + (p, 77, /i) T 5pa ® 5ph 

such that its components verify the following conditions: 

* * ]^ * 
M:{p,r],h)T o, 13 = {p, V, h) Mq/? - - {p, r],h)M.- g^p, 

* b * 6 

.„^„„^ -^(P,^,^)T« =(p,r?,/i)P^ , 

(6.10.3) 

x(p,r/,/i)T ^ =(p,r?,/i)P ^, 
x(p,r/,/i)T" =(p,r?,/i)s" _ i (p,,^, /j) R . (^'^^^ 

where x is a constant, will be called the energy-momentum tensor field associated to 

(/?, 77) i7, (p, r/) y I and metrical structure G. 
The equations (4.10.3) will be called the Einstein equations associated to distin- 

{p, 77) -ff, (p, 77) y I flTid metrical structure G. 
Formally, the Einstein equations will be written 

(6.10.3)' Ric ({p, 77) H, (p, r/) y") - i (p, 77, /i) M . G = X . (p, r/, /i) T. 

6.11 Dual mechanical systems 

Using the diagram: 

(6.11.1) , 

M ^M 



where f [E, vr, M) , [, ]^ /j , (p, 77) j is a generalized Lie algebroid, we build the generalized 
tangent bundle 

(((p,77)T^,(p,r,)r*,^),[,] ^Xpjd,)). 

E (p,T])TE E 

Definition 6.11.1 A triple 

(E,n,MJ,F„{p,r])T 
where 
(6.11.3) F, = Fj) GT(v{p,v)TE,{p,r])T,^,E] 

* 
is an external force and (p, 77) F is a (p, 77)-connection, will be called dual mechanical 

{p,r]) -system. 
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A dual mechanical (p, r7)-system 

E,n,M],Fe,{p,v)^ 



endowed with a (pseudo) metrical structure G determined with the help of a (pseudo) metrical 
structure 

g = g''''6pa(^ Spa G T '^ol ( {p,v)TE,{p,r])T,,E 



will be denoted 

(6.11.4) {{E,n,M],F„{p,ri)T,G 



and will be called generalized Hamilton mechanical {p,r])-system. 

Any dual mechanical {IdTMiIdM)-systein. and any generalized Hamilton mecha- 
nical {IdTM,IdM)-SYstem. will be called m^echanical system and generalized Hamilton 
mechanical system, respectively. 

Definition 6.11.2 If H respectively i^ is a smooth Hamilton respectively Cartan 
function, then we put the triple 



E,TT,M\,TT,M\,F,,H 



E,7r,M\,F,,K 



respectively 



where 

k = Fj eT(v{p,v)TE,{p,r,)T.^,E 

is an external force. These are called Hamilton mechanical {p,r]) -system and Cartan 
mechanical {p,ri) -system respectively. 

Any Hamilton mechanical {IdTM,IdM)-systeioa and any Cartan mechanical 
{IdTMiIdM)-systeiQ will be called Hamilton mechanical system and Cartan mechanical 
system, respectively. 

6.11.1 (/9, ?7)-seniisprays and (p, ?7)-sprays for dual mechanical (p, 77)-systenis 
Let I i E,TT, M \ , Fe, {p, ?]) r ] be an arbitrary dual mechanical (p, ?7)-system. 

Definition 6.11.1.1 The vertical section 

(6.11.1.1) t=pS, 
will be called the Liouville section. 

Definition 6.11.1.2 The section 5 € F ( {p,r])TE,{p,r])T, , e) will be called (p,r/)- 
semispray if there exists an almost tangent structure e such that 

(6.11.1.2) eis 
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Let {g, h) be a locally invertible B"^-morphism of ( i?, vr, M ) source and {E, vr, M) 
target. 

Theorem 6.11.1.1 The section 



S=(g^'oho*^p,^-2{Ga-\Fa)^^ 



(6.11.1.3) 



is a {p, ri)-semispray such that the real local functions Ga, a G 1,"^, satisfy the following 
conditions 



(6.11.1.4) 






+ 1 (g'^" ohoTT -pe] L'^f^ohoTT ■ gacohoTT, b,cel,r. 



In addition, we remark that the local real functions 

put 



(6.11.1.5) 



9Gc 



(P, V) Tbc -' - [9eb°ho^j ^ 



+ \ (g'^'' ohoT[ -pA L%ohoT: -gacohoTi, a,b£l,r 



are the components of a (p, rj)- connection [p, 77) f for the vector bundle i E,tt,M \ . 

The (/O, r/)-seinispray S will be called the canonical {p,ri)-semispray associated to 
mechanical {p,r])-system I |£',7r,Mj , Fg , (p, ??) T J and from locally invertible W- 
morphism (g, h) . 

Proof. We consider the Mod-endomorphism 



T[{p,ri)TE,{p,ri)T.^,E 



T{ip,r])TE,ip,r])T,,E 



X I >J{g,h) 



s,x 



(P,V)TE 



S,J{g,h)X 



ip,v)TE 



Let X = Z"'da + Yad be an arbitrary section. 
Since 



S,X 



ip,v)TE 



+ 



g"-" o h o -K ■ pA da,Z^d, 



5r«e o/iovr-pe) da,Ybd 



■ a * ■ 

2 (Ga - iFj d , Z% 



2(Ga-lFa)d ,Ybd 



(p,r,)TE 



J {p,n)TE 



ip,v)TE 



{p,v)TE 
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and 



(^g^^ohoi.p,^da,Z'>db 



ip,ri)TE 



g"^ ohoTi:-pe) p\oho n^dc 



* d(g'"'ohow-pe) *~ 



-ZV^^ oho n ^^ Z:^^^ dr 

+ (g^^ o hoir ■ pA Z" (Ll^o ho n] dc, 



g"-^ ohoi: -pA da,Ybd 



(p,n)TE 



-Y. 



g"""" ohon-pej ploho TT^d 
d(g'^''ohov-pe 



2{Ga-lFa)d ,Z% 



dpb ^' 

2 {Ga - jFa) ^Bc 



(P,V)TE 



-2Z 






.a . b' 

2{Ga-lFa)d ,Ybd 



{p,v)TE 



-HGa- \F,) gf 5 

C 



it results that 



•^(gA) 



S,X 



.d 



(p,ri)TE 



g"-^ ohoi: -pA p^oho-K^ ■ [gdcohoTT] d 



bj ^^^t^J^^!°!^°h^ 



(Pi) 



Z p^ oho t: 
'^^ oho IT 

d(g'^''ohon-pe ) 



dx^ 



.d 

gdcoho^] d 
d 



+ \g--oho^.pAZ^L--\~gdcoho^]d 



-Y 



dyb 



gdcohoTT)d 



2 [Ga - iFa) g • [~gdc oho7T]d . 



Since 



S,J(g,h)^ 



{p,v)TE 



C/"'^ o /l o TT • pej da, [gcb o h o nj Z^d 

.a . c 

2 {Ga - iFa) d , (gcb oho^) Z'd 



{p,V)TE 



{p,v)TE 



and 



g"''' ohoTT ■pAdaAgcbohoTT) Z''d, 



ip,v)TE 



g''^ ohoTT-pej ploho vr^ g^, ^d 

h * f^b^{9''"°^°^-P<)% 

-gcb ohoTT ■ Z°^ — 3- '-dd, 



.d 
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2{Ga-lFa)d ,ga,ohonZbd 



2 {Ga - \Fa) ^^. h 



(fi,v)TE 



-2gch oho 



dpa 






it results that 

{P2) 



(P,V)TE 



g"-" ohoTT -pe] p\oho TT^ —, ^-d 



dx'^ 



-9cb 



^ ° ^ • ^ dp. -^d 



-2 (Ga - iFa) -^^^ h 



dpa 



.d 



+2gcb oho-K ■ Z^^-g^ — '-d 



We remark that 



ae u - \ i u * disidbohoTT-Z'' 
g""" ohoTT -pe] p'^oho vr^ g-i 



9'''' ohon -pei^paohonj ^ ■ gdcohon 

~ • * dig^^oho^-pA ^ * 

-Z V^ oho TT^ g^3 ^ ■ gdcOhoTT, 



Yd =Yb 



dig'^'^ohoTT-p:, j 



dpb 



(jdcOhoTT 



and 



* ~^^d[^g''''ohoi-peJ 



^ =gcbohoTT- Z" g^ 

Using the equahties (Pi) and (P2) we obtain: 



P Z-da + Yad = Z^da + 

+ (-Ya - 2g,b o h o ^^(^^i£»iz'' + (5^- ohon-pe) Z^L% o h o n ■ g^cO h o ^ ] d . 

After some calculations, it results that P is an almost product structure. 
Using the equality 

F = Id-2{p,r])T, 
we obtain that 



ip,r])T{Z-da + Yad 



*d(Gb-lFb) -^ ifde^r^* ^\^CTf 



Ya + gacohoTT q^* — ^-Z" - ^ ig'^'^ o h o t: ■ pA Z^'U^^ oko-K-gafohoTrjd 
Since 

(p, 7?) r ( z^da + Yad] = (y, - {p, 7?) hcZ') d 
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it results that relations (4.11.1.4) are satisfied. In addition, since 

(p, 7]) f be = (p, V) Tfoc - Igdb oho 77 1|^ 

and 

* * 

{P, V) Tbc = (P, V) Tfec - Igec °ho^^ 

= M^.o*T, (-p^ oho*T,. ^Pa + {P,V) he) M-,oho^ 

= M^.on(-pioho;r- ^pa + (p, 7l) he J M^,ohon 

it results the conclusion of the theorem. q.e.d. 

Theorem 6.11.1.2 The following properties hold: 

1° Since 

* h 

lc = dc + (p, r]) thcd , c £ T~f, 



it results that 
(6.11.1.6) 
2° Since 

it results that 



o * 

^c = Sc- jQec ohoTT ■ j^d , c G 1, r. 



.b 
dpe 



Spb = - (p, r]) Tbcdz" + dpb, 



(6.11.1.7) °6pb = 6pb + Igec o h o n^dz', bel,r. 
Theorem 6.11.1.3 The real local functions 

(6.11.1.8) (^^(^,^(^,0, o), a,b,cGi;V 
and 

(6.11.1.8)' /'^(^^ao^^Q^ A a,b,cei;¥ 

respectively are the coefficients to a normal Berwald linear [p^rf)- connection for the 
generalized tangent bundle I (p, r/) TE', {p,r])T * , E ] . 
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Theorem 6.11.1.4 The tensor of integrability of the {p,rj) -connection {p,ri)t is as 
follows: 

* * / \ 

{p,r],h)Rb cd = {p,V,h)'Kb cd+ 4 [9ed°ho7r-^ - g^^ohoTr-^ j + 
(6.11.1.9) +!_ ^g^^ o h o n^Jf, o h o ^^ - 5/c o /i o ;^5,, o /, o ^^) + 

+ l{LL°hon)(^g,fohon)^, 

where i^ is the h-covariant derivation with respect to the normal Berwald linear p- 
connection (6.11.1.8). 

Proof. Since 



{p, f], h)Rbcd= r ( p, Id^] \5c\ \ (p, ??) r^ I - r ( p, Id,^] \dd\ { (p, r]) The 




and 




L^. o/ioTT- {p,r])rbe, 



(p, V)'^bd\ = r ( p, Id.^] [6c] ( (p, ri) Tbd 



-\gec o h o T^lg Jj (^(p, ??) Tbd J 
1 - , * dFf d ( ~ u * dFt 




igyec-'^- "d^d^ yyed-'"- " g^ 



(P, ^) Tfoc 1 = r ( p, Id^] [6d] [ {p, v) ^bc 



dF\ 
dpe 



+ ir f p, /d|^ ) ( ^rf ) (^ec o /l o 7T 

-iffed o h o T^lg- Jy (^(p, r/) Tbcj 
1 - , * dFf d ( ^ , * aFj, 



* 

^cd ° ^ ° ^ • (P' ^) Tbe =Ll^ohoTT- (p, r/) r^e 

+^cd o /l o ^ • (5/e o /l o T^U 

it results the conclusion of the theorem. q.e.d. 

Theorem 6.11.1.5 Let 

Tb,5a ® d~z^ dz" G Tio^ ( (p, r/) TE, (p, r/) r^, ^ 
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and 



ibc ■ 



§a da ® Sf Sr G 7?? ( (/>, T]) TE, {p, r,) r^, E 



such that they verify the following conditions: 



* a 

T 



be 



* a * be ^ fee 

-Tcfe, Sa = -Sa > V6,cG l,r. 



// ( {PtV)H} {PiV) ^ ) ^-5 ^/^e distinguished linear {p,r])- connection presented in the 
Theorem 6.9.2, then the local real functions: 



(p, v) Hb, = (p, v) Hbc + h""' (-5/e o /i o ^^^ 



(6.11.1.10) 



dpf dpd 

+ gf^oho T^l^f^ -gfboho nlf^f^ 
^ J e opf apd ^J opf apd 



* a 



(p, V) Vbc = (p. V) Vbc 



»„.e_„.„;„.™...„.„...,„^^^ 



* / * * 



and (p, 77)-V( VV) torsions a priori given such that the generalized tangent bundle 



{p, ri) TE, {p,ri)T* ,E ) derives generalized Hamilton {p, r])-space. 



In addition, we have: 
(6.11.1.11) 



{p, T], h) Tbc = Tfec 

^bc 



The local functions gfc, g/e, dfb o,i"s the local functions associated to the locally 

invertible 'B^-morphism {g,h) . 

* 
Proposition 6.11.1.1 // S is the canonical {p,r])-semispray associated to the me- 
chanical {p,r])-system { i E,7:,M ] , F(.,{p,rj)T ] and from locally invertible B^-mor- 
phism {g, h), then 

(6.11.1.12) 2Gb' =2Gb-M^^ohoi- (^g^^ ohoi^p, (p^„ oh 0*7,^ gf. 

Proof. Since the Jacobian matrix of coordinates transformation is 



and 





M^'ohon 






M^ohoi 





Pa°hoTT qI, Pa M^^ o VT 




Ploho^r'^ 


M^-oi 




M^'ohon 


f (g""^ ohon) 


"') = 




pioho 7^|a- M^- ^ 


■ Iv -2 {Gb - \Fb) 


1 


_/ {g'''oho*T:yA 




\-2{Gb-\Fb) y' 








18 


2 







the conclusion results immediately. q.e.d. 

In the following we consider a differentiable curve I ^ M and its (g, /i)-lift c. 

Definition 6.11.1.3 The curve c is an integral curve of the (p, ?7)-semispray 5 of 
the dual mechanical (p, r/)-system | ( £', vr, M j , Fg, {p, 77) F J , if it is verify the following 
equality: 

(6.11.1.13) m = r(}>,id.^ys{c{t)). 

Theorem 6.11.1.6 The integral curves of the canonical {p,r])-semispray associated 
to the mechanical {p, 7])- system { (i?, 7r,M| , Fg) (Pi ??) T I and from locally invertible 
'B^-morphism {g,h), are the {g,h)-lifts solutions of the equations: 

(6.11.1.14) M + 2G,o ^ (c, c) {x (t)) =\F,o *u (c, c) {x {t}), 6eT7, 

where x{t) = {rj oho c) (t) . 



Proof. Since the equality 



is equivalent with 



^ = r[p,id^^]s{c{t)) 



M{r,ohocy{t),pb{t)) 



= (p> r? o /j o cit)g''^ o h o c{t)p,{t), -2 [G^ - \F,) {{tj o h o c)(t),p (t))) , 

it results 

^ + 2Gi>{x (t) ,p{t)) =^F,{x (t) ,p{t)), 6G17, 

£^ = p\o r] o h o c{t) g'^" o h o c {t)pe (t) , 
where x* (t) = {ij o h o c)* (t). q.e.d. 

Definition 6.11.1.4 If 5 is a (p, ?7)-semispray, then the vector field 



(6.11.1.15) 



,S 



* -5 

(P,V)TE 



will be called the derivation of {p,ri)-semispray S. 

The (/9, 7?)-semispray S will be called {p,ri)-spray if there are verified the following 
conditions: 

1. S" o G C^, where is the null section; 

2. Its derivation is the null vector field. 

The (p, 7?)-semispray S will be called quadratic {p,r]) -spray if there are verified the 
following conditions: 
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1. S" o G C^, where is the nuh section; 

2. Its derivation is the null vector field. 

In particular, if (p, r/) = (idTM^IdM) and {g,h) = (Me, IdM) , then we obtain the 
spray and the quadratic spray which is similar with the classical spray and quadratic 
spray. 

* 
Theorem 6.11.1.7 // S is the canonical {p,r])-semispray associated to mechani- 
cal {p,r])-system I i E,7r,M \ ,Fe,(p, ??)r j and from locally invertible 'B>^ -morphism 
(g, h), then 



{Gb - \Fi) = {p, r/) he [g^^ ohon-pf'^ 



+ i Ig'^'^ohoTT-pej L'^^ ohoTT 

■gbaoho^ig^'f ohoi -pA ^ 5Gl,r. 



(6.11.1.16) 



Then we obtain the spray 

(g^^^_^_^7) S = {r ohoi)p,§, + [p, ^) he {ff oho^.pf)^^ 

+ i L'^^ oho^ -pA L'^^oho^ ■ gi^^oho^ (g^f o h o n ■ pA ^. 

This (p,rj) -spray will be called the canonical {p,rj) -spray associated to mechanical 
system I I iiJ, vr, M j ,Fe,{p,r])T j and from locally invertible 'B>^ -morphism {g,h). 

In particular, if {p,ri,g,h) = {Mtm, IdM, Idpi, IdM) , then we get the canonical 
spray associated to connection T which is similar with the classical canonical spray 
associated to connection T. 

Proof. Since 



.S 



{p,v)TE 



-2 



Pad , f 5^^ ohoir-pe) db 

■ .a .1 

Pad , {Gb - iFb) d 



{P,V)TE 



Pad Ag''' oho-K ■Pe]db 



{p,v)TE 

d(g'"'ohoi-pA *~ 
^ Pa f,„.. -Ob 



dpa 



ip,v)TE 



J ohon^d 



g>'^ohoTT-pejp'p^..^,.g^. 

Pa-g'^oho^r- Sl^ db-0 

g'"' ohoTT -pe] db 
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and 



Pad , (Gb - iFfe) d 



— JC^ O 



ip,v)TE 



^« 3p7 



(G, - If,) 5ld 

. b 



Pa 



d{G„-^Ft) 



.b 



d -{Gb- iFt) d 



it results that 






{p,v)TE 

Using the equality (6.11.1.4) it results that 



S =2(-p;%i^ + 2(G,-|F,))a 



Pf 



.b 



iS2 



"/ = - {p, V) Tbc o n (c, c) o (r/ o /i o c) • /^ o /i o 



vr 



1 / „de 



+ i(5"-o, 



^ \ ^ ^ f ^ 

h o IT ■ pg\ ■ L"j o ho IT ■ gija o ho IT ■ g'^' o h o n. 



Using the equalities (5i) and (5*2) it results the conclusion of the theorem. q.e.d. 

Remark 6.11.1.2. If (p, rj, h) = {idTM,IdM, Id-M:) , then we get the canonical spray 

associated to connection T. 

Theorem 6.11.1.8 The integral curves of canonical {p,r])-spray associated to me- 
chanical {p, r])-system I i E,tt, M \ , F^,, (p, rj) F ] and from locally invertible 'S^ -morphism 
{g,h) are the {g,h) -lifts solutions of the following system of equations: 

^-{p,ri) Tbc o n (c, c) o (77 o /i o c) • ( /^ oho^-pA 
(6.11.1.17) , * \ * */f*\ 

+ 2 U ohoTi -pA ■ L'^^ohoTT ■ ghaOhoTT ■ {o^-f O h O TT ■ p A =0, 

where x{t) = rjo ho c{t) . 

6.11.2 The Hamiltonian formalism for Hamilton mechanical (p, ?7)-systems 

Let I { E,TT,M \ ,Fe,H ) be an arbitrary Hamilton mechanical (p, r/)-system. 



The natural dual {p,ri)-base {dz°',dpa) of natural (p, r/)-base (gf^igf-) is deter- 



mined by the equations 



[d~z'^,4,) = 5»„ (d.",4) = 



dpb , 



,dpa,Q^)=0, {dpa,9^^ 



It is very important to remark that the 1-forms dz", a € l,p and dpa, a € l,r are 
not the differentials of coordinates functions as in the classical case, but we will use the 
same notations. 

In this case 

(d5") / d'^P''^^^^ (r ) = 0, 
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where dSP^^i'^^ is the exterior differentiation operator associated to exterior differential 
J^ \ E] -algebra 



A(^(/>,7?)ri^,(p,7?)r^,i^j,+,-,AJ. 

Let H he & regular Hamiltonian and let [g^ h) be a B^-niorphism locally invertible 
of { E,TT, M ] source and {E,7r,M) target. 
Definition 6.11.2.1 The 1-form 



(6.11.2.1) eH= [geaohoTr-H''jd2'' 

will be called the 1-form of Poincare-Cartan type associated to the regular Hamiltonian 
H and to the locally invertible 'B^-morphism {g,h). 

We obtain easily: 

(6.11.2.2) 0^f^\=~g^^^oho;r-H^, ^^ ( J-) = 0. 

Definition 6.11.2.2 The 2-form 

will be called the 2-form of Poincare-Cartan type associated to the regular Hamiltonian 
H and to the locally invertible 'B^-morphism {g,h). 

By the definition of d^^'^'"^^ , we obtain: 



(6.11.2.3) 



-T{~pjdE){v){eH{u))-eH[[u,v] . 

(p,v)TE 



for any [/, y € F ( (p, r,) TE, {p, r,) r^, E\ . 

It follows: 
(6.11.2.4) 

digebohon-H") 



WL(^a|r, JfJ =[pi,ohon 



dx^ 



dicjeaOho-K-H'^ 

plohon] ■ -^ — g^, ^ - Ll^ohoTT ■ [cjecoho-K ■ H""); 



^l[4.,t^\ =~geaohon-H^''; 



'^Li-fi-^Tm:] - 0- 



92" ' dpb 

_d dj 

^ dpa ' dpb ^ 

Definition 6.11.2.3 The real function 
(6.11.2.5) £H=Pa-H''-H 
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will be called the energy of regular Hamiltonian H. 
Theorem 6.11.2.1 The equation 

(6.11.2.6) i^ (a;^) = -S^'^^Tk (^^) /g ^^ f^^^^ ^) ^^^ (^^ ^) ^^^ ^ ) ^ 



has an unique solution Sfj {g, h) of the type: 



(6.11.2.7) 

where 

(6.11.2.8) 

and 

(6.11.2.9) 



9''^ohoAp,4,-2{Ga-\Fa)4-^, 



2Ga = ig''' oho^.H,a)-Eb {H, g, h) + \Fa 



* * • * d(gei,ohoTr-H'^] 

Eb{H, g, h)=plohoTT ■ Hi - g"-"" oho tt ■ pe ■ p^oho-K ■ -^ — ^^^ ^ 

+5"^ ohon -pe- L'^ab°^°'^ • \9ed o /l o 7T • H"") . 



Suig-ih) will be called the canonical {p,r])-semispray associated to Hamilton me- 
chanical {p,7])-system I i E,7r,M \ ,Fe,H ] and from locally invertible 'B>^ -morphism 

i9,h). 

Proof. We obtain that 



if and only if 



i.^{u;H) = -d^'''>^^''{£H) 



u:h(S,X] =-T{p,Id*^]{X){£H) 



for any X G r ( {p, r?) TE, {p, r?) t^,E] . 
Particularly, we obtain: 



I^H { S,JT^ 



9.^1- r(p,/rf^)(J.)(^H). 



If we expand this equality using (6.11.2.2) and (6.11.2.4), we obtain 



g"-'^ o h o IT ■ Pe 



* dlgebohoTT-H'^) . * dlgeaohowH'^ 

P>hoTT • g^i ^ - plohoTT . a^. 



Lf j,o/l07r • ((jedOhoTT- H' 



+ 2{Ga- iFa) (geb o h o ^) ■ H 



dlgeaOhoTT-H'^] 

-plohoTT ■ [g'''' ohoTT -pe) ■ -^ g^, ^ + plohoTT ■ Hi. 



After some calculations, we obtain 



2{Ga-^Fa] = {g'^ohoTT-H^a] ■Eb{H,g,h), 
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where 



Eh {H, g, h) = plohoTT ■ Hi- g""^ ohoTT -pe- p^o/iovr g^ 



q.e.d. 
Theorem 6.11.2.2 The real local functions 

(6.11.2.10) (P'^ll^bc =^gecOhoTT^^ ^ ^ 

-2 [9 ohoTT -p^j L'^^ohoTT ■ (jabohoTT, h,C£ 1, T. 



are the components of a {p,ri)- connection {p,ri)T for the vector bundle IE,tt,M 
which will be called the {p,ri) -connection associated to Hamilton mechanical {p^rf)- 
system I {E,it,M\ ,Fe,H j and from locally invertible B^-morphism {g,h). 

Corollary 6.11.2.1 The real local functions 
(6.11.2.11) ip,r])nc=igecohon)^ 



~h {9'^'' O h O TT ■ Pej L'^^O h O TT ■ gab O h O TT, 6, c G 1, r 



are the components of a {p,r])- connection (p, 77) f for the vector bundle I i?, 7r,M 1 . 
In addition, we have 

* 
(6.11.2.12) (p^ r])tbc= (p, V) Tfcc + \{9ec o /i o vr) • g, Va, c G T;7. 

Theorem 6.11.2.3 The integral curves of the canonical {p,r])-semispray associ- 
ated to I I i?, vr, M ) ,F(,,H ) mechanical {p,rj) -system and from locally invertible B^- 



morphism {g,h) are the autoparallel lifts with respect to {p,r]) -connection {p,ri)T. 
Definition 6.11.2.4 The equations 

(6.11.2.13) ^E]M + (^gae ohon-H,b-Ea {H, g, h)) o*u{c,c) o {^ oho c (t)) = 0, 

will be called the equations of Hamilton-, J acobi type associated to Hamilton mechanical 
{p,r])-system I i E,tt,M \ ,F(,,H ) and from locally invertible 'B,^ -morphism {g,h) . 



Remark 6.11.2.1 The integral curves of the canonical (p, r/)-seniispray associated 
to dual mechanical (p, r7)-systeni I { E,t:,M \ ,F(,,H ) and from locally invertible B'^- 



morphism {g, h) are the {g, /i)-lifts solutions for the equations of Hamilton- Jacobi type 
(6.11.2.13). 
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7 The (horizontal) Legendre (/?, 77, /i)-equivalence 

Let {E, TT, M) be a vector bundle. 

We take (x*,y"") as canonical local coordinates on (£■, 7r,M), where i G l,m and 
a G l,r. 

Consider 

a change of coordinates on (E, vr, M). Then the coordinates y" change to y" by the rule: 
(7.1) 2/" = M,V. 



Let I E,TT,M \ be the dual vector bundle of {E, vr, M). 

We take (x*,pa) as canonical local coordinates on I E,it,M \ , where i ^ l,m and 



[X',Pa) > [xUxn ,Pa:(x\pc 



a € l,r. 
Consider 



a change of coordinates on I £', vr, M J . Then the coordinates Pa change to pa- by the 
rule: 

(7.1') Pa = M^.pa. 

If ([/, s^/) and [U,si/] are vector local [m + r)-charts then 

M^- (x) ■ M^{x) = 51, Vx G [/. 

Let L be a differentiable Lagrangian defined on the total space of the vector bundle 
(E,7r,M). 

If ([/, su) is a vector local {m + r)-chart for (£', tt, M), then we obtain the following 
real functions defined on vr^^ ([/): 



put g^ put q2j^ 

\ ■ ) put Qx^ put q2^ 

^a Qya J^ab dy'^dy'' 



We build the fiber bundle morphism 





E 


> 


E 




TT 4, 




i TT ) 




M 


/dM 


> M 






ifj^ is locally defined 








vr" 


-'(u) - 


Vl 
> 


^~' (u) 



Ux I — ^ Lb (Ux) s" (x) 
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for any vector local {m + r)-chart (U, sjj) of (E, vr, M) and for any vector local (m + r)- 
chart (u, *su] of ( E,7r,M 



Using the differentiable Lagrangian L, we build the differentiable Hamiltonian H, 
locally defined by 



-1 



(7.2') 



H 



77 ([/) -^^^ R 

Ux = Pas'" I > Pay"" - L{Ux) 



for any vector local {m + r)-chart {U,sjj] of I iiJ, vr, M ] , where (y", a G 1, r) are the 
components solutions of the differentiable equations 

Pb = Lb (ux) , Ux £ vr~^ ([/) . 



If I t/, S(7 I is a vector local {m + r)-chart for I i?, vr, M ) , then we obtain the following 
real functions defined on it (U): 



^'■"^f jja ^ dH_ Jjab _ d^H 



dpa dpadpb 

Using this Hamiltonian, we build the fiber bundle morphism 

E — ^^^ E 



where cpjj is locally defined 



M -"^^^^ M 



-1 • Vh 



Ux I > H"- (ux) Sa (x) 



for any vector local (m + r)-chart (U, su) of (E, vr, M) and for any vector local {m + r)- 
chart (u,*su] of ( ^,7r,M) . 



Using the B-morphism {(fi, Mm), we build the B"^-morphism ((p, r/) T(y9^, (/9^) given 
by the diagram 

{P,V)TE -^^^^^'^^ {p,,)Tk 

(7.5) {p,ri)TE i i{p,v)'r* , 

Vr * 

E ~ > E 

such that 

r {{p, r?) Tv^i, (^i) (Z^~da) = (Z" o (^^) da + Upl^ohoTr) Z^lJ o y^^d , 

(7.6) / ■ \ ■* 
r {{p, r/) T^i, (^i) Y-d, = {Y-Lab) o <^^a , 
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for any Z^B^ + Y^da £ T {{p, r,) TE, {p, r/) r^, E) . 

The B^-morphism {{p,ri)T(p^,ip^) will be called the {p,r]) -tangent application of 
the Legendre bundle morphism associated to the Lagrangian L. 

Using the B-niorphisni {ipfj,IdM), we build the B^-morphism {{p,ri)Tipfj,ipfj) 
given by the diagram 

ip,v)Tk -i^^^!'^^^ ip,rj)TE 
(7.5') {p,v)r*i i{p,ri)TE 

E* — > E, 

such that 



(7.6') > .a< 



for any Z^d^ + Yad G F ( (p, r/) TE, (p, r/) r^, ^ 

The B^-niorphisni {{p,ri)Tipfj,ipfj) will be called the {p,r])-tangent application of 
the Legendre bundle morphism associated to the Hamiltonian H. 
Let 

(7.7) [d^^dr^J = {9i,da 

be the natural base for sections Lie algebra (L {TE, te, E) , +, •, [, ]j.^) . 
Let 

CV 7/\ /_0 d_\ Pii* /^_| d\ P^^ ff) f) 



dx^ 1 dpa \ dx^ ' dpa 



be the natural base for sections Lie algebra I T I TE, t * ,E ] ,+,-,\,] . 

y y E J TE 

Using the diagram: 

E {F,[,]p^^,{p,r]) 

(7.8) ;r ; iu 

M '^ > N 



where f {F, u, N) ,[,]pf^, {p, ??) ) is a generalized Lie algebroid, we build the generalized 
tangent bundle 

(7.9) {{p,7i)TE,{p,rj)TE,E) . 

The natural {p, ri)-hase of sections is denoted 
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Using the diagram: 



M ^ > N 



(7.8') 



where ( (F, v, N) , [, Jp^/j , (p, ??) ) is a generahzed Lie algebroid, we build the generahzed 
tangent bundle 

(7.9') (^(p,r/)TF,(p,r/)T^,F 

The natural (/?, ?7)-base of sections is denoted 



7.1 The duality between mechanical systems 

Let ((£^,7r,M) ,Fe, {p,ri)T) be a mechanical (p, ?7)-system. 

Let g € Man (£?, £^) such that [g, h) is a B"^-morphism locally invertible of (i?, vr, M) 
source and {E,7r,M) target, on components g^,. 

The Mod-endomorphism 

.^^^. r((p,r/)Ti?,(p,r/)ri,,i?) '^ F ((p,r/) Ti?, (p,r/) r^,, i?) 

Z"4 + y^a^ ^ (g'^ohoTr) Z'^db 

is the almost tangent structure associated to B"^-morphism (g, h) . 
The vertical section 

(7-1-2) C=y^da 

is the Liouville section. 

Let I i E,7:,M ] , F(.,{p, r])r ) be a dual mechanical (p, ?7)-system. 



Let g € Man I i^jii^ I be such that {g,h) is a B"^-morphism locally invertible of 



E,tt,M\ source and {E,tt,M) target, on components g"'^. 
The Mod-endomorphism 

T(ip,r])TE,ip,r])T. e) ^ T ({p,r^)TE,{p,r])T*E 

(7.1.1)' V ^ ^ ;^ V 

Z-da + Yhd ^ (gba ohon) Z-d 



is the almost tangent structure associated to B"^-morphism (g, h) . 
The vertical section 



(7.1.2)' 



C=pbd 
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is the Liouville section. 
Let 

(7.1.3) S = y\g-,oho7T)4^-2 {G^ - ^F" 



Qya 



be the (p, ??)-semispray associated to mechanical (p, ?7)-system ((£', vr, M) , Fg, (p, ??) F) 
and from locally invertible B^-morphism [g, h) and let 

(7.1.3)' S = p, [g-" o /, o ;) J, - 2 (G, - ^F,) J^ 

and from locally invertible B^-morphism {g, h) . 
Theorem 7.1.1 // 

then we obtain: 

(7.1.5) y^{gt°ho'K)oipjj =pi,[g''^ ohoPj 

and 



(7.1.6) 



2 (Gfe - \Fk) = 2 [(G" - iF'^) . Lab] o ^h 



Theorem 7.1.2 Dual, if 

(7.1.4)' T{{p,ri)TvH,VH){s^ = S, 

then we obtain: 

(7.1.5)' Pb (^''^ O /i O 7^) O (p^ =yb(^g-oho7r) 

and 

2(G'^-iF«) =2[(G5-iF6).i7«'']o^^ 



(7.1.6)' 

-p. 



(5'^^.pj,)o/i0 7^] .F^}o(p^. 



7.2 The duality between Lie algebroids structures 

The generalized tangent bundle 

{{p,r])TE,{p,r])TE,E) 
can be endowed with a Lie algebroid structure 
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The Lie bracket [■,]!„ n)TE i^ defined by 

701. _d _|_ \ra d_\ I 7/3 _9 _|_ \rh _d 
.^\ dz<^ ^ ^l dy'^J ' \^2 dW ^ ^2 dyb 



(7.2.1) 



^1 -La, ^2 ^13 



■K'{h'F) 



e 



(p,r,)TE 

d I \^a d 



{Pa°hon)Zf£, + Y,-^, 



P^ohon)z^,£ + Y,^^ 



TE 



for any sections (zf J, + Y^^'^ and (^Z^^ + Y^^ 

Tfie ancfior map {p,IdE) is a B"^-niorphisni of {{p,ri)TE,{p,r]) te,E) source and 
{TE,te,E) target, where 



f5 2 2) ^^'''^^^ ^^ 



The generahzed tangent bundle 



{p,v)TE,{p,r,)T,^,E 



can be endowed with a Lie algebroid structure 



1 * , [ p,Id* 



The Lie bracket [,1 .is defined by 



Izf 


d 

dz" 


+ ^i«apa 


)'( 


^2 dz^ 


+ ^2.J^^ 


\ ' 


= 


A 






/ \ 






/ 


(P,V)TE 


= 


Zf 


'Ta 


Z^T^_ 


IT 


(h'F) 


e 


[(^' 


^ /i vr j 


■^1 dx^ + -^l" 
















^° 


^ vr j Z2 


6 


^+y^^m_ 



(7.2.1)' 



for any sections ( Zf g|r + Yi^^ ] and iz^-£p+Y2b^ 



TE ' 



The anchor map ( p, /d. J is a B^-morphism of I {p, rf) TE, (p,ri)T* ,E ) source and 
TE, T* ,E ] target, where 

E 



(5.2.2)' 



{p,r])TE ^ TE 



Theorem 7.2.1 If the W -morphism {{p,rj)T(pi^,ipi^) is morphism of Lie algehroids, 
then we obtain: 



(7.2.3) 



Llg o h o tt) o (fjj = Lli^ o h o n. 
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(7.2.4) 



[{'^ll3pX)°^°'^'^kb]°'PH 



=pl,ohoi--^[[p>pohoiT-Ljb)oVH\ 

+ {pa°h0TT-Lia)0ipij--^[[fy>p0h0TT-Lj,,)0ipfj\ 



(7.2.5) 

and 

(7.2.6) 



= p^o/lOTT • ^ {Li,a o ifu) 



d " 



^bc °fH--d^ (Lad ° fn) ■ 



Proof. Developing the following equalities 

T{{p,r])TifL,fL) 



and 



da, 9/3 



{P,V)TE 
r ((p, r]) TifL, fL) da, r ((/?, 7?) TlfL, Vl) df: 



ip,v)TE 



^{{p,V)T(pL,fL) 



dc,d^ 



'a,(Jb 



(P,V)TE 
r ((p, V) TifL, fL) 9a, r ((/9, 7?) TlfL, Vl) 4 



(p,V)TE 



^i{p,V)TVL,fL) 



da,db 



(P,V)TE 

T {{p, T]) T(Pl, (Pl) da,T {{p, T]) T(Pl,Vl) db 



(P,V)TE 



it results the conclusion of the theorem. 



q.e.d. 



Corollary 7.2.1 In particular, if {p,ri,h) = {IdTM,IdM,IdM), then we obtain: 

(7.2.4)' 



= ^ (^i& °^h)-^ (Lib ° Vh) 



+Lia OLPjj-q- {Ljb O iPh) - Lja OifH- g- {Lib o ^h) 



(5.2.5)' 

and 
(7.2.6)' 



^ = ^ (Lba o ipu) + LbcOipH--i;; {Lba ° fn) 



-Lbc o'Ph ■ 9^ (Lia o (fn) 



Lac °^H- -£: (Lbd o ipn) 

dpc 



-Lbc °Vh-^ (Lad o (Ph) 
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Theorem 7.2.2 Dual, if the the 'B^-morphism {{p,r])Tipfj,(pjj) is morphism of Lie 
algebroids, then we obtain: 



(7.2.7) 



^aB ohoTl) Oip^ = Lip ohoTT 



(7.2.e 






(7.2.9) 

and 
(7.2.10) 



=pl^ohon-£,{H'-o^^) 



rbc 



d ( ijba 



+ p^o/iovr-if- ov9^^(i7-o(^^ 



H''°Vl-^ (p'aOho7r-Hf]o^^ 



=H--o^^.^{H^'^o^^) 



Proof Developing the following equalities 



and 



da,d 



{p,v)TE 

r {{p, v) T(PH, fn) da, r ((/9, 7?) T(pH, fn) df. 



ip,v)TE 



T{{p,r])T(pH,(PH) 



dn,d 



{p,v)TE 



r ((p, r]) TifH, (Ph) ^a, r ((p, r]) T^^, fn) d 



{p,v)TE 



T{{p,r])TipH,iPH) 



' . a . b' 

B ,3 



{P,V)TE 



it results the conclusion of the theorem. 



(P,V)TE 



q. e. d. 



Corollary 7.2.2 In particular, if {p,ri,h) = {IdTM,IdM,IdM), then we obtain: 



(7.2.8)' 
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and 



=^{H'-o^^)+H''-o^^.^{H'>-o^^) 



Definition 7.2.1 If {{p,rj)Tipi,{pi) and {{p,ri)Tipfj,ip^) are Lie algebroids mor- 

phisms, then we will say that [E, tt, M) and { £', tt, M J are Legendre [p, i], h) -equivalent. 

We will write 

c 



{E,TT,M)-^JE,n,MJ. 



Theorem 7.2.3 // 

{E,TT,M)-^JE,n,M 

then, using the equalities (7.2.3) and (7.2.7) it results that for any vcetor local (m + r)- 
chart [U, su) of {E, vr, M) and for any vector local {m + r) -chart iU,su] of i E,Tr, M \ 
we obtain: 

(7.2.11) LpHOip^=Id^-i(jj) 
and 

(7.2.12) ^L°VH = Id,^-i^^y 

Therefore, locally, Lpi^ is diffeomorphism and ipj^ = ipjj. 

7.3 The duality betwen adapted (p, ?7)-basis 

If (/9, 7?) r is a (/9, ?7)-connection for the vector bundle (£', vr, M) , then the adapted {p, rj)- 
base of sections is 

(7 Q \\ ( _d_ _ /'„ „^^«^- -AS\ p^^ (a qJ\ p^* (s a 



If (/9, 77) r is a (p, 77) -connection for the vector bundle I £', tt, M J , then the adapted 
(/9, ?7)-base of sections is 

(".1)' (J. + (P,.)f^4r,4:) '= (i.i) 'S (I./) . 

Theorem 7.3.1 // 



r ((p, r/) TvJj^, ipL) [5a j = 5a, 
then 

('^•3-2) (p, 7?) f ,, = [(pj,o/i07r) • L,5 - (p, 7?) r^ • Lab] o Vh- 
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Proof. After some calculations, it results the conclusion of the theorem. q.e.d. 

Corollary 7.3.1 In particular, if {p,rj,h) = {IdTM,IdM,IdM), then the equality 

implies the equality 

(7-3-2)' Thk = [Lkb - n ■ Lab] o ifH- 

Theorem 7.3.2 Dual, if 

r ((p, r]) TifH, ^h) \^A = ^"' 



then 



(7.3.3) 



{p,ri)K 



p\oho^\.H- + {p,^)Tba-H 



ba 



fL- 



Proof After some calculations, it results the conclusion of the theorem. q.e.d. 

Corollary 7.3.2 In particular, if {p,ri,h) = (IdTMiIdM^IdM), then the equality 



implies the equality 
(7.3.3)' 

Definition 7.3.2 If 

and 

(7.3.4) 



^iip,v)T(pH,VH) ih =h, 



m + Tfefc • Hb- 



Vl- 



{E, TT, M) ^p^^^h) [E,TT,M 



r{{p,r])TipL,^L) f^a) =S, 



(7.3.4)' 



^{(.P,ri)T(PH,^H) [^a] =S 



then we will say that {E, vr, M) and I E,tt,M j are horizontal Legendre {p, rj, h)- equivalent. 

We will write 

nc 



{E,TT,M)^p^^^h){E,TT,M\. 
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The dual natural (p, ?7)-base of the natural (/?, 77)-base I d^, da 1 is denoted (dz", dy"") 
and the dual adapted (p, ?7)-base of the adapted (p, ?7)-base ( 5a, da ] is denoted 



(7.3.5) {dz'',6r) =* {d-z'^^dr + (p, v) ^% ■ d~z'^) ■ 

ft :'^\ 
The dual natural (p, 77)-base of the natural (p, 77)-base \ da,d is denoted (dz", dpa 

and the dual adapted (p, ?7)-base of the adapted (p, ?7)-base [Sa,da] is denoted 



(7.3.5)' 



put 



(dz"", 5pa) = (dz°', dpa - (p, r]) Taa ■ dz^ 



Theorem 7.3.3 The equality (7.3.4) is equivalent with the equality: 
(7.3.6) r ((p, 7]) TifL, (PlT {5pa) = Lab ■ 5t 

and the equality (7.3.4)' is equivalent with the equality: 
(7.3.6)' r ((p, r,) TipH, ^hT im = H^' ■ Spb 

Theorem 7.3.4 // 

{E,^,M)'^)[E,*7,,My 

then we obtain: 

('^•3-'^) (P, ri) Tba = [(p^o/io^) . Ub - (p, r/) r^ • Lab] o ^H 

and 

'plohoi) ■H^ + {p,r])rba-H'^ 



(7.3.7)' 



iP,r])r% 



'Vl- 



If the Lagrangian L is regular, then we will define the real local functions L such 



that 



L'^^ (U,) = \\Lab M\r' , yu, e TT~^ (U) 



If the Haniiltonian H is regular, then we will define the real local functions Hab such 



that 



Hab ( Ux 



H""^ [ u 



, \/ux G vr ([/) . 



Remark 7.3.1 If the Lagrangian L is regular and 






{E,Tx,M)u..r.^ I E,n,M 



then, using the equalities (7.3.7) and (7.3.7)', we obtain: 



(7.3.8) 



(p^o/iovr) • Lib ■ L 



ab 



pj^o/io^ .H\ 



°'Pl 



199 



and 

(7.3.9) L"''' = H"-'' o if^. 
Therefore, the Hamiltonian H is regular and 

(7.3.10) Hab = LabO^H- 

It is known that the fohowing equaUties hold good 

(7.3.11) [^,,5/3 
and 



{p,v)TE 



Lis ohoTr) 6^ + {p, T], h) W ^.da, 



(7.3.11)' 






{p,n)TE 



Lip o /i o vr j (5^ + {p, f], h) Mfe ^^pd , 



-HC 



fH 



Theorem 7.3.5 // 

(^,7r,M)f^,;X)(^'^'^ 
then, we obtain: 

(7.3.12) (p, r/, h) Mfe ^p = [(p, r/, /i) M« „^ • L^b 

and 

(7.3.12)' (p, r?, h) W ^p = [(p, r?, /i) M, ,^ • H^^] o ^^. 

Theorem 7.3.6 // 

{E,7i,M)\ 

then we obtain 



iE,7T,M)^p.^^h)[E,^,M 



'-^^^■lJo^^ =Lb.o^^.^-iE£. 



dyb 



(7.3.13) 



and 



(7.3.13)' 



+ ( p'^oho^ ) • ^ {Lbc o ifu) 



d 



+ {p, V) Tao • Q^ {Lbc o Vh) 



5 ^ac I o fH — ^ba ° fH 



dy'' 



Proof. Developing the following equalities 



^iip,V)T(pL,fL) 



dpa 

+ (^pl^ohonj ■ ^ {Lbc o Vh) 

+ {p, V) Taa • -^ {Lbc ° Vh) 



5 a, da 



(P,V)TEJ 
r ((p, V) T(Pl, ^l) ^a, r {{p, 7?) Tv9i, 99^) da 



(P,V)TE 
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and 



{p,v)TE 



(p,V)TE 



it results the conclusion of the theorem. 



q.e.d. 



iX,T)'^^ip,,)DxT 



7.4 The duality between distinguished hnear (p, 7])-connections 

Let (/9, 7?) r be a {p, 77)-connection for the vector bundle {E, ir, M) and let 

(7.4.1) 

be a covariant (p, ?7)-derivative for the tensor algebra of generalized tangent bundle 

((p,r/)ri?,(p,r/)rs,i?) 

which preserves the horizontal and vertical IDS by parallelism. 

If ([/, su) is a vector local {ra + r)-chart for {E, tt, M) , then the real local functions 

Up, 7?) H^^, (p, r,) H^^, (p, 7?) y^"„ (p, 7?) V,-,) 

defined on n^^ (U) and determined by the following equalities: 



(7.4.2) 



(p, 7?) D-,_6fs = (p, 7?) H^^5^, (p, r?) Dj^^b = (p, 7?) H^^da 

(p, 7?) Z) J^ = (p, 7?) V^K, (P, r/) D, ^5 = (p, 7?) y^a, 
9c '^ dc 



are the components of a distinguished linear (p, ?7)-connection ((p, 77) //, (p, 77) V) . 

* / * * \ 

Let (p, 77) r be a (p, r/)-connection for the vector bundle i E,tt,M ] and let 

(7-4.iy (X,T)^(p,77)i)xT 

be a covariant (p, 77)-derivative for the tensor algebra of generalized tangent bundle 

{p,v)TE,{p,r,)T,^,E 

which preserves the horizontal and vertical IDS by parallelism. 

If [UjSi/] is a vector local (m + r)-chart for i E,7r,M \ , then the real local functions 



* o ^, a If ac if ac 

{p, V) Hp^, (p, 77) H^^^, (p, 77) Vp , (p, 77) Vi, 



:-! 



defined on tt {U) and determined by the following equalities: 

(7.4.2)' 



{p,r])D, 6p = {p,r])Hf^^6a, ip,r])D,d =ip,r])Hh^d 
(p, ??)£',= 5^3 = (p, 77) y^ 5a, {p,r])D.cd ={p,r])V^d 



d 
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are the components of a distinguished Hnear (p, r/)-connection 
Theorem 7.4.1 // 

{e,7t,m)-{;;^Je,^,mj 

and 

r ((p, 7]) TifL, lpl) {{p, 7]) DxY) = {p, 7]) £'r((p,r,)T^i,^i)xr {{p, ri) Tip^, ip^) Y, 
for any X,Y &T {[p, rj) TE, (p, rj) tei E), then we obtain: 

(7-4-3) ip,r^)H^^o^^ ={p,r,)H]^, 

(.P, n) H^y ■ Lac) °^H = (^p'^ohonj ■ -^ {Lbc o ifn) 
(^•^•^) +ip,r^)hyi;iUcO^H) 

- (P, V) Hby ■ {Lac ° ^h) , 

C^-^-S) {p,v)Vp"^o^j, ={p,rj)vJ.{L,ao^^) 

and 

((Pi V) Vhc ■ Lad) °fH= {Lee ° fn) ' ]&: {Lbd o '^h) 

(7.4.6) '^'^^ ,e/ 

- {Lee o Vh) ■ {p, V) Vd ■ {Lbf ° Vh) ■ 
Theorem 7.4.2 Dual, if 

{E,ti,M)-{^){e,*tt,M 
and 

r ((/3, v) T^H, Vh) f (Pi V) DxYj = {p, ri) DY({p^r,)T^jj,^^)x^ {{p, v) Tifn, Vh) Y, 

(* * \ 

(y9, 7]) TE^ {p^r])r * ,E ] ^ then we obtain: 

(7-4-3y (p,7?)f" o(^^ =ip,r])m^, 



a 



^{p, v) H,^ . H^'^j o y,^ = (p^o/iovr) • ^ (i/- o ^^) 

-{p,r^)H-^-{H'-o^^), 

* cic 

(7.4.5) (p,r/)y^ ov^i =(p,7?)v;f,.(i:f-'^o(^^) 

and 

/ *be \ 

-{H'^-o^^).{p,r^)V^j.{H^fo^^). 
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